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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 64 ]. This is test number [ 113 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2

3

4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100.00 (64) | % 0.00 (0)
Mathematica | % 100.00 (64 ) | % 0.00 (0)
Maple %9844 (63) | %156(1)
Maxima % 32.81 (21) | %67.19 (43)
Fricas % 100.00 (64) | % 0.00 (0)
Sympy % 18.75 (12) | % 81.25(52)
Giac % 56.25 (36 ) | %43.75 (28)
Mupad % 60.94 (39 ) | %39.06 (25)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.

B Integral was solved and antiderivative is optimal in quality but leaf
size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.



System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 54.69 14.06 31.25 0.00
Maple 59.38 31.25 7.81 1.56
Maxima 25.00 7.81 0.00 67.19
Fricas 17.19 78.12 4.69 0.00
Sympy 18.75 0.00 0.00 81.25
Giac 17.19 35.94 3.12 43.75
Mupad 0.00 60.94 0.00 39.06

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure

F.



The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 1 100.00 % 0.00 % 0.00 %

Maxima 43 51.16 % 2.33 % 46.51 %

Fricas 0 0.00 % 0.00 % 0.00 %

Sympy 52 100.00 % 0.00 % 0.00 %

Giac 28 28.57 % 7.14 % 64.29 %

Mupad 25 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.
System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.10 70.42 1.00 60.50 1.00
Mathematica | 1.49 195.91 2.27 72.00 1.37
Maple 0.38 283.00 3.36 88.00 1.49
Maxima 0.88 86.71 2.58 48.00 1.19
Fricas 0.72 466.34 5.57 337.00 5.38
Sympy 12.03 1053.25 8.68 58.00 1.18
Giac 2.55 340.89 3.59 155.00 2.35
Mupad 1.34 311.87 3.12 47.00 1.00

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.

Normalized mean size of antiderivative
Lower is better
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Mean time used (seconds)
Lower is better

1.4 list of integrals that has no closed form an-
tiderivative

{

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy ({}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {}

Mathematica {22]25|3536,37}[48|[53|[55 58]}
Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.
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Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
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'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
r|| nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script &

POST PROCESSOR PROGRAM
Test files from @ Program that

Albert Rich Rubi generates the

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables
i
HTML
—» Giac bl
SageMath/Python
script to test SageMath —» Fricas

Maxima, Fricas,
Giac .
—» Maxima b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format o o
string. The input used in CAS own syntax. ngh level overview of the CAS

string. The result (antiderivative) produced by CAS in Latex format independent integration test
string. The optimal antiderivative in Latex format. build System

. integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nesser M. Abbest
14. integer. Number of rules used. Vev, 2021
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi

ot
Qe
g

ONOUV AW

)
= o

1

w
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Chapter 2

detailed summary tables of results

2.1 Listofintegrals sorted by grade for each CAS

2.1.1 Rubi

A grade: {[[}2) 34567} 8} 10 02122} 23} 24) S} 26
[28,29,80}81} 82} 33|34} 35| 36} 37} 38} 39 40} 41} A2, 3] 6} [47) 45 b4
56/57/58,59 60l 61} 62163} 64 }

B grade: { }
C grade: { }
F grade: { }

ks
E
ks
E
=
3
&

2.1.2 Mathematica

A grade: { [T} B [4}[5}[6)[7} [L0}[1] [13} 14} [15} 16} [17} 18} [I9} 20} 21} 26| 27 [28} 29} B9} 4O} T} 42} 43
[&4, [46] A7) 49} b0} [61} 62} 63 (64 }

B grade: { 8} [12}[22,B0}[34 38} 45,50}

C grade: { 2} ]23}[24,25/[31 32} B3} 35| B6} 87} 48} 51} 52} B3} 54, b5} 66, 57158 69 }

F grade: { }

2.1.3 Maple

A grade: { 2} B/[5 B PI[10} 1) 12) [13} 14} 1516} 17} 18} 19} 20} 4} B5} 36} 37, B8] B9} KO, A1} 2]
A3 B4 A5 el 49,5051} 541 b6} 59y b0y 62}

B grade: {[6}[7}[22}[23 2425 26}[27) 28] 80} 31} 3233} 18] 53} 55, 58} |61} (63} 64}

C grade: {[1}21}[29/[47, 52 }

F grade: {p7]}

2.1.4 Maxima

A grade: {[1}2 B 4}[p} 6} [7}[10}[12} [13][14}[15}[16} 17} [18, 59 }
B grade: {[8[0}[11} 40} [43] }

C grade: { }

Tttt s (R
[45) {46} [47] (48} 149, 50} b 1} b2} [p3, 54} b5} b6, 57 58} [0} o162} 63} [o4] }

15
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2.1.5 FriCAS
A grade: {[5[14[1821) 24 p5 29} 30} 47,4859}

o)1) 3 4 S 5 B T 3 8 5 7 S T S e
B9} [40] 41} 42} |43) |44 [45] |46} [49] B0} 51} 52} 53, 54} 55} b6} b7} 58} 60} [01} (02} (63} |64 }

C grade: {[11}[12}[13]}

F grade: { }

2.1.6 Sympy
A grade: (BBHBBAI0316515659)

B grade: { }
C grade: { }

S A S ]
[35,36}[37138} 39} {40} A1} {42} A3} |44} 45} [0} A7 (48

2.1.7 Giac

A grace: (B BIBBBIEIEE)
B grade: {[3 {42021} 23] 24} 2534 35, 36,37} 38} AT} 3} 44} 46} 7] B0} 55} 58, (60} 61} (64 }
C grade: {B9}[40]}

d@}@@@@@@
5354

2.1.8 Mupad
A grade: { }

B grade: { @@@@H@I
42} [43] 44} [ao} 47} 49} 51} b2 54} 56167, 59] }

C grade: { }

o (IEBAEDONRBEENNDEEHE0HEE
64 }
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the
time limit, then it is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ———— ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A B F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 233 233 148 2494 179 1236 0 0 828
normalized size | 1 1.00 0.64 10.70 0.77 5.30 0.00 0.00 3.55
time (sec) N/A 0.299 0.813 2.507 1973 1149 0.000 0.000 0.925
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 20 20 34 31 23 48 22 40 20
normalized size | 1 1.00 1.70 1.55 1.15 2.40 1.10 2.00 1.00
time (sec) N/A 0.013 0.023 0.035 1.144 0837 0.126 0.192 0.336
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 71 68 63 127 68 114 45
normalized size | 1 1.00 1.51 1.45 1.34 2.70 1.45 243 0.96
time (sec) N/A 0.033 1.171 0.033 0756  0.817 0263 0.254 0.118
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 78 78 111 116 112 253 126 229 76
normalized size | 1 1.00 1.42 1.49 1.44 3.24 1.62 2.94 0.97
time (sec) N/A 0.047 2.769 0.036 0928 0489 0552 0371 0454
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 49 49 49 64 48 252 279 65 41
normalized size | 1 1.00 1.00 1.31 0.98 5.14 5.69 1.33 0.84
time (sec) N/A 0.073 0.057 0.326 0.885 0461 1461 0187 0.124
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 97 97 90 173 115 534 2322 123 119
normalized size | 1 1.00 0.93 1.78 1.19 551 2394 127 1.23
time (sec) N/A 0.100 0.907 0.345 0986 0511 18.675 0.267 0.786
Problem 7| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 150 150 138 363 228 1068 9629 206 4866
normalized size | 1 1.00 0.92 2.42 1.52 712 6419 137 3244
time (sec) N/A 0.157 0.303 0.352 1.642 0555 93929 0713 3.287
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A B B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 22 22 51 19 300 91 0 32 18
normalized size | 1 1.00 2.32 0.86 13.64 414 0.00 1.45 0.82
time (sec) N/A 0.018 0.100 0.274 1.101 0489 0.000 0.183 0.375
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A B B F F B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 5 5 28 6 35 53 0 0 5
normalized size | 1 1.00 5.60 1.20 7.00 10.60 0.00 0.00 1.00
time (sec) N/A 0.014 0.013 0.229 1.003  0.518 0.000 0.000 0.318
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 12 12 12 13 10 21 14 0 12
normalized size | 1 1.00 1.00 1.08 0.83 1.75 1.17 0.00 1.00
time (sec) N/A 0.021 0.010 0.179 0.831 0426 0.342 0.000 0.392
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B C F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 35 35 48 32 284 73 0 0 31
normalized size | 1 1.00 1.37 0.91 8.11 2.09 0.00 0.00 0.89
time (sec) N/A 0.026 0.083 0.125 1.008  0.495 0.000 0.000 0.368
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A C F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 14 14 30 15 17 19 0 0 14
normalized size | 1 1.00 2.14 1.07 1.21 1.36 0.00 0.00 1.00
time (sec) N/A 0.020 0.017 0.128 1.031 0.574  0.000 0.000 0.394
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 14 14 14 15 12 14 15 0 13
normalized size | 1 1.00 1.00 1.07 0.86 1.00 1.07 0.00 0.93
time (sec) N/A 0.023 0.004 0.103 0499  0.841 0338 0.000 0.682
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 28 28 19 29 24 27 0 30 17
normalized size | 1 1.00 0.68 1.04 0.86 0.96 0.00 1.07 0.61
time (sec) N/A 0.096 0.024 0.296 0.745 0430 0.000 0.180 0.586
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 31 31 32 38 27 77 0 0 -1
normalized size | 1 1.00 1.03 1.23 0.87 2.48 0.00 0.00 -0.03
time (sec) N/A 0.100 0.033 0.204 0.770 ~ 0.749 0.000 0.000 0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 10 10 10 11 8 27 12 12 10
normalized size | 1 1.00 1.00 1.10 0.80 2.70 1.20 1.20 1.00
time (sec) N/A 0.048 0.011 0.186 0.547 0522 1.196 0.203 0.476
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 36 36 49 56 52 78 0 42 20
normalized size | 1 1.00 1.36 1.56 1.44 217 0.00 1.17 0.56
time (sec) N/A 0.087 0.038 0.744 0.653  0.443 0.000 0.192 0.423
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 19 33 18 35 0 0 34
normalized size | 1 1.00 0.66 1.14 0.62 1.21 0.00 0.00 1.17
time (sec) N/A 0.101 0.033 0.573 0.520 0413 0.000 0.000 0.727
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 66 66 65 84 0 330 0 0 66
normalized size | 1 1.00 0.98 1.27 0.00 5.00 0.00 0.00 1.00
time (sec) N/A 0.116 0.184 0.192 0.000  0.724 0.000 0.000 3.157
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 48 48 48 71 0 248 0 95 53
normalized size | 1 1.00 1.00 1.48 0.00 5.17 0.00 1.98 1.10
time (sec) N/A 0.067 0.027 0.128 0.000 1511 0.000 0.801 1.170
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F B B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 60 60 60 591 0 351 0 187 69
normalized size | 1 1.00 1.00 9.85 0.00 5.85 0.00 3.12 1.15
time (sec) N/A 0.097 0.027 1.074 0.000 0502 0.000 0.736 0477
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F B F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 89 89 2105 174 0 768 0 0 -1
normalized size | 1 1.00 23.65 1.96 0.00 8.63 0.00 0.00 -0.01
time (sec) N/A 0.125 22.398 0.184 0.000 0494 0.000 0.000 0.000
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 65 65 167 137 0 515 0 210 -1
normalized size | 1 1.00 2.57 211 0.00 7.92 0.00 323 -0.02
time (sec) N/A 0.045 0.408 0.230 0.000 0505 0.000 2.642 0.000
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 51 51 44 752 0 193 0 239 -1
normalized size | 1 1.00 0.86 14.75 0.00 3.78 0.00 4.69 -0.02
time (sec) N/A 0.089 0.097 0.988 0.000 0.577  0.000 0.495 0.000
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F B F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 85 85 174 951 0 239 0 476 -1
normalized size | 1 1.00 2.05 11.19 0.00 2.81 0.00 5.60 -0.01
time (sec) N/A 0.141 1.647 0.770 0.000 0.586  0.000 0.251  0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 88 88 91 150 0 486 0 0 120
normalized size | 1 1.00 1.03 1.70 0.00 5.52 0.00 0.00 1.36
time (sec) N/A 0.137 0.503 0.132 0.000 0.607  0.000 0.000 11.132
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 127 127 253 286 0 1134 0 0 -1
normalized size | 1 1.00 1.99 2.25 0.00 8.93 0.00 0.00 -0.01
time (sec) N/A 0.230 1.194 0.129 0.000 0.681  0.000 0.000 0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 69 69 63 136 0 330 0 0 70
normalized size | 1 1.00 0.91 1.97 0.00 4.78 0.00 0.00 1.01
time (sec) N/A 0.091 0.174 0.093 0.000 0.675 0.000 0.000 3.535
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 75 75 75 2628 0 565 0 0 506
normalized size | 1 1.00 1.00 35.04 0.00 7.53 0.00 0.00 6.75
time (sec) N/A 0.128 0.073 0.759 0.000 1.779  0.000 0.000 0.540
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B F A F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 80 80 222 1276 0 543 0 0 -1
normalized size | 1 1.00 2.78 15.95 0.00 6.79 0.00 0.00 -0.01
time (sec) N/A 0.125 0.741 0.691 0.000 1433 0.000 0.000 0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 171 171 259 462 0 1520 0 0 -1
normalized size | 1 1.00 1.51 2.70 0.00 8.89 0.00 0.00 -0.01
time (sec) N/A 0.186 1.690 0.455 0.000 0527 0.000 0.000 0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) F
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 126 126 234 298 0 1071 0 0 -1
normalized size | 1 1.00 1.86 237 0.00 8.50 0.00 0.00 -0.01
time (sec) N/A 0.098 1.376 0.379 0.000 0488 0.000 0.000  0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 87 87 202 170 0 703 0 0 -1
normalized size | 1 1.00 2.32 1.95 0.00 8.08 0.00 0.00 -0.01
time (sec) N/A 0.055 0.611 0.420 0.000 0938 0.000 0.000 0.000
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F(-2) B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 47 47 111 68 0 239 0 88 41
normalized size | 1 1.00 2.36 1.45 0.00 5.09 0.00 1.87 0.87
time (sec) N/A 0.033 0.413 0.394 0.000 0479 0.000 4.941 0.854
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) B F B F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 85 85 231 104 0 526 0 348 -1
normalized size | 1 1.00 2.72 1.22 0.00 6.19 0.00 4.09 -0.01
time (sec) N/A 0.061 3.635 0.355 0.000  0.624 0.000 10.137  0.000
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) B F B F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 135 135 367 176 0 898 0 1341 -1
normalized size | 1 1.00 2.72 1.30 0.00 6.65 0.00 9.93 -0.01
time (sec) N/A 0.110 7.938 0.382 0.000  0.678 0.000 13.770  0.000
Problem 37] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) B F B F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 190 190 2553 284 0 1452 0 3719 -1
normalized size | 1 1.00 13.44 1.49 0.00 7.64 0.00 19.57  -0.01
time (sec) N/A 0.194 14.676 0.381 0.000  0.629 0.000 31.532  0.000
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 54 54 123 51 0 110 0 257 104
normalized size | 1 1.00 2.28 0.94 0.00 2.04 0.00 476 1.93
time (sec) N/A 0.046 0.392 0.230 0.000  1.083 0.000 0.283 0.837
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F C B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 32 32 62 34 0 68 0 170 88
normalized size | 1 1.00 1.94 1.06 0.00 2.12 0.00 5.31 2.75
time (sec) N/A 0.027 0.070 0.234 0.000 0408 0.000 0.262 0.963
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 28 28 42 31 90 56 0 34 85
normalized size | 1 1.00 1.50 1.11 3.21 2.00 0.00 1.21 3.04
time (sec) N/A 0.019 0.063 0.258 0.506  0.441 0.000 0.210 0.626
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 61 61 121 48 0 170 0 179 -1
normalized size | 1 1.00 1.98 0.79 0.00 2.79 0.00 293  -0.02
time (sec) N/A 0.043 0.123 0.216 0.000 0524 0.000 0.665 0.000
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Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 42 42 60 35 0 123 0 0 34
normalized size | 1 1.00 1.43 0.83 0.00 2.93 0.00 0.00 0.81
time (sec) N/A 0.025 0.043 0.234 0.000 1.558 0.000 0.000 0.432
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 26 26 45 21 143 60 0 45 20
normalized size | 1 1.00 1.73 0.81 5.50 2.31 0.00 1.73 0.77
time (sec) N/A 0.017 0.034 0.247 0.499 0.524  0.000 4.068 0.502
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 52 52 52 44 0 284 0 127 44
normalized size | 1 1.00 1.00 0.85 0.00 5.46 0.00 244 0.85
time (sec) N/A 0.098 0.143 0.211 0.000 0.660 0.000 4910 1.207
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F B F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 158 80 0 588 0 0 -1
normalized size | 1 1.00 247 1.25 0.00 9.19 0.00 0.00 -0.02
time (sec) N/A 0.090 0.272 0.192 0.000 0.637  0.000 0.000 0.000
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 33 33 33 29 0 127 0 70 27
normalized size | 1 1.00 1.00 0.88 0.00 3.85 0.00 2.12 0.82
time (sec) N/A 0.064 0.014 0.151 0.000 0.515 0.000 0.563 0.963
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 60 60 60 376 0 419 0 140 93
normalized size | 1 1.00 1.00 6.27 0.00 6.98 0.00 2.33 1.55
time (sec) N/A 0.094 0.045 0.749 0.000 0.696 0.000 0385 0.513
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 54 54 134 328 0 229 0 0 -1
normalized size | 1 1.00 2.48 6.07 0.00 424 0.00 0.00 -0.02
time (sec) N/A 0.091 1.572 0.819 0.000  1.105 0.000 0.000  0.000
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F(-2) B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 59 68 0 385 0 0 52
normalized size | 1 1.00 1.00 1.15 0.00 6.53 0.00 0.00 0.88
time (sec) N/A 0.111 0.213 0.166 0.000 0453 0.000 0.000 1.917
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F(-2) B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 59 59 137 99 0 388 0 259 -1
normalized size | 1 1.00 2.32 1.68 0.00 6.58 0.00 4.39 -0.02
time (sec) N/A 0.096 0.732 0.178 0.000  0.744 0.000 1.099  0.000
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) B A F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 55 55 44 56 0 344 48 0 47
normalized size | 1 1.00 0.80 1.02 0.00 6.25 0.87 0.00 0.85
time (sec) N/A 0.075 0.041 0.141 0.000 0474 10367 0.000 1.779
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 75 962 0 863 0 0 1451
normalized size | 1 1.00 0.89 11.45 0.00 10.27  0.00 0.00 17.27
time (sec) N/A 0.131 0.058 0.898 0.000  1.007 0.000 0.000 0.482
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 92 92 674 421 0 393 0 0 -1
normalized size | 1 1.00 7.33 4.58 0.00 4.27 0.00 0.00 -0.01
time (sec) N/A 0.154 6.897 0.955 0.000 0905 0.000 0.000  0.000
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 82 82 69 88 0 698 0 0 88
normalized size | 1 1.00 0.84 1.07 0.00 8.51 0.00 0.00 1.07
time (sec) N/A 0.127 0.099 0.173 0.000  0.680 0.000 0.000 4.236
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) B F B F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 94 94 200 166 0 720 0 1025 -1
normalized size | 1 1.00 2.13 1.77 0.00 7.66 0.00 1090 -0.01
time (sec) N/A 0.124 6.513 0.199 0.000  1.347 0.000 2398 0.000
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F(-2) B A F(-2) B
verified N/A Yes Yes TBD TBD TBbD TBD TBD TBD
size 78 78 47 75 0 627 70 0 82
normalized size | 1 1.00 0.60 0.96 0.00 8.04 0.90 0.00 1.05
time (sec) N/A 0.092 0.041 0.138 0.000  0.827 16.770 0.000 4.462
Problem 57] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F B F F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 118 118 78 0 0 1531 0 0 2817
normalized size | 1 1.00 0.66 0.00 0.00 12.97 0.00 0.00  23.87
time (sec) N/A 0.188 0.048 0.604 0.000  0.817 0.000 0.000 1.051
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-1) B F B F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 141 141 1450 1040 0 647 0 1242 -1
normalized size | 1 1.00 10.28 7.38 0.00 4.59 0.00 881  -0.01
time (sec) N/A 0.241 8.017 1.299 0.000  0.701  0.000 4.941 0.000
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 37 37 57 37 33 24 34 34 37
normalized size | 1 1.00 1.54 1.00 0.89 0.65 0.92 0.92 1.00
time (sec) N/A 0.062 0.036 0.151 0417 0462 0286 0425 0.720
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Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 90 90 86 139 0 1063 0 204 -1
normalized size | 1 1.00 0.96 1.54 0.00 11.81  0.00 227 -0.01
time (sec) N/A 0.135 0.154 0.348 0.000  0.830 0.000 0.447 0.000
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 126 126 167 312 0 1486 0 445 -1
normalized size | 1 1.00 1.33 2.48 0.00 11.79  0.00 3.53 -0.01
time (sec) N/A 0.202 4.396 0.286 0.000  0.851 0.000 1.799  0.000
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 41 41 41 65 0 264 0 58 -1
normalized size | 1 1.00 1.00 1.59 0.00 6.44 0.00 141 -0.02
time (sec) N/A 0.069 0.019 0.312 0.000  0.648 0.000 0.383  0.000
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 74 74 73 248 0 670 0 111 -1
normalized size | 1 1.00 0.99 3.35 0.00 9.05 0.00 1.50 -0.01
time (sec) N/A 0.111 0.302 0.316 0.000  1.356 0.000 0.444 0.000
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 117 117 114 602 0 1365 0 276 -1
normalized size | 1 1.00 0.97 5.15 0.00 1167  0.00 236 -0.01
time (sec) N/A 0.190 0.745 0.333 0.000  0.737 0.000 0.485 0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

. . . . ber of rul
size of the integrand. Finally the ratio ~———
integrand size

is given. The larger this ratio is, the

harder the integral was to solve. In this test, problem number [59] had the largest ratio

of [.7500]
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Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . - leaf size integrand leaf size
1 A 15 12 1.00 25 0.480
2 A 3 2 1.00 12 0.167
3 A 4 3 1.00 14 0.214
4 A 4 3 1.00 14 0.214
5 A 3 3 1.00 14 0.214
6 A 5 5 1.00 14 0.357
7 A 6 6 1.00 14 0.429
8 A 4 4 1.00 10 0.400
9 A 3 3 1.00 10 0.300
100 A 3 3 1.00 10 0.300
11 A 5 5 1.00 12 0.417
12(| A 4 4 1.00 12 0.333
13 A 3 3 1.00 12 0.250
14{| A 4 3 1.00 17 0.176
15 A 5 5 1.00 17 0.294
16/ A 3 3 1.00 15 0.200
171 A 5 5 1.00 15 0.333
18 A 5 4 1.00 17 0.235
19 A 6 6 1.00 17 0.353
20| A 5 5 1.00 15 0.333
21 A 7 5 1.00 15 0.333
22| A 7 7 1.00 17 0.412
23 A 6 6 1.00 12 0.500
24 | A 5 5 1.00 17 0.294
25 A 6 6 1.00 17 0.353
26| A 7 6 1.00 17 0.353
27/ A 8 8 1.00 17 0.471
28 A 6 5 1.00 15 0.333
29 A 8 6 1.00 15 0.400
30| A 7 7 1.00 17 0.412
31 A 8 8 1.00 16 0.500
32| A 7 7 1.00 16 0.438
33 A 6 6 1.00 16 0.375
34| A 3 3 1.00 16 0.188
35 A 4 4 1.00 16 0.250

Continued on next page
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number of number of normalized
# | grade steps unique antiderivative ntegrand %
L . - leaf size integrand leaf size
36| A 6 6 1.00 16 0.375
37| A 7 6 1.00 16 0.375
38 A 6 6 1.00 12 0.500
39 A 5 5 1.00 12 0.417
401 A 3 3 1.00 12 0.250
41 A 7 6 1.00 10 0.600
42 A 6 5 1.00 10 0.500
43 A 3 3 1.00 10 0.300
441 A 5 5 1.00 17 0.294
45 A 6 6 1.00 17 0.353
46/ | A 4 4 1.00 15 0.267
47/ A 7 5 1.00 15 0.333
48 A 5 5 1.00 17 0.294
49 A 5 5 1.00 17 0.294
50| A 4 4 1.00 17 0.235
51 A 5 5 1.00 15 0.333
52| A 8 6 1.00 15 0.400
53 A 6 6 1.00 17 0.353
54| A 6 6 1.00 17 0.353
55 A 6 6 1.00 17 0.353
56/ | A 6 5 1.00 15 0.333
571 A 9 7 1.00 15 0.467
58 A 7 7 1.00 17 0.412
59 A 7 6 1.00 8 0.750
60| A 8 7 1.00 15 0.467
61 A 9 8 1.00 15 0.533
62| A 4 4 1.00 15 0.267
63 A 6 6 1.00 15 0.400
64| A 7 7 1.00 15 0.467
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Chapter 3

Listing of integrals

A+C cot?(c+dx)
3.1 f Vb tan(c+dx) X

Optimal. Leaf size=233

- V2 Vb tan(c+dx) 1 V2 ybtan(c+dx)
(A-Otan 1(1—T)+(A—C>tam (e +1)_(A—C)log(\/5 tan(c + dx) - V2
V2vbd V2+vbd 2V2vVbd

[Out] -1/2*%(A-C)*arctan(1-2"(1/2)*(b*tan(d*x+c))~(1/2)/b~(1/2))/d*x2"(1/2) /b~ (1/2)
+1/2x (A-C) *arctan (1427 (1/2) * (b*¥tan(d*x+c) )~ (1/2) /b~ (1/2)) /d*2~(1/2) /b~ (1/2)
-1/4*%(A-C)*1n(b~(1/2)-2"(1/2) *(b*tan(d*x+c) ) ~(1/2)+b~ (1/2) *tan(d*x+c) ) /d*2~

(1/2) /v~ (1/2)+1/4x (A-C)*1n (b~ (1/2)+27(1/2) * (b*xtan (d*x+c) )~ (1/2)+b~ (1/2) *tan
(d*x+c))/d*2"(1/2) /b~ (1/2)-2/3%b*C/d/ (bxtan(d*x+c)) ~(3/2)

Rubi [A] time = 0.30, antiderivative size = 233, normalized size of antiderivative
= 1.00, number of steps used = 15, number of rules used = 12, integrand size = 25,

nuumber OLIWES — 0.480, Rules used = {3673, 3629, 12, 16, 3476, 329, 211, 1165, 628, 1162,

integrand size

617, 204}

— \/— an(c+dx _ \/— an(c+adx
(A-Cytan” (1- 2EM) (4 ) tant (EEEED 1)) ) g (VF tan(e +dx) — VE

+ —

V2+Vbd V2+vbd 2v2vbd

Antiderivative was successfully verified.

[In] Int[(A + CxCot[c + d*x]~2)/Sqrt[b*Tan[c + d*x]],x]

[Out] -(((A - C)*ArcTan[1 - (Sqrt[2]*Sqrt[b*Tan[c + d*x]])/Sqrt[bl])/(Sqrt[2]*Sqr
t[bl*d)) + ((A - C)*ArcTan[1 + (Sqrt[2]*Sqrt[b*Tan[c + d*x]])/Sqrt[bl])/(Sq
rt[2]*Sqrt[bl*d) - ((A - C)*Logl[Sqrt[b] + Sqrt[b]*Tan[c + d*x] - Sqrt[2]*Sq
rt[bxTan[c + d*x]]])/(2%Sqrt[2]*Sqrt[b]l*d) + ((A - C)*Logl[Sqrt[b] + Sqrt[b]
xTan[c + dxx] + Sqrt[2]*Sqrt[bxTan[c + d*x]]])/(2*Sqrt[2]*Sqrt[bl*d) - (2xb

*C) / (3xdx (b*Tan[c + d*x])~(3/2))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQl[b, x]]

Rule 16

Int[(u_)*(v_)"(m_.)*x((b_)*x(v_))"(n_), x_Symbol] :> Dist[1/b"m, Int[ux(b*v)
“(m + n), x], x] /; FreeQ[{b, n}, x] && IntegerQ[m]

Rule 204
31
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 211

Int[((a_) + (b_.)*(x_)~4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 211}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*x"4),
x], x] + Dist[1/(2*r), Int[(r + s*x72)/(a + b*x~4), x], x]] /; FreeQ[{a, Db
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, b]]l))

Rule 329

Int[((c_.)*x(x D))" (m_ )*((a_) + (b_D)*(x_)"(m_))"(p_), x_Symbol] :> With[{k =

Denominator[m]}, Dist[k/c, Subst[Int[x"(kx(m + 1) - 1)*x(a + (b*x"(k*n))/c”
n)7p, xJ, x, (c*x)"(1/k)1, x11 /; FreeQl{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || 'RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x”2, x]])/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 1162

Int[((d)) + (e_)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 21}, Distl[e/(2xc), Int[1/Simp[d/e + g*x + x72, x], x], x] + Distl[e
/(2xc), Int[1/Simp[d/e - gq*x + x~2, x], x], x]] /; FreeQ[{a, ¢, 4, e}, x] &
& EqQ[c*d™2 - a*e”2, 0] && PosQ[dx*el

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2*cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simpl[d/e - g*x - x72, x], x], x]] /; Fre
eQ[{a, c, d, e}, x] && EqQ[c*d"2 - a*e”™2, 0] && NegQ[d*e]

Rule 3476

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, ¢, d, n}, x] && !
IntegerQ[n]

Rule 3629

Int[((a_.) + (b_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_)*((A_.) + (C_.)*tan[(e_.) +
(f_.)*(x_)]172), x_Symbol] :> Simp[((A*b~2 + a"2*xC)*(a + b*Tan[e + f*x])  (m
+ 1))/ (bxfx(m + 1)*x(a"2 + b"2)), x] + Dist[1/(a"2 + b"2), Int[(a + bxTan[e
+ fxx])"(m + 1)*Simp[a*x(A - C) - (A*b - b*C)*Tanl[e + f*x], x], x], x] /; F

reeQ[{a, b, e, f, A, C}, x] && NeQ[A*b~"2 + a~2xC, 0] && LtQ[m, -1] && NeQ[a
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"2 + b"2, 0]

Rule 3673

Int[(cot[(e_.) + (f£_.)*(x_)]1*(d_.)) " (m_)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x
D17 (m_.))"(p_.), x_Symbol] :> Dist[d”(nxp), Int[(d*Cot[e + f*x])~(m - n*p)
*(b + axCot[e + f*x]1°n)"p, x], x] /; FreeQ[{a, b, d, e, f, m, n, p}, x] &&
IIntegerQ[m] && IntegersQ[n, p]

Rubi steps

fA + C cot?(c + dx) PR f C + Atan?(c + dx) i
Vb tan(c + dx) (btan(c + dx))>2

o 2bC f b(A - C) tan(c + dx)
~ 3d(btan(c + dx))32 (btan(c + dx))32
3 2bC ~ tan(c + dx)
" 3d(btan(c + dx))32 +(E(A=0) f (btan(c + dx))32 *

2bC 1
~ T3d(tan(c + d0)2 S f Vb tan(c + dx) dx

b (b(A - C)) Subst ( [ m dx, x, btan(c + dx))
= T3d(btan(c + d0)2 d

obC (2b(A - C)) Subst ( [ s dx, x, yBtan(c + d) )
- " 3d(btan(c + dx))32 " d

obC (A - C)Subst ( [ 225 dx, x, Votan(e + dx)) (A-C)
~ 3d(btan(c + d0) 2 | d -

e (A - C)Subst ( [ i %, VBTan(e ) ) (
= T3d(btan(c + dx)2 2d T

(A-C)log (Vb + Vb tan(c + dx) - V2\btan(c +dx)) (A-C)log (VD +
= - +
2v2+bd
(A-Cytant (1 - LEER ) (4 0y an? (14 2EHER) ()
_ Ve . Ve
V2+Vbd V2+vbd

Mathematica [A] time = 0.81, size = 148, normalized size = 0.64

—3v2 (A - C)v/tan(c + dx) (2 tan ™! (1 — V2 vtan(c + dx) ) —2tan™! (\/5 \tan(c + dx) + 1) +log (tan(c +
12d+/b tan(c + dx)

Antiderivative was successfully verified.

[In] Integrate[(A + C*Cot[c + d*x]~2)/Sqrt[b*Tan[c + d*x]],x]

[Out] (-8*C*Cot[c + d*x] - 3*Sqrt[2]*(A - C)*(2*ArcTan[l - Sqrt[2]*Sqrt[Tan[c + d
*xx]]] - 2%ArcTan[1 + Sqrt[2]*Sqrt[Tan[c + d*x]]] + Logl[l - Sqrt[2]*Sqrt[Tan

[c + d*x]] + Tan[c + d*x]] - Logl[l + Sqrt[2]*Sqrt[Tan[c + d*x]] + Tan[c + d
*xx]])*Sqrt[Tan[c + dxx]])/(12*d*Sqrt [b*Tan[c + d*x]])

fricas [B] time = 1.15, size = 1236, normalized size = 5.30

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxcot(d*x+c)~2)/(b*tan(d*x+c))~(1/2),x, algorithm="fricas")

[Out] 1/12%(8*Cksqrt(b*sin(d*x + c)/cos(d*x + c))*cos(d*x + c)72 + 12*(sqrt(2)x*b*
dxcos(d*x + ¢c)72 - sqrt(2)*bxd)*((A™4 - 4%A~3*%C + 6%xA"2*%C"2 - 4xA*C~3 + C™4
)/ (b™2xd~4))~(1/4) *arctan((sqrt(2)* (A - C)*b*d~3*sqrt(b*sin(d*x + c)/cos(d*
X + c))*((A™4 - 4*%A"3*C + 6*%A"2xC"2 - 4*AxC~3 + C74)/(b"2*%d"4))~(3/4) + sqr
t(2) *b*d"3*sqrt ((b~2*d"2*xsqrt ((A™4 - 4%A73*C + 6%A72*%C"2 - 4xA*C~3 + C74)/(
b~2*%d"4) ) *cos(d*x + c) + sqrt(2)*(A - C)*bxd*sqrt(b*sin(d*x + c)/cos(d*x +
c))*((A™4 - 4*xA™3%C + 6*%A™2%xC"2 - 4*AxC~3 + C74)/(b"2%d"4))~(1/4)*cos(d*x +
c) + (A72 - 2%A*C + C”2)*b*sin(d*x + c))/cos(d*x + c))*((A™4 - 4xA"3*%C + 6
*A"2%xC"2 - 4*%A*C~3 + C74)/(b"2xd"4))~(3/4) + A~4 - 4xA”3%C + 6*%A72xC"2 - 4x
AxC™3 + C74)/(A™4 - 4%A73%C + 6%A72xC"2 - 4*%AxC”3 + C74)) + 12x(sqrt(2)*b*d
xcos(d*xx + c)72 - sqrt(2)*bxd)*((A™4 - 4%A73*%C + 6*%A"2*C"2 - 4xA*C"3 + C~4)
/(b72*%d"4) )~ (1/4)*arctan((sqrt (2)*(A - C)*bxd~3*sqrt(b*sin(d*x + c)/cos(d*x
+ ¢c))*((A”™4 - 4*xA73*%C + 6%A72*%C"2 - 4xA*C"3 + C~4)/(b"2*d~4))~(3/4) + sqrt
(2) *b*d~3*sqrt ((b"2+d"2*sqrt ((A™4 - 4*%A73*C + 6%A~2*%C"2 - 4xA*C~3 + C~4)/(b
~2%d74))*cos(d*x + c) - sqrt(2)*(A - C)*bkxd*sqrt(bxsin(d*x + c)/cos(d*x + c
))*((A™4 - 4xA”3*C + 6%A"2*C"2 - 4xA*xC™3 + C74)/(b"2*d"4))~(1/4)*cos(d*x +
c) + (A”2 - 2%AxC + C™2)*bxsin(d*x + c))/cos(d*x + c))*((A"4 - 4*xA~3%C + 6%
AT2xC72 - 4xAxC”™3 + C74)/(b™2%d"4))~(3/4) - A™4 + 4xA73%C - 6%AT2%C72 + 4*A
*C™3 - C74)/(A™4 - 4xA73%C + 6%xA72+C"2 - 4xAxC”3 + C74)) + 3*x(sqrt(2)*b*dx*c
os(d*x + c)72 - sqrt(2)*b*d)*((A™4 - 4*%A73%C + 6*%A72%C72 - 4xA*C”™3 + C74)/(
b~2%d"4) )" (1/4)*1og((b™2%d"2xsqrt ((A™4 - 4*%A~3%C + 6%A"2*%C"2 - 4%A*C"3 + C~
4)/(b"2%d"4))*cos(d*x + c) + sqrt(2)*(A - C)*bxd*sqrt(b*sin(d*x + c)/cos(d*
x + c))*((A™4 - 4*%A”3%C + 6*%A"2%xC"2 - 4*A*C~3 + C74)/(b~2%d"4))~(1/4)*cos(d
*x + ¢c) + (A72 - 2%AxC + C”2)*b*sin(d*x + c))/cos(d*x + c)) - 3*(sqrt(2)*bx*
dxcos(d*x + c)72 - sqrt(2)*bxd)*((A~4 - 4*A™3xC + 6%A"2xC"2 - 4*xAxC~3 + C°4
)/ (072%d"4)) " (1/4)*1log((b~2xd"2xsqrt ((A"4 - 4xA"3xC + 6%xA"2xC"2 - 4xAxC~3 +
C™4)/(b~2*d"4))*cos(d*x + c) - sqrt(2)*(A - C)*b*d*sqrt(bxsin(d*x + c)/cos
(d*x + c))*((A™4 - 4xA™3xC + 6%A72xC"2 - 4xAxC~3 + C74)/(b"2%d"4))~(1/4)*co
s(d*x + ¢c) + (A72 - 2xA*C + C™2)*b*sin(d*x + c))/cos(d*x + c)))/(b*dxcos(d*
X + ¢)72 - bxd)

giac [F] time = 0.00, size = 0, normalized size = 0.00

C cot (dx + c)2 + A
f dx

Vb tan (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Cxkcot(d*x+c)~2)/(b*tan(d*x+c))”~(1/2),x, algorithm="giac")
[Out] integrate((Cxcot(d*x + c)~2 + A)/sqrt(b*tan(d*x + c)), x)

maple [C] time = 2.51, size = 2494, normalized size = 10.70

Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A+Cxcot(d*x+c)”~2)/(bxtan(d*x+c))~(1/2),x)

[Out] -1/6/d*(1+cos(d*x+c)) ~2*(-1+cos(d*x+c)) ~2%(3*xI*C*xcos(d*x+c)*E1lipticPi((-(-
sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2%1,1/2%27(1/2) ) *((-1+cos(
dxx+c))/sin(d*x+c)) " (1/2) *((-1+cos(d*x+c)+sin(d*x+c)) /sin(d*x+c)) ~(1/2) * (- (
-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c)) ~(1/2) *sin(d*x+c)-3*I*A*cos (d*x+c)*E11l
ipticPi((-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2%1,1/2%2"(1/2
))*((-1+cos(d*x+c))/sin(d*x+c) )~ (1/2) *((-1+cos (d*x+c)+sin(d*x+c) ) /sin(d*x+c
))~(1/2) % (- (-sin(d*x+c)-1+cos (d*x+c) ) /sin(d*x+c)) ~(1/2) *sin(d*x+c) -3*I*A*E1l
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lipticPi((-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~(1/2),1/2-1/2%1,1/2%2"(1/
2))*((-1+cos(d*x+c))/sin(d*x+c)) " (1/2) *((-1+cos (d*x+c)+sin(d*x+c)) /sin(d*x+
c)) " (1/2)*(-(-sin(d*x+c) -1+cos(d*x+c) ) /sin(d*x+c) )~ (1/2) *sin(d*x+c) -3*xI*C*c
os (d*xx+c)*E1lipticPi ((-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~(1/2),1/2+1/2
*I,1/2%27(1/2))*((-1+cos(d*x+c))/sin(d*x+c)) ~(1/2) *((-1+cos(d*x+c)+sin(d*xx+
c))/sin(d*x+c)) " (1/2)*(-(-sin(d*x+c)-1+cos(d*x+c) ) /sin(d*x+c)) ~(1/2) *sin(dx*
x+c)-3xAxcos (d*x+c)*E1lipticPi ((-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~(1/
2),1/2+1/2%1,1/2%x2"(1/2) ) *((-1+cos(d*x+c) ) /sin(d*x+c)) " (1/2) * ((-1+cos (d*x+c
Y+sin(d*x+c))/sin(d*x+c)) " (1/2)* (- (-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~ (1
/2)*sin(d*x+c)-3*A*xcos (d*x+c)*E1lipticPi((-(-sin(d*x+c)-1+cos(d*x+c))/sin(d
*x+c))~(1/2),1/2-1/2%1,1/2%27(1/2) ) *((-1+cos (d*x+c) ) /sin(d*x+c) )~ (1/2)*((-1
+cos (d*x+c)+sin(d*x+c)) /sin(d*x+c)) " (1/2) * (- (-sin(d*x+c) -1+cos (d*x+c) ) /sin(
dxx+c)) ~(1/2) *sin(d*x+c)+6*A*xcos (d*xx+c) *E1lipticF ((-(-sin(d*x+c)-1+cos (d*x+
c))/sin(d*x+c))~(1/2),1/2%27(1/2))*((-1+cos(d*x+c)) /sin(d*x+c) )~ (1/2)x((-1+
cos(d*x+c)+sin(d*x+c))/sin(d*x+c) )~ (1/2) *(-(-sin(d*x+c)-1+cos(d*x+c))/sin(d
xx+c)) " (1/2) *sin(d*x+c)+3*IxA*xcos (d*x+c)*E1llipticPi((-(-sin(d*x+c)-1+cos(d*
x+c))/sin(d*x+c)) " (1/2),1/2+1/2*%1,1/2%x2~(1/2) ) *((-1+cos(d*x+c)) /sin(d*xx+c))
~(1/2)*((-1+cos (d*x+c)+sin(d*x+c)) /sin(d*x+c)) ~(1/2)* (- (-sin(d*x+c) -1+cos(d
*xx+c))/sin(d*x+c) )~ (1/2) *sin(d*x+c)-3*xI*C*E1lipticPi ((-(-sin(d*x+c)-1+cos(d
xx+c))/sin(d*x+c))~(1/2),1/2+1/2x1,1/2*27(1/2) ) * ((-1+cos(d*x+c) ) /sin(d*x+c)
)" (1/2)*((-1+cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) " (1/2) * (- (-sin(d*x+c)-1+cos(
d*x+c))/sin(d*x+c) )~ (1/2)*sin(d*x+c)+3*Cxcos (d*x+c)*E11lipticPi ((-(-sin(d*x+
c)-1+cos(d*x+c))/sin(d*x+c)) ~(1/2) ,1/2+1/2*%1,1/2%2~(1/2) )*((-1+cos (d*xx+c))/
sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) ~(1/2)*(-(-sin(d*x
+c)-1+cos(d*x+c))/sin(d*x+c) )~ (1/2)*sin(d*x+c)+3*C*cos (d*x+c)*EllipticPi((-
(-sin(d*x+c)-1+cos(d*xx+c))/sin(d*x+c)) ~(1/2),1/2-1/2%I,1/2%2~(1/2))*((-1+co
s(d*x+c))/sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) ~(1/2) *(
-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c)) " (1/2) *sin(d*x+c) -6*C*cos (d*x+c)*E11l
ipticF((-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~(1/2),1/2%27(1/2))*((-1+cos
(d*x+c))/sin(d*x+c)) " (1/2) * ((-1+cos (d*x+c)+sin(d*x+c))/sin(d*x+c)) ~(1/2) * (-
(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c) )~ (1/2)*sin(d*x+c)+3*I*A*E11ipticPi ((-
(-sin(d*x+c)—-1+cos(d*x+c))/sin(d*x+c) )~ (1/2),1/2+1/2x1,1/2%2"(1/2) ) *((-1+co
s(d*x+c))/sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) ~(1/2) *(
—-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c)) ~(1/2) *sin(d*x+c)+3*I*xC*E1lipticPi ((
-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c))~(1/2) ,1/2-1/2*%1,1/2%27(1/2) ) *((-1+c
os(d*x+c))/sin(d*xx+c) )~ (1/2) *((-1+cos(d*x+c)+sin(d*x+c)) /sin(d*x+c) )~ (1/2) *
(-=(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c)) ~(1/2) *sin(d*x+c)-3*A*E11lipticPi ((-
(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c) )~ (1/2),1/2+1/2x1,1/2%2"(1/2) ) *((-1+co
s(d*x+c))/sin(d*x+c)) " (1/2) *((-1+cos(d*x+c)+sin(d*x+c)) /sin(d*x+c)) ~(1/2) *(
-(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c) )~ (1/2) *sin(d*x+c)-3*A*E1lipticPi ((-(
-sin(d*x+c)-1+cos(d*xx+c))/sin(d*x+c))~(1/2),1/2-1/2*xI,1/2%2~(1/2))*((-1+cos
(d*x+c))/sin(d*x+c) )~ (1/2)*((-1+cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) " (1/2) * (-
(-sin(d*x+c)-1+cos(d*x+c))/sin(d*x+c) )~ (1/2)*sin(d*x+c)+6*xA*E1lipticF ((-(-s
in(d*x+c)-1+cos(d*xx+c))/sin(d*xx+c)) ~(1/2),1/2%x27(1/2) ) *((-1+cos(d*x+c))/sin
(d*x+c)) " (1/2)*((-1+cos(d*x+c)+sin(d*x+c) ) /sin(d*x+c)) ~(1/2) * (- (-sin(d*x+c)
-1+cos(d*x+c))/sin(d*x+c)) ~(1/2) *sin(d*x+c)+3*CxE1lipticPi ((-(-sin(d*x+c)-1
+cos(d*x+c))/sin(d*x+c))~(1/2) ,1/2+1/2*%1,1/2%2"(1/2) ) *((-1+cos(d*x+c)) /sin(
d*x+c)) " (1/2)*((-1+cos (d*x+c)+sin(d*x+c) ) /sin(d*x+c)) " (1/2) * (- (-sin(d*x+c) -
1+cos(d*x+c))/sin(d*x+c) )~ (1/2)*sin(d*x+c)+3*CxE1lipticPi ((-(-sin(d*x+c) -1+
cos(dxx+c))/sin(d*x+c))~(1/2),1/2-1/2%1,1/2%2~(1/2) )*((-1+cos (d*x+c))/sin(d
xx+c)) " (1/2) * ((-1+cos (d*x+c)+sin(d*x+c)) /sin(d*x+c)) ~(1/2) * (- (-sin(d*x+c) -1
+cos(d*x+c))/sin(d*x+c))~(1/2) *sin(d*x+c)-6*C*xE1llipticF ((-(-sin(d*x+c)-1+co
s(dxx+c))/sin(d*xx+c)) " (1/2),1/2%27(1/2) ) *((-1+cos(d*x+c) ) /sin(d*x+c) )~ (1/2)
*((-1+cos(d*x+c)+sin(d*x+c))/sin(d*x+c)) " (1/2) * (- (-sin(d*x+c) -1+cos (d*x+c))
/sin(d*x+c) )~ (1/2)*sin(d*x+c)+2%C*2~ (1/2) *cos (d*x+c) ~2) /sin(d*x+c) ~5/cos (d*
x+c)/(b*sin(d*x+c)/cos(d*x+c)) ~(1/2)*27(1/2)
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maxima [A] time = 1.97, size = 179, normalized size = 0.77

3 (2 \/5 \/E arctan ( \/Z(\/E Vb2 btan(dx+c))) +2 \/E \/E arctan (— \/5(\/5\/5_2 btan(dXJrC))) + \/E \/E log (b tan (d

2b 2+b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+C*cot(d*x+c)~2)/(b*tan(d*x+c))~(1/2),x, algorithm="maxima")

[Out] 1/12%(3*(2*sqrt(2)*sqrt(b)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(b) + 2*sqrt(b*t
an(d*x + c)))/sqrt(b)) + 2*sqrt(2)*sqrt(b)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqr

t(b) - 2xsqrt(b*tan(d*x + c)))/sqrt(b)) + sqrt(2)*sqrt(b)*log(bxtan(d*x + c

) + sqrt(2)*sqrt(b*tan(d*x + c))*sqrt(b) + b) - sqrt(2)*sqrt(b)*log(bxtan(d

*x + c) - sqrt(2)*sqrt(bxtan(d*x + c))*sqrt(b) + b))*(A - C) - 8*Cxb~2/(b*t
an(d*x + c))~(3/2))/(b*d)

mupad [B] time = 0.92, size = 828, normalized size = 3.55

(_1)1/4

A-C)(32Ab3d4-32Cb3 a4
-0 [ Votan(e+d ) (16 4202 i3-32 AC12 d3+16 C2 12 %) Gl N

2vbd N
(_1)1/4 atan s DY (a-0) (32403 d4-32C 13 a4)
)Y (A-0)| Votan(+dm) (16 4212 d3-32 ACb2 d3+16 C2 12 3)- T Vid ]
) 2Cb N 2 Vb _
3d(btan (c +dx))”? Vb

Verification of antiderivative is not currently implemented for this CAS.

[In] int((A + Cxcot(c + d*x)~2)/(bxtan(c + d*x))~(1/2),x)

[Out] ((-1)"(1/4)*atan((((-1)"(1/4)*(A - C)*x((b*tan(c + d*x))~(1/2)*(16*A~2%xb~2xd
"3 + 16%C72%b72%d"3 - 32%xA*Cxb"2*d"3) - ((-1)7(1/4)*(A - C)*(32%A*b~3xd"4 -
32%Cxb~3%d"4) )/ (2xb~(1/2)*d) )*1i) /(2%b~(1/2)*d) + ((-1)"(1/4)*(A - C)*((bx
tan(c + d*x)) " (1/2)*(16*%A~2xb"2*d"3 + 16*C~2*b~2*d"3 - 32*xA*xC*xb~2*%d"3) + ((
-1)"(1/4)*(A - C)*(32*xA*b~3*d"~4 - 32%Cxb~3%d~4))/(2%b~(1/2)*d))*1i)/(2xb~ (1
/2)*d)) /(((-1)"(1/4)*(A - C)*((bxtan(c + d*x))~(1/2)*(16*A"2%b"2%d"3 + 16x*C
“2%b72%d"3 - 32*%A*C*xb"2xd"3) - ((-1)7(1/4)*(A - C)*(32%xA*b~3xd"4 - 32*C*b~3
xd~4))/(2%b~(1/2)*d)) )/ (2¥b~(1/2)*d) - ((-1)7(1/4)*(A - C)*((b*tan(c + d*x)
)" (1/2) % (16%A™2%xb~2%d~3 + 16%C~2%b~2%xd"~3 - 32%A*C*xb~2*xd~3) + ((-1)"(1/4)*(A
- C)*(32*xAxb~3*d"4 - 32*Cxb~3*d"4))/(2xb~(1/2)*d)))/(2¥b~(1/2)*d)))*(A - C
)*x1i) / (b~ (1/2)*d) - (2%Cxb)/(3*d*(b*tan(c + d*x))~(3/2)) + ((-1)~(1/4)*atan
(-1~ (1/4)*(A - CO)*x((bxtan(c + d*x))~(1/2)*(16*xA"2*xb~2x%d~3 + 16*%C~2*b~ 2%
d™3 - 32%xAxCxb~2%d"3) - ((-1)7(1/4)*(A - C)*(32%A*b~3*d"4 - 32xC*b~3*d~4)*1
i)/ (2*%b~(1/2)*d)))/(2*¥b~(1/2)*d) + ((-1)~"(1/4)*(A - C)*((b*tan(c + d*x))~(1
/2)*(16%A"2%b"2xd~3 + 16*%C~2%b"2%d~3 - 32*xA*Cxb~"2%d"3) + ((-1)"(1/4)*x(A - C
) *(32%A%b~3%d"4 - 32*C*b~3*d"4)*1i)/(2*b~(1/2)*d))) /(2¥b~(1/2)*d) )/ (((-1)~(
1/4)*x(A - C)*((b*tan(c + d*x))~(1/2)*(16%A"2+¥b"2*%d"3 + 16*xC"2*xb~2*xd~3 - 32%
AxC*b~2%d"3) - ((-1)"(1/4)*(A - C)*(32xA*b~3*d~4 - 32*C*b~3*d"4)*1i)/(2*b~(
1/2)*d))*11) / (2xb~(1/2)*d) - ((-1)~(1/4)*(A - C)*((bxtan(c + dxx))~(1/2)*(1
6*A"2x¥b"2*d"3 + 16%C~2*b~2+%d"3 - 32*xA*xC*b~2*%d"3) + ((-1)"(1/4)*(A - C)*(32x%
Axb~3xd"4 - 32%Cxb~3*d"4)*11)/(2xb~(1/2)*d) ) *1i)/(2%¥b~(1/2)*d)))*(A - C))/(
b~ (1/2) *d)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

A+ Ccot? (c + dx)
dx

vbtan (c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((A+Ckcot (d*xx+c)**2)/(bxtan(d*x+c))**(1/2),x)

[Out] Integral((A + Cxcot(c + d*x)*x2)/sqrt(b*tan(c + d*x)), x)
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32 | (a + bcot?*(c + dx)) dx

Optimal. Leaf size=20
b cot(c + dx)

7 bx

ax

[Out] a*x-b*x-b*cot(d*x+c)/d

Rubi [A] time = 0.01, antiderivative size = 20, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 12,

number oL WS _ 0,167, Rules used = {3473, 8}

integrand size
b cot(c + dx)
X - bx
Antiderivative was successfully verified.
[In] Int[a + b*Cot[c + d*x]"2,x]
[Out] a*x - b*x - (b*Cot[c + dx*x])/d
Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(b*Tan[c + d
*¥x])"(n - 1))/(@*x(n - 1)), x] - Dist[b~2, Int[(bxTan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rubi steps

f (a+beot(c +dx)) dx = ax +b f cot2(c + dx) dx

e bcot(;+ dx) —bfldx

b cot(c + dx)
d

=ax —bx -

Mathematica [C] time = 0.02, size = 34, normalized size = 1.70

b cot(c + dx) ,F; (—%,1 !

S5 tan?(c + dx))
d

ax —

Antiderivative was successfully verified.

[In] Integratel[a + bxCot[c + dxx]~2,x]
[Out] a*x - (b*Cot[c + d*x]*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[c + d*x]~2])/d
fricas [B] time = 0.84, size = 48, normalized size = 2.40

(a—=b)dxsin(2dx +2c)—bcos(2dx+2c)-b
dsin (2dx + 2c¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(at+b*cot(d*x+c)~2,x, algorithm="fricas")
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[Out] ((a - b)*d*x*sin(2*d*xx + 2%c) - b*cos(2*d*x + 2%c) - b)/(d*sin(2*d*xx + 2%*c)
)

giac [A] time = 0.19, size = 40, normalized size = 2.00

1 1 1
2dx+20+1—1)—tan(§dx+§c)]b

tan(z dx+§ c

ax — >4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(at+b*cot(d*x+c)~2,x, algorithm="giac")
[Out] a*x - 1/2%(2xd*x + 2xc + 1/tan(1/2xd*x + 1/2xc) - tan(1/2*d*x + 1/2%c))#*b/d

maple [A] time = 0.04, size = 31, normalized size = 1.55

b (— cot(dx +c) + % — arccot (cot (dx + c)))
d

ax +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(a+b*cot(d*x+c)~2,x)
[Out] a*x+b/d*(-cot(d*x+c)+1/2xPi-arccot (cot (d*x+c)))

maxima [A] time = 1.14, size = 23, normalized size = 1.15

dx + ¢ + ——
x+ce tan(dx+c)

d

ax —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(at+b*cot(d*x+c)~2,x, algorithm="maxima"
[Out] a*x - (d*x + c + 1/tan(d*x + c))*b/d
mupad [B] time = 0.34, size = 20, normalized size = 1.00

bcot(c + dx)

x(a-b)— 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(a + b*cot(c + d*x)~2,x)
[Out] xx(a - b) - (b*cot(c + dx*x))/d

sympy [A] time = 0.13, size = 22, normalized size = 1.10

cot (c+dx)

y ford #0

ax+b
x cot? (c) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atb*cot (d*x+c)**2,x)

[Out] a*x + bxPiecewise((-x - cot(c + dxx)/d, Ne(d, 0)), (xxcot(c)**2, True))
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33 [(a+beot(c+dv) dx

Optimal. Leaf size=47

_b(2a — b) cot(c + dx)
d

b? cot®(c + dx)

AV
+ x(a - b) 3

[Out] (a-b)~2*x-(2*a-b)*b*xcot (d*x+c)/d-1/3*b~2*cot (d*x+c)~3/d
Rubi [A] time = 0.03, antiderivative size = 47, normalized size of antiderivative

= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 14,
number of rules _ ) 214, Rules used = {3661, 390, 203)

integrand size

_b(2a — b) cot(c + dx)
d

b? cot®(c + dx)
3d

+x(a - b)? -

Antiderivative was successfully verified.

[In] Int[(a + b*Cot[c + d*x]~2)72,x]

[Out] (a - b)"2*x - ((2%a - b)*bxCot[c + d*x])/d - (b™2xCot[c + d*x]~3)/(3*d)
Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/((Rtla, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rule 390

Int[((a_) + (b_.)*(x_)"(n_))~ " (p_)*((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]

:> Int[PolynomialDivide[(a + b*x"n) p, (c + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] & NeQ[bkc - a*d, 0] && IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,

0] && GeQlp, -ql

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*xx], x]}, Dist[(cxff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rubi steps

(a+bx2)2
Subst f " dx, x, cot(c + dx)

f(a + beot?(c + dx))2 dx = — y

Subst ( [ ((2a _ )b+ 122 + (1+—b’22) dx, x, cot(c + dx))
i

_ (2a-Db)bcot(c +dx) b? cot3(c + dx) (a - b)* Subst (f ﬁ dx, x, cot(c +
T d - 3d - d
(2a — b)bcot(c + dx)  b? cot®(c + dx)

d - 3d

= (a—-b)*x -
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Mathematica [A] time = 1.17, size = 71, normalized size = 1.51

cot(c + dx) (b (60 + b cot?(c + dx) - 3b) + 3(a — by~ tan?(c + dx) tanh! ( " tan(c + dx) ))
- 3d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)72,x]
[Out] -1/3%(Cotlc + d*x]*(bx(6%a - 3%b + bxCot[c + d*x]~2) + 3x(a - b) 2xArcTanh[
Sqrt[-Tan[c + d*x]~2]]*Sqrt[-Tan[c + d*x]~2]))/d

fricas [B] time = 0.82, size = 127, normalized size = 2.70

2% cos (2dx +2c) - 2 (3ab - 2b?) cos (2dx + 2¢)* + 6.ab — 21 + 3 ((a? - 2 ab + b?)dx cos (2dx +2¢) - (a? -
3(dcos(2dx+2c)—d)sin(2dx + 2¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)"2,x, algorithm="fricas")

[Out] 1/3%(2%b~2%cos(2*d*x + 2%c) — 2*%x(3*xa*xb — 2%b~2)*cos(2xd*x + 2%c)~2 + 6*xax*b
- 2%b72 + 3*%((a”2 - 2*axb + b72)*dxx*cos(2*d*xx + 2*c) - (2”2 - 2*axb + b~2)
*d*xx) *sin (2*xd*x + 2%c))/((d*cos(2*xd*x + 2*%c) - d)*sin(2*xd*x + 2%c))
giac [B] time = 0.25, size = 114, normalized size = 2.43

1
1 1 ) ) 24 ab tan(i dx+
)—15b2tan(5dx+5c)+24(a —2ab + B)(dx + ¢) - —— 21—

Ptan (2 dx + + ¢ 3+24ab’ca:n Yax+te
2 2 2 2 |

24d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)72,x, algorithm="giac")

[Out] 1/24*x(b~2xtan(1/2*d*x + 1/2%c)”3 + 24xaxbxtan(1l/2*d*x + 1/2%c) - 15%b~2%tan
(1/2%d*xx + 1/2%c) + 24%(a”2 - 2*xa*xb + b~2)x(d*x + c) - (24*xaxbxtan(1l/2*d*x
+ 1/2%c)”"2 - 15xb"2*%tan(1/2*d*xx + 1/2%c)”2 + b~2)/tan(1/2*%d*x + 1/2%c)~3)/d

maple [A] time = 0.03, size = 68, normalized size = 1.45

3 2
M —2ab cot (dx + ¢) + b? cot (dx + ¢) + (—az +2ab - bz) (g — arccot (cot (dx + c)))
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(d*x+c)~2)72,x)
[Out] 1/d*x(-1/3*cot(d*x+c) ~3*b~2-2xaxb*cot (d*x+c)+b~2*cot (d*x+c)+(-a"~2+2*xa*b-b"2)
*(1/2%xPi-arccot (cot (d*x+c))))

maxima [A] time = 0.76, size = 63, normalized size = 1.34

3 tan(dx+c)2—1 )bz

2(dx+c+ ! )ab (3dx+3c+ -
2 tan(dx+c) + tan(dx+c)

e i 3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)72,x, algorithm="maxima"
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[Out] a"2*x - 2%(d*x + c + 1/tan(d*x + c))*axb/d + 1/3%(3*d*x + 3*c + (3xtan(d*x

+ ¢c)”2 - 1)/tan(d*x + c)~3)*b~2/d

mupad [B] time = 0.12, size = 45, normalized size = 0.96

, bBrcot(c+dx)® beot(c+dx) 2a-b)
x(a—-b) - 34 - d

Verification of antiderivative is not currently implemented for this CAS
[In] int((a + b*xcot(c + d*x)~2)72,x)
[Out] x*x(a - b)72 - (b"2*cot(c + d*x)73)/(3*d) - (b*cot(c + d*x)*(2%a - b))/d

sympy [A] time = 0.26, size = 68, normalized size = 1.45

2ab cot (c+d b2 cotd (c+d b2 cot (c+d.
azx—2abx—%(cx)+b2x— CO; Y 4 CO;C D ford £0

2
X (a + b cot? (c)) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)**2)**2,x)

[Out] Piecewise((a**2*x - 2%axb*xx — 2*axbxcot(c + d*x)/d + b**x2%xx - b**2%xcot(c +
d*xx)**3/(3%d) + b¥*2*xcot(c + d*x)/d, Ne(d, 0)), (x*(a + b*cot(c)**2)*x2, Tr

ue))
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3.4 f (a + b cot?(c + clx))3 dx

Optimal. Leaf size=78

b (3a2 —3ab + bz) cot(c +dx)  p2(3a - b) cot’(c + dx)
_ 7 - 34 +

b3 cot®(c + dx)
5d

x(a - b) -

[Out] (a-b) "3*xx-b*(3*a”~2-3*axb+b~2)*cot (d*x+c)/d-1/3*(3*a-b)*b"2*xcot (d*x+c)~3/d-1
/5%b~3*cot (d*x+c)~5/d

Rubi [A] time = 0.05, antiderivative size = 78, normalized size of antiderivative

= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 14,
number of rules _ ) 214, Rules used = {3661, 390, 203}

integrand size

b (3a2 —3ab + bz) cot(c +dx)  B2(3a - b) cot(c + dx)
- — ¥ +x

b® cot®(c + dx)

(a—by - -

Antiderivative was successfully verified.
[In] Int[(a + b*Cot[c + d*x]~2)73,x]

[Out] (a - b)~"3*x - (b*(3*xa”2 - 3xaxb + b~2)*Cot[c + d*x])/d - ((3*xa - b)*b~2xCot
[c + d*x]~3)/(3*d) - (b"3*Cot[c + d*x]~5)/(5*d)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/@Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 390

Int[((a ) + (b_)*(x )"0 )~ (p)*x((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]

:> Int[PolynomialDivide[(a + b*x"n) p, (c + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, ¢, d}, x] && NeQ[bxc - axd, 0] &% IGtQ[n, 0] && IGtQ[p, 0] && ILtQl[q,

0] && GeQlp, -q]

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanle + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + f£f72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rubi steps

1+x2

> 3
Subst[ [ @) ey, cot(c+dx)]

f (a + beot?(c + dx))3 dx = -

d
Subst (f (b (3a2 —3ab + bz) + (Ba - b)b?x? + bPx* + %) dx, x, cot(c + dx))
- d

b(30% - 3ab+b?)cotlc+dx)  (3a-b)Pcol(c+dx) bPeotctdy) T
- d 3d 5d
b (3512 —3ab + bz) cot(c+dx) (Ba-b)b?cot’(c+dx) b3 cot’(c+

d 3d 5d

= (a-b)3x -
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Mathematica [A] time = 2.77, size = 111, normalized size = 1.42

15(a—b)? tand(c+dx) tanh_l(\/

cot®(c + dx) | b (15 (322 — 3ab + b?) tan*(c + dx) + 5b(3a — b) tan®(c + dx) + 30?) + &

(— tan2(c-+dx)

15d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)73,x]

[Out] -1/15%(Cot[c + dxx]~5x((15%(a - b)~3*ArcTanh[Sqrt[-Tan[c + d*x]~2]]*Tan[c +
d*x]~8)/(-Tan[c + d*x]~2)"(3/2) + b*(3*b"2 + 5%x(3*a - b)*bxTan[c + d*xx] 2
+ 15%(3*a”2 - 3*xaxb + b~2)*Tan[c + d*x]"4)))/d

fricas [B] time = 0.49, size = 253, normalized size = 3.24

(45420 — 60 ab? + 23 b%) cos (2dx + 2¢)° + 4542h — 30 ab® + 13 b° - (45 a2b — 30 ab? + b%) cos (2dx + 2 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)73,x, algorithm="fricas")

[Out] -1/15%((45*%a~2xb - 60*a*b”2 + 23*b~3)*cos(2*xd*x + 2%c)~3 + 45*%a”~2xb - 30*ax
b~2 + 13%b~3 - (45*%a”~2%b - 30*a*xb”2 + b~3)*cos(2*d*x + 2%c)~2 - (45%a"2*b -
60*a*b”2 + 11*b~3)*cos(2*d*x + 2*c) - 15%x((a~3 - 3*a"2*b + 3*a*xb™2 - b~3)x*
d*xx*cos(2xd*x + 2%c)”2 - 2%(a”3 - 3*a"2xb + 3*axb”2 - b73)*d*kx*kcos(2xd*x +

2xc) + (a”3 - 3*a”"2*b + 3*axb”2 - b~3)*d*x)*sin(2*d*x + 2*c))/((d*xcos(2*d*x

+ 2%c) 72 - 2xdxcos(2*d*x + 2%c) + d)*sin(2xdxx + 2%*c))

giac [B] time = 0.37, size = 229, normalized size = 2.94

3

5 3
3b3tan(%dx+%c) +60ab2tan(%dx+%c) —35b3tan(%dx+%c) +720a2btan(%dx+%c)—900ab2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)73,x, algorithm="giac")

[Out] 1/480*%(3*b~3*xtan(1/2*d*x + 1/2*%c)”5 + 60*axb~2*tan(1/2*d*x + 1/2*c)~3 - 35%

b~ 3*tan(1/2xd*x + 1/2%c)”3 + 720*a”~2xbxtan(1/2*d*x + 1/2*c) - 900*axb~2*tan
(1/2*d*x + 1/2%c) + 330*b~3xtan(1/2*d*x + 1/2*c) + 480*(a~3 - 3*a"2*b + 3*a

*b72 - bT3)*(d*x + ¢) - (720*a"2*b*tan(1/2*xd*x + 1/2%c)~4 - 900*a*b~2*tan(1

/2%d*x + 1/2*%c)”4 + 330*b~3*tan(1/2*d*x + 1/2*c)”"4 + 60*a*xb~2+tan(1/2*xd*x +
1/2%c)~2 - 35%b~3*tan(1/2*d*x + 1/2%c)”2 + 3*b~3)/tan(1/2*d*x + 1/2%c)”5)/

d

maple [A] time = 0.04, size = 116, normalized size = 1.49

_Pleottdrra) _ (cot® (dx +¢)) ab? +

v (cot3 (dx+c))
5 3

—3a®b cot (dx + ¢) + 3b%a cot (dx + c) — b3 cot (dx + ¢) + (—
d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(d*x+c)~2)"3,x)

[Out] 1/d*x(-1/5%b~3*cot (d*x+c) ~5-cot (d*x+c) "3*a*xb~2+1/3*b " 3xcot (d*x+c) ~3-3*a”2xbx*
cot (d*xx+c)+3*xb~2*xa*xcot (d*xx+c) -b~3*cot (d*x+c)+(-a~3+3*a"2xb-3*axb~2+b"3) *(1/
2%Pi-arccot (cot (d*x+c))))
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maxima [A] time = 0.93, size = 112, normalized size = 1.44

2 4 2
3 (dx +c+ )azb (3 dx+3c+ M)abz (15 dx+15c+ 15 tan(dxtc) -5 tar;(dHC) +3)b3
P tan(dx-+c) + tan(dx-+c) _ tan(dx-+c)
d d 15d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)73,x, algorithm="maxima"

[Out] a”3%x - 3*%(d*x + c + 1/tan(d*x + c))*a~2%b/d + (3*d*x + 3*c + (3*tan(d*x +
c)”2 - 1)/tan(d*x + c)"3)*a*xb”2/d - 1/15%(15*%d*x + 15%c + (15*tan(d*x + c)~
4 - bxtan(d*x + ¢)”2 + 3)/tan(d*x + c)~5)*b~3/d

mupad [B] time = 0.45, size = 76, normalized size = 0.97

Peot(c+dx)’ cot(c+dx)’ (3al2-b%) beot(c+dx) (3a>-3ab+1?)

3
x(a-b) 54 3d d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcot(c + d*x)~2)73,x)

[Out] x*(a - b)~"3 - (b”3*cot(c + d*x)~5)/(5%d) - (cot(c + dxx) " 3*(3*%axb”2 - b~3))
/(3%d) - (b*cot(c + d*x)*(3%a”2 - 3*a*xb + b~2))/d

sympy [A] time = 0.55, size = 126, normalized size = 1.62

3a2b cot (c+dx ab? cot® (c+dx 3ab? cot (c+dx b3 cot® (c+dx b3 cot® (c+dx b3 cot (c+dx
e+d) oo (c+dx) (c+d) 5 (c+dx) (c+dx) P cot(c+dy)

d d d 5d 3d d

a3x — 3a%bx —

X (a + b cot? (c))3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)**2)**3,x)

[Out] Piecewise((a*x*3xx - 3*a*x*2*b*x - 3*a*x*x2xbxcot(c + d*x)/d + 3*axb**x2*xx — axb
**%2xcot (c + d*x)**x3/d + 3xaxbx*2xcot(c + d*x)/d — b**3*x - b**3xcot(c + d*x
)*x5/(5%d) + b**3*cot(c + d*x)**x3/(3+%d) - b**3*xcot(c + d*x)/d, Ne(d, 0)), (

x*(a + bxcot(c)**2)**x3, True))
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1
3.5 fa+b cotz(c+dx) dx

Optimal. Leaf size=49

\/E tan™! (W) X

Jad@a-b  a-b

[Out] x/(a-b)+arctan(cot(d*x+c)*b~(1/2)/a~(1/2))*b~(1/2)/(a-b)/d/a"(1/2)

Rubi [A] time = 0.07, antiderivative size = 49, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {3660, 3675, 205)

integrand size

-1 b cot(c+dx)
Vb tan ( =)

Jad@a-b  a-b

Antiderivative was successfully verified.
[In] Int[(a + b*Cot[c + d*x]"2)"(-1),x]

[Out] x/(a - b) + (Sqrt[bl*ArcTan[(Sqrt[b]*Cot[c + d*x])/Sqrtl[all)/(Sqrtlal*(a -
b) *d)

Rule 205

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 3660

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1"2)"(-1), x_Symbol] :> Simp[x/(a -
b), x] - Dist[b/(a - b), Int[Secle + f*x]~2/(a + b*Tanl[e + fxx]~2), x], x]
/; FreeQ[{a, b, e, f}, x] && NeQ[a, b]

Rule 3675

Int[sec[(e_.) + (f_)*(xD)]1 " (m )*((a_) + (b_.)*x((c_.)*tan[(e_.) + (f_.)*(x_
Y1) ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dis
t[ff/(c”(m - D*f), Subst[Int[(c™2 + f£72%x72) " (m/2 - 1)*(a + b*(ff*x)"n) p
, xJ, x, (cxTanle + fx*x])/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] && In
tegerQ[m/2] && (IntegersQn, pl || IGtQ[m, O] || IGtQ[p, 0] || EqQ[n~2, 4]
|| EqQ[n~2, 16]1)

Rubi steps
csc®(c+dx)
[ b] et
a + beot?(c + dx) a-b a-b
. bSubst ( ))
= +
a->b (a-b)d
-1 b cot(c+dx)
o Vo (M)

b a@-by
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Mathematica [A] time = 0.06, size = 49, normalized size = 1.00

Vb tan_l( \a ta\r/\£c+dx))
tan~! (tan(c + dx)) — 7 -

ad — bd

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)~(-1),x]

[Out] (ArcTan[Tan[c + d*x]] - (Sqrt[b]*ArcTan[(Sqrt[a]*Tan[c + d*x])/Sqrt[bl])/Sq
rtla])/(axd - b*d)

fricas [A] time = 0.46, size = 252, normalized size = 5.14

—4 J b 1 (a2+6 ab+b2) cos(2 dx+2 c)2+4 (az—ab—(azﬂzb) cos(2 dx+2 c)) A I—Z sin(2 dx+2 ¢)+a?—6 ab+b%-2 (az—bz) cos(2dx+2c¢)
x—4/—= lo
298 (a2-2ab+12) cos(2 dx+2 ¢)* +a2+2 ab+b2-2 (a2-12) cos(2 dx+2 )

4(a-b)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2),x, algorithm="fricas")

[Out] [1/4%(4xd*x - sqrt(-b/a)*log(((a”2 + 6*a*xb + b~2)*cos(2xd*x + 2%c)~2 + 4*(a
T2 - axb - (@72 + axb)*cos(2*%d*x + 2%c))*sqrt(-b/a)*sin(2xd*x + 2%c) + a”2

- 6*xaxb + b2 - 2*x(a”2 - b"2)*cos(2*dxx + 2*c))/((a”2 - 2*axb + b~2)*cos(2x

d*x + 2*c)”2 + a”2 + 2*axb + b72 - 2*x(a”2 - b72)*cos(2xd*x + 2%c))))/((a -

b)*d), 1/2%(2*d*x + sqrt(b/a)*arctan(1/2*((a + b)*cos(2xd*x + 2%c) - a + b)
xsqrt(b/a)/(b*xsin(2*d*xx + 2xc))))/((a - b)*d)]

giac[A] time = 0.19, size = 65, normalized size = 1.33

T

dxtc 1 atan(dx+c)
(n{ +5 Jsgn(a)+arctan( s ))b dite

Vab (a-b) a-b
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2),x, algorithm="giac")

[Out] -((pi*floor((d*x + c)/pi + 1/2)*sgn(a) + arctan(axtan(d*x + c)/sqrt(axb)))x*
b/(sqrt(axb)*(a - b)) - (d*x + c)/(a - b))/d

maple [A] time = 0.33, size = 64, normalized size = 1.31
b t cot(dx+c)b
arctan Vab T arccot (cot (dx + ¢))
d(a - b)Vab 2d (a - b) d(a-b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cot(d*x+c)~2),x)
[Out] 1/d*b/(a-b)/(axb)~(1/2)*arctan(cot (d*x+c)*b/(a*xb)~(1/2))-1/2/d/(a-b)*Pi+1/d
/(a-b)*arccot (cot (d*xx+c))

maxima [A] time = 0.89, size = 48, normalized size = 0.98

atan(dx+c)
barctan( Vi ) _ F
Vab (a- a-b

b)
d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cot(d*x+c)~2),x, algorithm="maxima")

[Out] -(b*arctan(axtan(d*x + c)/sqrt(axb))/(sqrt(a*xb)*(a - b)) - (d*x + c)/(a - b
))/d

mupad [B] time = 0.12, size = 41, normalized size = 0.84

b cot(c+d x)
bat (—)
X atan \/E

a-b d\ab (a-D)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b*cot(c + d*x)~2),x)
[Out] x/(a - b) + (bxatan((b*cot(c + d*x))/(axb)~(1/2)))/(dx(axb)~(1/2)*(a - b))
sympy [A] time = 1.46, size = 279, normalized size = 5.69

p fora=0Ab=0Ad=0
cot® (c)
gL
d cot (c+dx) —
; fora=0
dx cot? (c+dx) dx cot (c+dx) fora=b
2bd cot? (c+dx)+2bd ~ 2bd cot? (c+dx)+2bd  2bd cot? (c+dx)+2bd
—— ford =0
a+b cot” (¢)
x forb=0
a
. 1 . 1
Ziﬁdx\/g log (—1\/5 \/;+cot (c+dx)) log (1\/5 \/;+cot (c+dx)) ‘
3 +—3 -— otherwise
2ia2d |5 —2i\/Ebd\E 2ia2d |} —21‘\/Ebd\/g 2ia2d |5 —Zi\/Ebd\/g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(dxx+c)**2),x)

[Out] Piecewise((zoo*x/cot(c)*x2, Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), ((-x + 1/(d*co
t(c + d*x)))/b, Eq(a, 0)), (dkxxcot(c + d*x)**2/(2%b*xd*cot(c + d*x)**2 + 2%

bxd) + d*x/(2%b*d*cot(c + d*x)**2 + 2%b*d) - cot(c + d*x)/(2%b*d*cot(c + dx
x)**2 + 2xbxd), Eq(a, b)), (x/(a + b*xcot(c)**2), Eq(d, 0)), (x/a, Eq(b, 0))

, (2*%Ixsqrt(a)*d*x*sqrt(1/b)/(2*I*xa*x*(3/2)*d*sqrt(1/b) - 2*I*xsqrt(a)*b*xdx*sq
rt(1/b)) + log(-Ixsqrt(a)*sqrt(1/b) + cot(c + d*x))/(2%I*ax*(3/2)*d*sqrt(1/

b) - 2*xI*xsqrt(a)*b*d*sqrt(1/b)) - log(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))/(
2xIxa*x*(3/2) *d*xsqrt(1/b) - 2*xIxsqrt(a)*bxd*sqrt(1/b)), True))
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3.6 ! dx

(a+b cotz(c+dx))2

Optimal. Leaf size=97

-1 Vb cot(c+dx)
Vb(3a - b) tan ( Va ) b cot(c + dx) X

+ +
2a32d(a — b)2 2ad(a - b) (a + beot’(c +dx))  (@—b)

[Out] x/(a-b) 2+1/2xbxcot (d*x+c)/a/(a-b)/d/ (a+tbxcot (d*x+c) "2)+1/2*(3*a-b)*arctan(
cot (d*x+c)*b~(1/2)/a~(1/2))*b~(1/2)/a~(3/2)/(a-b)~2/d

Rubi [A] time = 0.10, antiderivative size = 97, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 14,
number of rules _ ).357, Rules used = {3661, 414, 522, 203, 205}

integrand size

-1 Vb cot(c+dx)
Vb (3a - b) tan (—\/ﬁ ) bcot(c + dx) x

+ +
2a32d(a — b)? 2ad(a - b) (a + beot?(c + dx)) (a - b)?

Antiderivative was successfully verified.
[In] Int[(a + b*Cotlc + d*x]~2)~(-2),x]

[Out] x/(a - b)"2 + ((3*a - b)*Sqrt[b]l*ArcTan[(Sqrt[b]*Cot[c + d*x])/Sqrtlal])/(2
*a~(3/2)x(a - b)72xd) + (b*Cotl[c + d*x])/(2%ax(a - b)*d*(a + b*Cot[c + d*x]
~2))

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 || GtQlb, 01)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 414

Int[((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*nx(p + 1)*(b*c -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + b*xx™n) (p + D)*(c +
d*x"n) “g*Simp[bxc + nx(p + 1)*(b*c - axd) + dxbx(nx(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, ¢, d, n, q}, x] && NeQ[bxc - axd, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 522

Int[(Ce_) + (£_)*x(x_)"(m_))/(((a_) + (b_.)*(x_)"(m_))*x((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(b*e - axf)/(b*c - axd), Int[1/(a + b*x"n), x], x]
- Dist[(d*e - cx*f)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, f, n}, x]

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tan[(e_.) + (£_)*x(x)1)"( ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
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ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, c, e, f, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

1
Subst| | ————— dx, x, cot(c + dx
1 (f (142 (a+b:2)° ( ))
f ( 2 dx = d

a+ becot?(c + dx))

Subst ( f (M_bez dx, x, cot(c + dx))

B b cot(c + dx) _ 1+22)(a+bx2)

2a(a - b)d (a + b cot?(c + dx)) 2a(a - b)d

1 ,
B b cot(c + dx) Subst (f T 4x,x, cot(c + dx)) N (Ba—-b)b
"~ 2a(a - b)d (a + beot?(c + dx)) (a—b)d
-1 Vb cot(c+dx)

X . (3a-D)Vb tan ( \a ) N b cot(c + dx)

(a - b)? 2a%2(a — b)%d 2a(a — b)d (a +beotX(c + dx))

Mathematica [A] time = 0.91, size = 90, normalized size = 0.93

_p)tan-1( Y cotlerdn)
\/5(311 b) tan ( A ) N b(a—b) cot(c+dx)

a3/2 a(a+b cot2(0+dx))

2d(a — b)?

— 2 tan"}(cot(c + dx))

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)~(-2),x]

[Out] (-2*ArcTan[Cot[c + d*x]] + ((3*a - b)*Sqrt[b]*ArcTan[(Sqrt[b]*Cot[c + dx*x])
/Sqrtlal])/a~(3/2) + ((a - b)*b*xCot[c + d*x])/(ax(a + b*Cot[c + d*x]~2)))/(
2%(a - b)72x%d)

fricas [B] time = 0.51, size = 534, normalized size = 5.51

8 (a2 — ab)dx cos 2 dx +2¢) ~ 8 (a + abdx + (342 + 2ab — 12 — (34 — 4ab + 1) cos (2dx + 2¢))y/—- Ic

8 ((a4 —3a3b + 3a2b? - ab3)c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)72,x, algorithm="fricas")

[Out] [1/8*(8*(a”~2 - a*b)*d*x*cos(2*xd*x + 2xc) - 8*(a”2 + axb)*d*x + (3*a~2 + 2xa
xb - b2 - (3%a”2 - 4*axb + b~2)*cos(2*xdxx + 2xc))*sqrt(-b/a)*log(((a”2 + 6
*axb + b72)*cos(2xd*xx + 2%c)”2 + 4*x(a”2 - axb - (a”2 + axb)*cos(2*xd*x + 2*c
))*sqrt(-b/a)*sin(2xd*x + 2%c) + a”2 - 6%axb + b™2 - 2*%(a”2 - b72)*cos(2xdx*
X + 2%c))/((a”2 - 2xa*b + b"2)*cos(2*xd*x + 2%c)”2 + a”2 + 2%axb + b72 - 2x%(
a"2 - b"2)*cos(2xd*x + 2xc))) - 4*x(axb - b"2)*sin(2*d*x + 2*c))/((a"4 - 3x*a
“3%b + 3*%a”"2*b"2 - a*b~3)*d*cos(2*d*x + 2*c) - (a”4 - a"3*%b - a"2*b”2 + axb
~3)*d), 1/4*x(4*x(a"2 - axb)*d*x*cos(2*xd*x + 2*c) — 4*(a”2 + a*b)*d*x - (3*a”
2 + 2%axb - b72 - (3%a”2 - 4*axb + b~2)*cos(2*d*x + 2xc))*sqrt(b/a)*arctan(
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1/2x((a + b)*cos(2*d*x + 2*c) - a + b)*sqrt(b/a)/(b*sin(2*d*x + 2%c))) - 2%
(axb - b™2)*sin(2*xd*x + 2%c))/((a”™4 - 3%a”3%b + 3*xa”~2%xb"2 - a*xb”~3)*d*cos (2%
d*x + 2%c) - (a”4 - a"3%b - a"2%b"2 + axb~3)*d)]

giac [A] time = 0.27, size = 123, normalized size = 1.27

(n{ dxte % Jsgn(u)+arctan(@))(3 ab—bz)

n ab

2 (dx+c) b tan(dx-+c)

(a3—2 a2b+ab2) Vab a?-2 ab+b? (a tan(dx+c)2+h) (az—ab)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)72,x, algorithm="giac")

[Out] -1/2%((pi*floor((d*x + c)/pi + 1/2)*sgn(a) + arctan(a*tan(d*x + c)/sqrt(a*b
)))*(3*axb - b~2)/((a”3 - 2*a”2%b + axb”~2)*sqrt(a*b)) - 2+(d*x + c)/(a”2 -
2xa*xb + b"2) - bxtan(d*x + c)/((axtan(d*x + c)”2 + b)*(a”2 - axb)))/d

maple [B] time = 0.34, size = 173, normalized size = 1.78

cot(dx+c)b 2 cot(dx+
bcot (dx + ¢) b2 cot (dx + ¢) 3b arcta“(ﬁ) b afctan(—m

2d (a - b)” (a + b (cot? (dx + ¢))) 2d(a-b)a (a+b(cot? (dx +0))) Y (a — b)* Vab 2d (a - b)* aVal

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*xcot(d*x+c)~2)"2,x)

[Out] 1/2/d%b/(a-b) " 2*cot (d*xx+c)/(a+b*cot (d*x+c)~2)-1/2/d*b~2/(a-b) "2/a*cot (d*xx+c
)/ (a+b*cot (d*x+c) ~2)+3/2/d*b/ (a-b) "2/ (a*b) ~(1/2) *arctan(cot (d*x+c) *b/ (a*xb) ~
(1/2))-1/2/d*%b"2/(a-b)"2/a/(axb) ~(1/2) *arctan(cot (d*x+c)*b/ (a*xb) ~(1/2))-1/2

/d/ (a-b) "2*Pi+1/d/(a-b) "2*arccot (cot (d*x+c))

maxima [A] time = 0.99, size = 115, normalized size = 1.19

2 ntan(dx+c))
b tan(dx-+c) _ (3 ab=b ) arctan( vab 2 (dx+c)
azb—ab2+(u3—a2b) tan(dx-+c)* (a3—2 u2b+ub2) Vab a2-2ab+b?

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bxcot(d*x+c)~2)72,x, algorithm="maxima"

[Out] 1/2*x(b*tan(d*x + c)/(a"2%b - a*xb”™2 + (a”3 - a~2*b)*tan(d*x + c)~2) - (3*axb
- b~2)*arctan(axtan(d*x + c)/sqrt(a*xb))/((a”3 - 2*a"2%b + a*b~2)*sqrt(axb)
) + 2%(d*x + c)/(a"2 - 2xaxb + b~2))/d

mupad [B] time = 0.79, size = 119, normalized size = 1.23

ax b x cot(c+d x)2 bcot(c+d x) b cot(c+d x) ) 12
- o + D) atan( N (3 ab-b )
beot(c+dx)* +a Vab (2a3d-ab (4ad -2bd))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcot(c + d*x)~2)72,x)

[Out] ((a*x)/(a - b)"2 + (b*x*cot(c + d*x)~2)/(a - b)"2 + (b*cot(c + dxx))/(2*axd
*(a - b)))/(a + bxcot(c + d*x)"2) + (atan((bxcot(c + d*x))/(axb)~(1/2))* (3%
axb - b72))/((axb)~(1/2)*(2*%a"3*xd - axb*(4d*xaxd - 2xbxd)))
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sympy [A] time = 18.67, size = 2322, normalized size = 23.94

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bxcot (d*x+c)**2)**2 x)

[Out] Piecewise((zoo*x/cot(c)**4, Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), ((x - 1/(d*cot
(c + d*x)) + 1/(3*d*cot(c + d*x)**x3))/b**2, Eq(a, 0)), (3*d*x*cot(c + d*x)*
x4/ (8xbx*k2xd*xcot (c + d*x)**4 + 16%bx*2kd*cot(c + d*x)**2 + Bkbx*2%xd) + 6xd*
xxcot (c + dxx)**2/(8*b*xx2*d*xcot(c + d*x)**4 + 16xb**2xd*xcot(c + d*x)**2 + 8
*xbxk2xd) + 3xd*x/(8*b*x2xd*cot(c + d*x)**4 + 16xb*x*2xd*xcot(c + d*x)**2 + 8%
b**2%d) - 3*cot(c + d¥x)**3/(8*bx*2xd*cot(c + d*x)**4 + 16%b**2*xdxcot(c + d
*X)**%2 + 8xbx*2%d) - bxcot(c + d*x)/(8%bx*2xd*cot(c + d*x)**4 + 16%b**2xd*c
ot(c + d*x)**2 + 8*xbx*x2xd), Eq(a, b)), (x/(a + bkxcot(c)**2)*x2, Eq(d, 0)),
(x/a*x*2, Eq(b, 0)), (4xIkxax*x(5/2)*d*x*sqrt(1/b)/(4xI*a*x*(9/2)*d*sqrt(1l/b) +
4xT*ax* (7/2)*bxd*sqrt (1/b)*cot(c + d*x)**2 - 8*Ixa*xx(7/2)*b*dxsqrt(1/b) -
8xIxax* (5/2) *b*x2xd*sqrt (1/b) *cot (c + d*x)**2 + 4xI*xax*(5/2)*bx*2xd*sqrt (1/
b) + 4xIxa*xx(3/2)*b**3*d*sqrt(1/b)*cot(c + d*x)*x2) + 4xI*xa*x*(3/2)*bxd*x*sq
rt(1/b)*cot(c + d*x)**2/(4*xIxax*(9/2)*d*sqrt(1/b) + 4xIxax*(7/2)*b*d*sqrt (1
/b)*cot(c + dxx)**2 — 8xIkax*(7/2)*bxd*sqrt(1/b) - 8*Ikxax*x(5/2)*b**2*xd*sqrt
(1/b)*cot(c + d*x)**2 + 4*xIxax*x(5/2)*xb**2*xdxsqrt(1/b) + 4xIxax*(3/2)*bx*3xd
*xsqrt (1/b)*xcot(c + d*xx)**2) + 2*Ikxax*(3/2)*b*xsqrt(1/b)*cot(c + d*x)/(4*xIxax
*x(9/2) *d*sqrt (1/b) + 4*Ixa*xx(7/2)*b*d*xsqrt(1/b)*cot(c + dxx)**2 — 8xIkxax*(7
/2)*¥bxd*sqrt (1/b) - 8*Ikxax*(5/2)xb**2xd*sqrt (1/b)*cot(c + d*x)**2 + 4xI*xaxx
(6/2) ¥b*x*2xd*sqrt (1/b) + 4xIkax*(3/2)*b*x3*xd*sqrt(1/b)*cot(c + d*x)**2) - 2
xI*xsqrt () *xb*x2*xsqrt (1/b) *cot (c + d*x)/(4*xIxa*x*(9/2)*d*sqrt(1/b) + 4*xIxax*x(
7/2) ¥bxd*sqrt (1/b)*cot(c + d*x)**2 - 8xIxax*(7/2)*b*xd*sqrt(1/b) - 8xIxa*xx(5
/2) *b**2*xd*sqrt (1/b)*cot (c + d*x)**2 + 4xIkax*(5/2)*b**x2*d*sqrt(1/b) + 4*Ix
a*x* (3/2) *bx*3*xd*sqrt (1/b)*cot(c + d*x)**2) + 3*a*xx2xlog(-I*sqrt(a)*sqrt(1/b
) + cot(c + dxx))/(4xIxa*x*(9/2)*d*sqrt(1/b) + 4*xIxa*xx*(7/2)*b*xd*sqrt(1/b)*co
t(c + d*x)*%2 - 8*Ikxax*x(7/2)*b*xd*sqrt(1/b) - 8*Ixa*x(5/2)*b*x*2xd*sqrt(1/b)*
cot(c + d*xx)**2 + 4xIxa*xx(5/2)*bx*2*xd*sqrt(1/b) + 4xIxa*xx(3/2)*b**3*xd*sqrt(
1/b)*cot(c + d*x)*%2) - 3xa*x*2*xlog(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))/(4x*I
xax*x (9/2) *d*sqrt (1/b) + 4xIxax*x(7/2)*b*d*sqrt(1/b)*cot(c + d*x)**2 - 8xIxax
*x(7/2) *b*d*sqrt (1/b) - 8xIxax*(5/2)*bx*2xd*sqrt (1/b)*cot(c + d*x)**2 + 4*Ix
ax* (5/2) ¥bx*2xd*sqrt (1/b) + 4*Ikax*x(3/2)*b*x3*d*sqrt(1/b)*cot(c + d*x)**2)
+ 3*axbxlog(-Ixsqrt(a)*sqrt(1/b) + cot(c + dxx))*cot(c + dxx)**2/(4*xI*xax*(9
/2)*dxsqrt (1/b) + 4xI*xax*(7/2)*bxd*sqrt(1/b)*cot(c + d*x)**2 - 8xI*xa*xx(7/2)
*bxd*sqrt (1/b) - 8xIxax*(5/2)*b*x2*d*sqrt (1/b)*cot(c + d*x)**2 + 4*xI*xa*x*(5/
2) ¥bx*2xd*sqrt (1/b) + 4*xIxax*(3/2)*b**3*d*sqrt(1/b)*cot(c + d*x)**2) - a*bx*
log(-Ixsqrt(a)*sqrt(1/b) + cot(c + d*x))/(4*I*xax*(9/2)*d*sqrt(1/b) + 4xI*ax
*x(7/2) *b*d*sqrt (1/b)*xcot(c + dxx)**2 — 8xIkax*(7/2)*bxd*sqrt(1/b) - 8*Ikaxx*
(6/2) xbx*2xdxsqrt (1/b) *cot (¢ + d*x)**2 + 4xIxax*x(5/2)*b**2*xd*sqrt(1/b) + 4%
I*ax* (3/2)*xb**3*d*sqrt (1/b)*cot(c + d*x)**2) - 3*axbxlog(I*sqrt(a)*sqrt(1l/b
) + cot(c + d*x))*cot(c + dxx)**2/(4*xI*ax*(9/2)*dxsqrt(1/b) + 4xD*xax*(7/2)*
bxd*sqrt (1/b)*cot(c + d*x)**2 - 8*xIxa*xx(7/2)*bxd*xsqrt(1/b) - 8xIxa*x*(5/2)*Db
*xk2xd*ksqrt (1/b) *cot (c + d*x)**2 + 4*xIxa*xx(5/2)*b**2xd*sqrt(1/b) + 4xI*xax*(3
/2) ¥bx*3xd*sqrt (1/b)*cot (c + d*x)**2) + a*xbkxlog(I*sqrt(a)*sqrt(1/b) + cot(c
+ d*x) )/ (4*I*xax*x(9/2)*d*sqrt(1/b) + 4xIkxax*(7/2)*b*xd*sqrt(1/b)*cot(c + d*x
)*x2 — 8*xIkax*(7/2)*xb*xd*sqrt (1/b) - 8xIxax*(5/2)*b*x2*d*sqrt(1/b)*cot(c + d
*xx)**%2 + 4xIkaxk(5/2)*b*x*x2xd*sqrt (1/b) + 4*Ikxax*x(3/2)*b**3*d*sqrt(1/b)*cot(
c + d*x)*x2) - bx*2xlog(-Ixsqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c + d*x)x*x*
2/ (4xI*xax*(9/2)*d*sqrt (1/b) + 4*xIxax*(7/2)*b*xd*sqrt(1/b)*cot(c + d*x)**2 -
8xI*ax* (7/2)*bxd*sqrt (1/b) - 8*Ikxax*x(5/2)*b*x2*d*sqrt(1/b)*cot(c + d*x)**2
+ 4xT*xax*x (5/2) xb**x2*xd*sqrt (1/b) + 4*xIxa*x*(3/2)*b**3xd*sqrt(1/b)*cot(c + d*x
)*%2) + bx*x2xlog(I*sqrt(a)*sqrt(1l/b) + cot(c + d*x))*cot(c + dx*x)**2/(4*I*a
*x%(9/2)*xd*sqrt (1/b) + 4xIkax*(7/2)*bxd*sqrt(1/b)*cot(c + d*x)**2 - 8*kIkax*x(
7/2)*b*d*sqrt (1/b) - 8xIxa*x*(5/2)*b**2xd*sqrt (1/b)*cot(c + d*x)**2 + 4*I*ax
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*(5/2) *b**2*xd*sqrt (1/b) +
4
NS T*xax* (3/2) *b*xx3*xd*sqrt (1/b)*cot(c + d*xx)**2), T
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3.7 ! dx

(a+b cotz(c+dx))3

Optimal. Leaf size=150

2 2 -1 Vb cot(c+dx)
b(7a ~3b)cotlc +dx) Vb (154> - 10ab + 3b%) tan (—\/ﬁ ) b cot(c + dx)

8a2d(a - b)? (a + b cot?(c + dx)) 8a%2d(a - b)° 4ad(a - b) (a + b cot?(c + dx)

[Out] x/(a-b) " 3+1/4xb*xcot(d*x+c)/a/(a-b)/d/ (a+b*cot (d*x+c) ~2) "2+1/8*(7*a-3%Db) *xb*c
ot (d*x+c)/a~2/(a-b)"2/d/ (a+tb*cot (d*x+c) "2)+1/8*(15*%a~2-10*a*b+3*b~2) *arctan
(cot (d*x+c)*b~(1/2)/a~(1/2))*b~(1/2)/a~(5/2)/(a-b)~3/d

Rubi [A] time = 0.16, antiderivative size = 150, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 14,

number of rules _ ).429, Rules used = {3661, 414, 527, 522, 203, 205}

integrand size

Vb (15“2 —10ab + 3b2) tan~! (M)

Va b(7a — 3b) cot(c + dx) N b cot(c + dx)
8a2d(a - b)° 8a2d(a — b)? (a + b cot’(c + X)) 4ad(a - b) (a + b cofd(c + dx)

Antiderivative was successfully verified.
[In] Int[(a + b*Cot[c + d*x]~2)~(-3),x]

[Out] x/(a - b)~3 + (Sqrt[b]l*(15%a~2 - 10*axb + 3*b~2)*ArcTan[(Sqrt[b]*Cot[c + dx
x])/8qrtlall)/(8*a~(5/2)*(a - b)~3*d) + (b*Cot[c + dx*x])/(4*ax(a - b)*d*(a

+ bxCot[c + d*x]72)72) + ((7*xa - 3*b)*bxCot[c + d*x])/(8*a"2x(a - b) 2xdx(a

+ bxCot[c + dxx]~2))

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 414

Int[((a_) + (b_)*x(x_)"(m D))~ (p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]

:> =Simp[(b*x*(a + b*x™n)~(p + *(c + d*x"n)"(q + 1))/(a*nx(p + 1)*(b*xc -
axd)), x] + Dist[1/(a*n*x(p + 1)*(b*c - axd)), Int[(a + b*x™n) " (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - axd) + dxbx(n*x(p + q + 2) + 1)*x"n, x]
, x1, x] /; FreeQ[{a, b, ¢, 4, n, q}, x] && NeQ[bxc - axd, 0] && LtQ[p, -1]
&& '( !IntegerQ[p] && IntegerQ[q] && LtQ[q, -1]) && IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 522

Int[(Ce) + (£_)*x(x_D)"(m_))/(((a_) + (b_)*(x_)"(n_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(b*e - axf)/(b*c - axd), Int[1/(a + b*x"n), x], x]
- Dist[(d*e - cxf)/(bxc - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, x]

Rule 527
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Int[((a_) + (b_)*(x_)"(_))~(p)*((c_) + (d_)*(x_)"(m_))"(q_.)*x((e ) + (£
_I)*(x_ )" (n))), x_Symbol] :> -Simp[((b*e - a*f)*x*x(a + b*xx"n) (p + 1)*(c +
d*x"n)~(q + 1))/(a*n*(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*x(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*(p + 1) + dx(bxe - axf)*x(nx(p + q + 2) + L)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, £, n, qF, x] && LtQlp, -1]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + b*(
ffxx)"n)p/(c”2 + f£f72xx2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 16])

Rubi steps

Subst ;3 dx, x, cot(c + dx))
f ! dx = — (f (1+x2)(a+bx2)
( d

3
a+bcot?(c + dx))

_ah_ 2
Subst ( [y, x, cot(e + dx))
3 b cot(c + dx) (1+422)(a-+bx2)
- 2 4a(a - b)d
4a(a — b)d (a + beot?(c + dx))
84
b cot(c + dx) . (7a=3b)bcot(c + dx) Subst ( -

) 4a(a - b)d (a + beot?(c + tzlx))2 8a%(a - b)*d (‘1 +beot?(c+ dx)) )

1
b cot(c + dx) . (7a=3bbcot(c+dx) Subst (f o

) 4a(a - b)d (a + bcot?(c + dx))2 8a2(a - b)2d (a + b cot?(c + dx)) |

Vb (15&2 —10ab + 3b2) tan™! (M)
Ve

X

3 N b cot(c + dx)
~ (a-b)3 8452(a — b)3d

4a(a — b)d (a + b cot?(c 4

Mathematica [A] time = 0.30, size = 138, normalized size = 0.92

b (154210ab+3?) tan-1 | Yocote+)
b(7a~3b)(a—b) cot(c+dx) Vb (15¢-10ab+3) tan Va . 2blab? cot(erd

a2(11+b cotz(c+dX)) a2 a(a+b cotz(c+dx))2

8d(a - b)

— 8tan ' (cot(c + dx))

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)~(-3),x]

[Out] (-8*ArcTan[Cot[c + d*x]] + (Sqrt[b]*(15*%a~2 - 10*a*b + 3*b~2)*ArcTan[(Sqrt[
bl *Cot [c + d*x])/Sqrtl[al]l)/a~(5/2) + (2x(a - b)"2*b*Cot[c + d*x])/(ax(a + b
xCot [c + d*x]72)72) + ((7*a - 3xb)*(a - b)*b*Cot[c + d*x])/(a"2x(a + b*Cot[

c + d*x]72)))/(8x(a - b)~3*d)

fricas [B] time = 0.56, size = 1068, normalized size = 7.12

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)73,x, algorithm="fricas")

[Out] [1/32%(32*(a"4 - 2*a"3*b + a~2*xb~2)*dxx*cos(2*d*x + 2*c)~2 - 64x(a"4 - a~2%
b~2) *d*xx*cos (2%d*x + 2*c) + 32*x(a”4 + 2*a~3%b + a"2*b"2)*d*x - (15%a~4 + 20
*a"3%b - 2%a"2%b"2 - 4*xaxb”3 + 3*%b"4 + (15%a”4 - 40*%a”3xb + 38%a"2%xb"2 - 16
*a*xb”3 + 3*b"4)*cos(2xd*x + 2%c)"2 - 2x(15*xa~4 - 10%a~3*b - 12*a”"2*b"2 + 10
*axb~3 - 3xb~4)*cos(2*d*x + 2%c))*sqrt(-b/a)*log(((a”2 + 6*axb + b~2)*cos(2
xd*¥x + 2%c)”2 + 4x(a”2 - axb - (a”2 + axb)*cos(2*d*x + 2%c))*sqrt(-b/a)*sin
(2%d*x + 2%c) + a”2 - 6*axb + b™2 - 2x(a”2 - b"2)*cos(2xd*xx + 2*xc))/((a"2 -
2%a*xb + b72)*cos(2xd*x + 2%c)”2 + a”2 + 2*xaxb + b72 - 2%(a”2 - b"2)*cos(2*
d*x + 2%c))) + 4x(9%a~3*b - T*a"2*b"2 - b*axb~3 + 3*%b"4 - 3*(3*a"3*b - 7*xa”
2*%b”2 + 5*axb”3 - b74)*cos(2*xdxx + 2*c))*sin(2*xd*x + 2*c))/((a”7 - 5xa~6x*b
+ 10*%a”5*b"2 - 10*a~4%b~3 + 5*a”"3*b"4 - a~2xb"5)*d*cos(2*xd*xx + 2%c) "2 - 2% (
a~7 - 3*a"6*b + 2*xa"5*b"2 + 2%¥a~4*b”3 - 3*a"3*b"4 + a~2%b~5)*d*cos(2*xd*x +
2%c) + (a7 - a”6xb - 2*xa~5*b"2 + 2*%a~4%b”"3 + a"3*b"4 - a"2*b"5)*d), 1/16%(
16%x(a~4 - 2*a~3*b + a~2*b"2)*d*x*cos(2*xd*x + 2%c)”2 - 32*%(a"4 - a~2*%b"2)*d*
x*xcos (2xd*x + 2%xc) + 16*%(a"4 + 2*a~3%b + a”2*b"2)*d*x + (15*%a~4 + 20*a”3*b
- 2*%a"2%b"2 - 4*axb”3 + 3*%b”"4 + (15%a~4 - 40*a”3*b + 38*xa"2*b"2 - 16*%axb”3
+ 3*b74)*cos(2xdxx + 2%c)”2 - 2*x(15%a"4 - 10*a~3*b - 12*a”2*b”"2 + 10*a*xb”~3
- 3xb~4)*cos(2xd*x + 2*c))*sqrt(b/a)*arctan(1/2*x((a + b)*cos(2*d*x + 2xc) -
a + b)*xsqrt(b/a)/(b*sin(2xd*x + 2%c))) + 2%(9%a~3%b - 7*a~2%b~2 - 5xaxb~3
+ 3%b~4 - 3%(3*a"3%b - 7*a"2*%b"2 + 5xaxb”3 - b74)*cos(2*d*x + 2*c))*sin(2*xd
*x + 2xc))/((a”7 - 5*¥a~6*b + 10*%a”5%b"2 - 10*a~4*b~3 + 5*a~3*b~4 - a~2*b"5)
*d*cos (2*xd*x + 2*%c)~2 - 2%(a”7 - 3*a"6*b + 2*xa~5xb"2 + 2*a”4*b”3 - 3*a~3*b”
4 + a”2xb~5)*d*xcos(2xd*x + 2%c) + (a7 - a"6xb - 2*a"b*%b"2 + 2*%a"4xb"3 + a”
3*xb~4 - a~2%b"5)*d)]

giac [A] time = 0.71, size = 206, normalized size = 1.37

2 > 3 dete 1 (a tan(dx+c) ))
(w“blow*sbﬂﬂ7i+A%“”““mn N 8 (dx+c) 9 42b tan(dx-+c)>=5 ab? tan(dx-+c)°+7 ab? tan(dx-+c)—3
(253 a%b+3 a3b2-a2b3) Vab a>-3 a?b+3 ab?-b3 (a*-2a3b+a2b?)(a tan(dx+c)2+b)2
8d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)73,x, algorithm="giac")

[Out] -1/8%((15*%a~2*b - 10*a*xb~2 + 3*b~3)*(pixfloor((d*x + c)/pi + 1/2)*sgn(a) +
arctan(axtan(d*x + c)/sqrt(axb)))/((a”5 - 3*a"4xb + 3*%a"3xb~2 - a”2xb~3)*sq
rt(axb)) - 8x(d*x + c)/(a"3 - 3*a"2*b + 3*axb”2 - b~3) - (9*a~2xbxtan(dxx +
c)”3 - bxaxb"2xtan(d*x + c)”~3 + T*axb"2xtan(d*x + c) - 3*b~3*tan(d*x + c))
/((a"4 - 2%a~3xb + a~2*b"2)x*(a*tan(d*x + c)~2 + b)~2))/d

maple [B] time = 0.35, size = 363, normalized size = 2.42

702 (cot? (dx + c)) 5b° (cot® (dx + c)) 3b* (cot? (dx + c))
- +
84(a—b)’ (a+b(co (@x+0)) 4d(@—b) (a+b(cot [@x+0)) a 8d(a—b)°(a+b(col (dx+0)) a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+b*cot(d*x+c)~2)73,x)

[Out] 7/8/d*b~2/(a-b) 3/ (at+b*cot (d*x+c)~2) " 2*xcot (d*x+c)~3-5/4/d*b~3/(a-b) "3/ (a+bx*
cot (d*x+c)~2)"2/a*cot (d*x+c) ~3+3/8/d*b~4/(a-b) "3/ (at+b*cot (d*x+c) ~2) "2/a"2*c
ot (d*x+c) ~3+9/8/d*b/ (a-b) ~3/ (a+b*cot (dxx+c) ~2) "2*axcot (d*x+c)-7/4/d*b~2/ (a-
b) "3/ (at+b*cot (d*x+c) ~2) "2*cot (d*x+c)+5/8/d*b~3/ (a-b) "3/ (a+b*cot (d*x+c) ~2) "2
/a*xcot (d*x+c)+15/8/d*b/ (a-b) "3/ (a*b) ~(1/2) *arctan(cot (d*x+c) *b/ (axb) ~(1/2))
-5/4/d%b"2/(a-b)~3/a/(axb) "~ (1/2) *arctan(cot (d*x+c)*b/(a*xb) ~(1/2))+3/8/d*b"3
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/(a-b)~3/a"2/(axb)~(1/2)*arctan(cot (d*x+c)*b/(axb)~(1/2))-1/2/d/(a-b) "3*Pi+
1/d/(a-b) ~3*arccot (cot (d*x+c))

maxima [A] time = 1.64, size = 228, normalized size = 1.52

2 P 3 a tan(dx+c)
(15 a“b-10ab"+3b ) arctan( Vab ) (9 a?b-5 abz) tan(dx+c)3+(7 ab?-3 b3) tan(dx+c) 8 (dx+c)
(a5—3 a%b+3 a3b2—a2b3) Vab ath2-2 a3b3+a2b4+(116—2 a5b+a4b2) tan(dx-+c)t+2 (a5b—2 a4b2+a3b3) tan(dx+c)®  @°-3a?b+3 ab?-

8d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)73,x, algorithm="maxima"

[Out] -1/8%((15%a”2*b - 10*a*xb~2 + 3*b~3)*arctan(axtan(d*x + c)/sqrt(axb))/((a”5

- 3*%a"4xb + 3*%a"3xb”2 - a"2xb"3)xsqrt(axb)) - ((9*¥a”2*b - 5xaxb”2)*tan(d*x
+ ¢)73 + (7*a*xb”2 - 3*b~3)*tan(d*x + c))/(a"4*b”2 - 2xa~3*b~3 + a~2*xb™4 + (
a"6 - 2*a”b*b + a"4xb"2)xtan(d*x + c)74 + 2x(a"5xb - 2*¥a"4xb"2 + a~3*b”"3)*t
an(d*x + c)72) - 8x(d*x + c)/(a"3 - 3*a"2*b + 3*xaxb”2 - b~3))/d

mupad [B] time = 3.29, size = 4866, normalized size = 32.44
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcot(c + d*x)~2)73,x)

[Out] ((cot(c + d*xx) 3*(7*axb”2 - 3*%b~3))/(8*a"2*x(a”2 - 2*a*b + b~2)) + (cot(c +

dxx)*(9%a*xb - 5*b~2))/(8xa*x(a”2 - 2*axb + b~2)))/(a”2+d + b™2xd*cot(c + d*x
)"4 + 2%axbkxdxcot(c + dxx)”"2) + (2*atan((((((96%a~2*b~10%d"2 - 800%a”3*b~9x
d”"2 + 3040%a"4*b"8*d"2 - 6816*%a”~5xb"7x*d"2 + 9760*xa"6*¥b"6*d"2 - 9056*a"7*b”5
*d"2 + 5280*%a”8*b~4*xd"2 - 1760*a”9*b~3*%d"2 + 256*%a~10*b"2%d"2)/(64*(a~10*d™
3 - 6*%a”9%xb*d"3 + a"4*b"6xd"3 - 6*%a"b* b~ 5%d"3 + 15*%a"6%b"4xd"3 - 20%a"7*xb"3
*d"3 + 156%a”8*b"2*xd"3)) - (cot(c + d*x)*(256*a~4*xb~9+%d"2 - 1280*a”5*b~8*d"2
+ 2304*%a”6xb"7*d"2 - 1280*%a”7*b"6*xd"2 - 1280*%a"8*xb"5*xd"2 + 2304*a”9*b"4x*xd”
2 - 1280%a”10%b"3*%d"2 + 256*a”~11xb"2*xd"2)*11i)/(32*x(2*a"3*%d - 2*%b~3*d + 6*ax
b~ 2%d - 6%a”2xbxd)*(a~8*%d"2 - 4*a”~T7xb*d"2 + a~4xb"4*xd"2 - 4*xa~5xb"3*%d"2 + 6
*a"6*%b"2%d72) ) ) *1i) /(2*xa~3*%d - 2%b"3*d + 6*axb”2xd - 6*a”2xb*d) - (cot(c +
d*x)*(9*b~7 - 60*a*b~6 + 190*a”2*b”~5 - 300*a~3*b~4 + 289*a”4*xb~3))/(32*(a"8
*d72 - 4*a”T7*b*d"2 + a"4xb"4*d"2 - 4*a~5*b"3*%d”2 + 6*a~6x%b”"2*xd"2)))/(2*a” 3%
d - 2xb73*d + 6xaxb”2*xd - 6%a~2xb*d) - ((((96*a”2%¥b~10*d"2 - 800*a~3*b~9*d~
2 + 3040*%a”4xb"8*%d"2 — 6816*%a"5*b”"7*xd"2 + 9760*%a"6xb"6*%d"2 - 9056*a”7*b"5*d
~2 + 5280*a~8%b"4*xd"2 - 1760*%a~9%b"3*d"2 + 256*a~10*%b"2*xd"2)/(64*(a~10%d"3
- 6*%a”9%b*xd"3 + a"4*b"6*%d"3 - 6%xa"5*xb"5*d"3 + 15%a"6*%b"4*d"3 - 20*a”~7*b~3xd
~3 + 15%a”8*%b"2*d"3)) + (cot(c + d*x)*(256*%a~4*b~9*d"2 - 1280*a~5%b~8*xd"2 +
2304*%xa”6xb"7*d"2 - 1280*%a”7*b"6*xd"2 - 1280*%a"8*xb"5xd"2 + 2304*a”9*b"4x*xd"2
- 1280*%a”10*b~3*d"2 + 256%a~11%b~2*d"2)*1i)/(32*x(2*a~3*d - 2*b~3*d + 6*xaxb”
2%d — 6*a”2xb*xd)*(a”~8*d"2 - 4*xa~T7T*b*xd"2 + a~4%b”"4*xd"2 - 4*a"5xb"3*d"2 + 6*a
“6*%b72%d72)) ) *1i) /(2*%a"3*%d - 2*¥b"3*d + 6*axb"2xd - 6*a"2*b*d) + (cot(c + dx
x)*(9*%b~7 - 60*a*b~6 + 190*a~2*b~5 - 300*a"3*b~4 + 289*a”4*b~3))/(32*(a~8*d
"2 - 4*a”T7*bxd"2 + a~4xb"4%d72 - 4*a”5xb"3*d"2 + 6*a”6*xb"2+xd"2)))/(2*xa”~3*d
- 2%b73*d + 6*axb”2xd - 6*a”2xbx*d))/((((((96*a~2xb~10*%d"2 - 800*a~3*b~9*d~2
+ 3040*%a”"4xb"8*%d"2 - 6816*%a"5*xb~7*xd"2 + 9760*%a"6xb"6*xd"2 - 9056%a”7* b~ 5*xd”
2 + 5280*a”8*%b"4*xd"2 - 1760*a”~9%b"3*xd"2 + 256*a”~10%b"2xd~2)/(64*(a~10%d"3 -
6*%a”~9%b*d"3 + a"4*b"6*%d"3 - 6*%a"5*b"5*%d"3 + 15*%a"6*%b"4xd"3 - 20%a”7xb"3*xd”
3 + 15%a”8*b"2%d"3)) - (cot(c + d*x)*(256%a~4*b~9*d"2 - 1280*a~5%b~8*d"2 +
2304*%a”"6xb"7*d"2 - 1280*a”7*b"6*%d"2 - 1280*%a”"8*b~5*xd"2 + 2304*a~9*b"4*d"2 -
1280%a~10%b"3*d~2 + 256*a”11%b"2xd~2)*1i)/(32*x(2*a"3*d - 2*b~3*d + 6*a*xb~2
*d - 6%a”2xbxd)*(a~8*%d"2 - 4*xa~Txbxd"2 + a~4xb"4*xd"2 - 4%a"5xb"3*d"2 + 6*a”
6*¥b"2%d"2)) ) *1i)/(2*xa~3*d - 2*¥b~3*d + 6*axb”2*xd - 6*xa~2*%b*d) - (cot(c + d*x
)*(9%b~7 - 60*a*b”™6 + 190*a”2%b~5 - 300*a~3*b~4 + 289*a~4*b~3))/(32*x(a"~8*d~
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2 - 4xa"7xbxd"2 + a~4*b"4%d"2 - 4*a"bxb"3*d"2 + 6xa~6*xb"2xd"2)))*1i)/(2*%a"3
xd - 2*xb73*d + 6xaxb”2xd - 6*a”2xb*xd) + (((((96%a~2%¥b~10*d"2 - 800*a~3*b~9%
d”"2 + 3040%a"4*b"8*d"2 - 6816*%a"5xb"7*d"2 + 9760*a"6*b"6*d"2 - 9056*a"7*b"5
*d”"2 + 5280*%a"8*b~4*d"2 - 1760*a”9*b~3*%d"2 + 256*%a~10*b"2%d"2)/(64*(a~10*d™
3 - 6*%a”9*%b*xd"3 + a"4*%b"6*%d"3 - 6*%xa"bxb"5*%d"3 + 15*%a"6*b"4*d"3 - 20*%a”~7*b"3
*d"3 + 156*%a”8*b"2*xd"3)) + (cot(c + d*xx)*(256*a~4*xb~9*d"2 - 1280*a”5xb~8*d~2
+ 2304*%xa”6*xb"7*d"2 - 1280%a”7*xb"6*%d"2 - 1280%a”"8xb"5xd"2 + 2304*a”9%b~4*xd”
2 - 1280*%a”10%b~3*%d"2 + 256*a”~11%b”"2*xd"2)*1i)/(32*x(2*a"3*%d - 2*b~3*d + 6*ax
b"2%d - 6*a”2*b*d)*(a"8*d"2 - 4*a~7*xb*d"2 + a~4*xb"4*d"2 - 4*a”"5*b"3*%d"2 + 6
*a"6*%b7"2%d"2) ) ) *1i) /(2*xa~3*%d - 2*b~3*d + 6*xaxb”2xd - 6*a”2xb*d) + (cot(c +
dxx)* (9*b~7 - 60*axb”6 + 190*a~2*b”~5 - 300*a"3*b~4 + 289*a~4*xb~3))/(32*%(a"8
*d72 - 4*a”7*b*d"2 + a~4*%b"4*d"2 - 4*a”5xb"3*d"2 + 6%a”6*¥b"2*xd"2)))*1i) /(2%
a~3xd - 2*b~3*%d + 6*axb”2%d - 6xa”2*bxd) + (51*axb”5 - 9*b~6 - 115*%a”2%b"4
+ 105%a~3*b~3)/(32*x(a~10*d"3 - 6*a”~9%b*d”~3 + a~4*b~6%d"3 - 6*a”~5xb~5%d"3 +
15%a~6*b~4*d~3 - 20*a”7*b~3*d"3 + 15*%a~8xb"2%d"3)))))/(2*a"3*d - 2*xb~3xd +
6*xaxb”2*d - 6*a"2xbxd) - (atan((((-a"5*b)~(1/2)*((cot(c + d*x)*(9*b~7 - 60%
a*xb”6 + 190*a~2xb~5 - 300%a”3*b~4 + 289%a”4xb"3))/(32*x(a~8*%d"2 - 4x*xa”~T7xbxd~
2 + a~4*xb"4%d"2 - 4*a”5%b"3%d"2 + 6*a"6xb"2xd"2)) - (((96*a"2*xb"10*d"2 - 80
0*%a”3*b"9*d"2 + 3040*%a”4*xb"8*xd"2 - 6816*a"5*b~7xd"2 + 9760*a”"6*xb"6*xd"2 - 90
56*%a”~7*¥b"5%d"2 + 5280*a”~8*%b~4*xd"2 - 1760*a”~9*b~3*xd~2 + 256*a”~10*¥b~2xd~2) /(6
4% (a~10*%d~3 - 6*%a”9*b*xd"3 + a~4*b"6%d"3 - 6*a"bxb"5xd"3 + 15*xa”6*b~4%d"3 -
20%a"7*b"3*d"3 + 15*%a"8*b"2%d"3)) - (cot(c + d*x)*(-a~5*b) " (1/2)*(15%a"2 -
10*a*xb + 3%b~2)*(256%a~4*xb~9*%d"2 - 1280*%a~5*xb~8*%d"2 + 2304*a~6*b~7xd"2 - 12
80*xa~7*xb"6*%d"2 - 1280%a"8*b"5xd"2 + 2304*%a”9*xb"4*xd"2 - 1280%a”10*xb"3*%d"2 +
256*%a~11%b"2%d"2) )/ (512*x(a”8*d - a”~5*b~3*d + 3*a~6xb”"2*d - 3*a~7xbxd)*(a”~8%
d”2 - 4*a”7xbxd"2 + a~4%b"4*d72 - 4*a”~bxb"3*%d"2 + 6*a”6*xb”"2*xd"2)))*(-a~5%b)
~(1/2)*%(15*%a"2 - 10*axb + 3*b~2))/(16*(a"8*d — a~5xb~3*d + 3*a~6*xb"2%d — 3%
a~7*b*xd)))*(15%a"2 — 10xa*xb + 3*b"2)*1i)/(16*x(a"8*d - a~5*b~3*d + 3*a~6xb~2
*d - 3%a”7*xbxd)) + ((-a~5%b)~(1/2)*((cot(c + d*x)*(9%b~7 - 60*axb”6 + 190*a
“2%b~5 - 300*%a"3xb”4 + 289%a”4%b"3))/(32*%(a"8*d"2 - 4xa”T7xbxd"2 + a~4xb~4xd
"2 - 4*a”5*b73*d"2 + 6xa"6*%b"2%d"2)) + (((96*a"2xb~10*%d"2 - 800*a”3*b"9*d"2
+ 3040*%a"4*b"8*%d"2 - 6816%a"bxb~7*d"2 + 9760*%a"6xb"6*d"2 — 9056%a”7*xb"5*xd”
2 + 5280*a”~8*%b"4*xd~2 - 1760*%a~9%b"3*xd"2 + 256*a”~10*%b"2xd~2)/(64*(a~10%d"3 -
6*%a”~9%b*d"3 + a"4*b"6*%d"3 - 6*%a"5*b"5*%d"3 + 15*%a"6*%b"4xd"3 - 20%a”"7xb"3*xd”
3 + 15*%a”"8%b72xd"3)) + (cot(c + d*x)*(-a~b*xb)~(1/2)*(15%a”2 - 10%a*b + 3*b~
2) % (256*a”4xb~9*xd"2 - 1280*a”5xb~8*d"2 + 2304*a”6xb~7*xd"2 - 1280*a”7*xb~6*xd”
2 - 1280*%a"8xb"5*%d"2 + 2304*a”9*b"4*xd"2 - 1280*%a”~10*b~3*d"2 + 256*xa~11*xb~2x%
d~2))/(512*(a"8*d - a~5*b~3*d + 3*a~6*b~2*xd — 3*a”7*b*d)*(a"8*d"2 - 4*xa”T7*b
*d72 + a"4*xb"4*d"2 - 4*a~5%b"3*%d"2 + 6*a”~6xb"2xd"2)))*(-a~5*b) ~(1/2)*(15*%a”
2 - 10*a*xb + 3*%b~2))/(16*x(a”8*d - a~5*b~3*d + 3*a”~6xb~2xd - 3*a~7*bx*xd)))*(1
5%¥a”2 - 10*axb + 3*b~2)*1i)/(16%(a"8*d - a~5*b~3*d + 3*a~6*%b~2xd - 3*a~7*bx*
d)))/((51lxaxb”™5 - 9*%b"6 - 115*a"2*b~4 + 105*%a”3*b~3)/(32*%(a~10*d"3 - 6*a”~ 9%
bxd"3 + a”4*xb"6*%d"3 - 6%a"bxb"5%d"3 + 15%a"6*b"4*d"3 - 20*%a”"7*b"3xd"3 + 15%
a~8xb"2xd"3)) - ((-a~5*b)~(1/2)*((cot(c + d*x)*(9%b~7 - 60*a*xb”6 + 190*a~2*
b5 - 300*a”3*b~4 + 289%a”4xb~3))/(32*%(a"8*d"2 - 4*xa”T7*bxd"2 + a~4xb”4xd"2
- 4*a~5%b”"3*%d"2 + 6*a”"6xb"2xd"2)) - (((96*a"2%b"10%d"2 - 800*a~3*b”"9*xd"2 +
3040*a”"4xb"8*%d"2 — 6816*a"5*xb"7*xd"2 + 9760*xa"6xb"6*%d"2 - 9056*%a”7*b"5xd"2 +
5280%a"8*b~4*d"2 - 1760*a”9*b~3*%d"2 + 256*%a~10*b~2%d"2)/(64*x(a~10*d"3 - 6%
a”9*%bxd”3 + a”"4*xb"6*%d"3 - 6*%a”"5xb"5%xd"3 + 15%a”6*xb"4*d"3 - 20*%a"7*b"3*%d"3 +
15%a~8*b"2%d"3)) - (cot(c + d*x)*(-a"5*xb)~(1/2)*(15%xa"2 - 10*a*b + 3*b~2)*
(256*%a~4%b~"9*d"2 - 1280*a”~5%b”"8*d"2 + 2304*a”~6*¥b~7*d"2 - 1280*a”~7*¥b~6xd"2 -
1280*%a”8*b"5*d"2 + 2304*a”9*b"4*xd"2 - 1280*a~10*b~3*xd"2 + 256*a”11xb~2*d"2
))/(512%(a"8*d - a”5*b"3*d + 3*a~6*b"2+xd - 3*a”~7*xbxd)*(a~8*%d"2 - 4*a”7*xbxd”
2 + a~4%b”4xd"2 - 4*a"bxb"3*d"2 + 6xa~6*xb"2xd"2)))*(-a~5xb) " (1/2)*x(15%a"2 -
10*axb + 3*b~2))/(16*(a”8*d - a~5*b~3*d + 3*a~6*b~2xd - 3*a~7*bx*d)))*(15*a
~2 - 10*a*b + 3*b~2))/(16%(a"8+d - a~b*b~3*d + 3*a~6xb"2%d - 3*a~7*bxd)) +
((-a”5*%b) " (1/2)*((cot(c + d*x)*(9%b~7 - 60*a*b”™6 + 190*a~2*xb~5 - 300*a~3*b~
4 + 289*%a~4xb"3))/(32%(a"8*d"2 - 4*a”~7Txbxd"2 + a~4*b"4*d"2 - 4*a~5xb"3*%d"2
+ 6%xa”6xb"2%d"2)) + (((96*a~2xb~10*d~2 - 800*a~3*b~9*d"2 + 3040*a"4*xb~8*xd~2
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- 6816*%a"b*b"7*d"2 + 9760*%a"6*xb"6*%d"2 — 9056%a”7*b"5*xd"2 + 5280%a”"8xb"4x*xd”
2 - 1760*%a”9%b"3*d"2 + 256*a~10*b"2%d"2)/(64*(a~10%d"3 - 6*a”9%bxd~3 + a~4x
b~6+%d"3 - 6*a~bxb"5%d"3 + 15%a”6*b"4*d"3 - 20*a~7*b"3%d"3 + 15*%a~8%b~2*xd"3)
) + (cot(c + d*x)*(-a~5xb)~(1/2)*(15%a~2 - 10*a*xb + 3*b~2)*(256*a"~4*xb~9*d"2

- 1280*%a”b5xb78*%d"2 + 2304*a"6*xb”~7*xd"2 - 1280*%a”~7xb"6*%d"2 - 1280%a”8*b~5*xd”
2 + 2304*a”~9%b"4*xd"2 - 1280*a”~10%b~3*d"2 + 256*a”~11%b"2xd"2))/(512x(a~8*d -

a"5%b~3*%d + 3*%a"6x%b"2xd - 3*xa~T7Txbxd)*(a"8*%d"2 - 4*a”7*xb*xd"2 + a"4*xb~4xd"2
- 4*xa~5%b”"3*%d"2 + 6%a”"6xb"2%d”2)))*(-a~5*b) ~(1/2)*(15*%a"2 - 10*axb + 3%b~2)
)/ (16%x(a~8*d - a~5*b~3*d + 3*a~6xb~2xd - 3*a”T7xbxd)))*(15%xa”2 - 10%axb + 3x
b"2))/(16x(a~8*d - a~b*b~3*d + 3*a~6xb~2xd - 3*a~7*b*d))))*(-a~5*xb) ~(1/2)*(
15%a~2 — 10*a*xb + 3*b"2)*1i)/(8*(a"8*xd - a~5*b~3*d + 3*a~6xb~2xd - 3*a~T7*b*
d))

sympy [A] time = 93.93, size = 9629, normalized size = 64.19

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot (d*x+c)**2)**3,x)

[Out] Piecewise((zoo*x/cot(c)**6, Eq(a, 0) & Eq(b, 0) & Eq(d, 0)), ((-x + 1/(d*co
t(c + d*x)) - 1/(3xd*cot(c + d*x)**3) + 1/(5xd*cot(c + d*x)*x*5))/b**x3, Eq(a
, 0)), (15%d*x*cot(c + dxx)**6/(48%b*x*3*d*cot(c + d*xx)*x6 + 144*bx*x3*d*cot (
c + dxx)*x4 + 144%b*x*x3*xd*cot(c + d*x)**2 + 48xb**3xd) + 4b5*xd*x*cot(c + d*x)
*x*x4/ (48%b**3xd*xcot (c + d*x)**6 + 144*b**3*d*xcot(c + d*x)**4 + 144%b**3*d*co
t(c + d*x)*%2 + 48xb*x3%d) + 4bxd*x*cot(c + d*xx)**2/(48xb*x3*d*cot(c + d*x)
*%6 + 144xb**3xd*cot(c + d*x)**4 + 144*xbx*3xd*cot(c + d*x)**2 + 48xb**3%d)
+ 15xd*x/ (48*%bx*3xd*cot (c + d*x)**6 + 144xb*x3*xd*cot(c + d*xx)**4 + 144xb**3
xdxcot (c + d*xx)*x2 + 48%b*x3%d) - 16*cot(c + d*x)**5/(48*bx*3*d*cot(c + d*x
)*¥*6 + 144xb**3*d*cot(c + d*x)**4 + 144xbx*3*xd*cot(c + d*x)**2 + 48xbx*3*d)
- 40*xcot(c + d*xx)**3/(48xb*x3*xd*xcot(c + d*xx)**6 + 144xb**3kd*xcot(c + dxx)*
x4 + 144xbx*x3xd*cot(c + d*x)**2 + 48xb**3*xd) - 33*cot(c + d*x)/(48*b**3*d*c
ot(c + d*x)**6 + 144xb*x3*d*cot(c + d*x)**4 + 144xb**3*kd*cot(c + d*x)**2 +
48xbx*3xd), Eq(a, b)), (x/(a + bxcot(c)**2)**3, Eq(d, 0)), (x/a**3, Eq(b, 0
)), (16%Ixa*x*(9/2)*d*xx*sqrt(1/b)/(16xI*a*x*(156/2)*d*sqrt(1/b) + 32*I*xax*x(13/
2) *bxd*sqrt (1/b) *cot (c + d*x)**2 - 48*I*ax*x(13/2)*b*d*sqrt(1/b) + 16xIxaxx*(
11/2) xb**2*xd*sqrt (1/b)*cot (c + dxx)**4 — 96*xIxa*x*(11/2)*b**2*xd*xsqrt(1/b)*co
t(c + d*x)**2 + 48xIkax*(11/2)*bx*2xd*sqrt(1/b) - 48xIxax*(9/2)*bx*3*d*sqrt
(1/b)*cot(c + d*xx)**4 + 96*I*ax*(9/2)*xbx*3xd*xsqrt(1/b)*cot(c + d*x)**2 - 16
xIkax*xx(9/2) xb**3xd*sqrt (1/b) + 48*%Ixax*(7/2)*bxx4d*xd*sqrt(1/b)*cot(c + d*x)*
x4 — 32xT*a*xx(7/2)*bx*4*xdxsqrt (1/b)*cot(c + d*x)**2 — 16*Ikax*(5/2)xb*x*5xd*
sqrt(1/b)*cot(c + d*x)*x4) + 32xIxa**(7/2)*bxd*x*sqrt(1/b)*cot(c + d*x)**2/
(16%I*ax*(15/2) *d*sqrt(1/b) + 32%I*xax*x(13/2)*bxd*sqrt(1/b)*cot(c + d*x)**2
- 48*I*ax*(13/2)*b*d*sqrt(1/b) + 16xIxa*x*x(11/2)*b**2xd*sqrt(1/b)*cot(c + d*
x)*x*k4 — 96*Ixaxx(11/2)*b**x2xd*sqrt(1/b)*cot(c + d*x)**2 + 48*Ixaxx(11/2)*b*
*x2xd*sqrt (1/b) - 48*I*xax*(9/2)*xbx*3xdxsqrt (1/b)*cot(c + d*x)**x4 + 96*Ikak (
9/2) *b**3*d*sqrt (1/b)*cot (c + d*xx)**2 — 16*Ika*xx(9/2)*b**3*xd*sqrt(1/b) + 48
xIxax* (7/2) xbxxd*d*xsqrt (1/b) *cot (c + d*x)**4 - 32%Ikax*(7/2)xb**4*xd*sqrt(1/
b)*cot(c + d*x)**2 — 16xI*a*xx(5/2)*b*x*5*xd*sqrt(1/b)*cot(c + d*x)*x4) + 18%I
xax* (7/2) ¥*b*sqrt (1/b)*cot (c + d*x)/(16*%Ixa*xx(15/2)*d*sqrt(1/b) + 32xIxaxx*(1
3/2)*b*d*sqrt (1/b)*cot (c + d*x)**2 - 48*I*a*x*(13/2)*b*d*sqrt(1/b) + 16*xIxax
*x(11/2) xb*xx2*d*sqrt (1/b)*cot (c + d*xx)**4 — 96*xIka*xx(11/2)*b*xx2*d*sqrt(1/b)*
cot(c + dxx)**2 + 48xIxa*x*(11/2)*b**2*xd*xsqrt(1/b) - 48*Ixax*xx(9/2)*b**3*xd*sq
rt(1/b)*xcot(c + dxx)**4 + 96xIxa*x*(9/2)*b**3xd*sqrt (1/b)*cot(c + d*x)**2 -
16*%Ixax* (9/2) *b*x3*d*sqrt (1/b) + 48*I*axx*(7/2)*bx*x4xd*sqrt(1/b)*cot(c + dxx
) kx4 — 32xTxa*x (7/2)*bx*x4*xd*sqrt (1/b)*cot(c + d*xx)**2 — 16%I*ak*(5/2)*xbx*k5x
dxsqrt(1/b)*cot(c + dxx)**4) + 16%Ikax*x(5/2)*b*x2*xd*x*sqrt(1/b)*cot(c + d*x
)**4/ (16*I*xa*x*x(15/2) *d*sqrt (1/b) + 32*%Ixa**(13/2)*b*d*sqrt(1/b)*cot(c + d*x
)*%2 — 48xIkax*(13/2)*bxd*sqrt(1/b) + 16xIxa*x*(11/2)*b**2*xd*xsqrt(1/b)*cot(c
+ dxx)**4 — 96k Ikax*(11/2)*b**2*xd*sqrt(1/b)*cot(c + d*x)*x2 + 48xIxa*xx(11/
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2) ¥b*x*2xd*sqrt (1/b) - 48*%Ixa**(9/2)*b**3xd*sqrt(1/b)*cot(c + d*x)**x4 + 96%I
*xax* (9/2) ¥b*x3*xd*sqrt (1/b) *cot (c + d*x)**2 — 16xI*a*xx(9/2)*b**3*d*sqrt(1/b)
+ 48*Ikax* (7/2) xb*x*x4xd*xsqrt (1/b)*cot(c + d*x)**4 — 32kIxax*(7/2)*b*x4*xd*sq
rt(1/b)*cot(c + d*x)**2 - 16xIxax*(5/2)*b*x5xd*xsqrt(1/b)*cot(c + d*x)**4) +
14xT*ax* (5/2) *bx*2xsqrt (1/b)*cot (c + dxx)**3/(16*I*a*x*(15/2)*d*sqrt(1/b) +
32*%Ixa*xx(13/2) xb*xd*sqrt (1/b)*cot(c + d*xx)**2 - 48*I*xa*xx(13/2)*b*xd*sqrt(1/b
) + 16xI*ax*(11/2)*b**2*xd*sqrt(1/b)*cot(c + d*x)**4 — 96xI*a*xx(11/2)*b**x2xd
xsqrt (1/b)*xcot(c + dxx)**2 + 48%Ixa*x*(11/2)*b**2*xd*xsqrt(1/b) - 48*Ixa*xx(9/2
) ¥b*x3*xd*sqrt (1/b) *cot (c + d*x)**4 + 96xI*a*x(9/2)*b**3*d*sqrt(1/b)*cot(c +
dxx)**2 — 16%Ixa*x*(9/2)*b*x*3xd*sqrt (1/b) + 48xIxaxx*(7/2)*bx*4xd*sqrt(1/b)*
cot(c + dxx)**x4 - 32xIxax*(7/2)*bx*x4xd*sqrt(1/b)*cot(c + d*x)**2 - 16*xI*axx*
(6/2) xbx*5xdxsqrt (1/b)*cot (c + dxx)**4) - 28xIxa**(5/2)*bx*2xsqrt(1/b)*cot(
c + d*x)/(16%I*ax*x(15/2)*d*sqrt(1/b) + 32*Ixa*xx(13/2)*b*d*sqrt(1/b)*cot(c +
d*x)**2 — 48xI*xa*xx(13/2)*b*d*xsqrt(1/b) + 16%I*xa*x*(11/2)*b**2xd*sqrt(1/b)*c
ot(c + d*x)**4 - 96*I*xax*x(11/2)*bx*2xd*sqrt(1/b)*cot(c + d*x)**2 + 48+ I*axx
(11/2) *b**2*%d*sqrt (1/b) - 48*Ixa*xx(9/2)*b**3*xd*sqrt(1/b)*cot(c + d*x)**4 +
96*I*xax* (9/2) xb**3*dxsqrt (1/b)*xcot (c + dxx)**2 — 16*%Ixa*x*(9/2)*b**3xd*sqrt (
1/b) + 48xIxax*(7/2)*b*x4*xd*sqrt(1/b)*cot(c + d*x)**x4 — 32xIxaxx(7/2)*b*x*4x*
dxsqrt(1/b)*cot(c + d*x)*x2 - 16%Ikax*(5/2)*bx*5xd*xsqrt(1/b)*cot(c + d*x)**
4) - 20*Ixax*x(3/2)*b**x3*sqrt(1/b)*cot(c + d*x)**3/(16*Ixa*xx(15/2)*d*sqrt(1/
b) + 32%Ikxax*x(13/2)*b*xd*sqrt(1/b)*cot(c + d*x)**2 - 48*I*xax*x(13/2)*b*d*sqrt
(1/b) + 16%Ixax*(11/2)*b*x*2xd*sqrt(1/b)*cot(c + d*x)**x4 - 96xI*ax*(11/2) *bx*
*2xd*sqrt (1/b) *cot (c + d*x)**2 + 48xIxax*x(11/2)*b**2xd*sqrt(1/b) - 48xI*a*x
(9/2) ¥bx*3xd*sqrt (1/b) *cot (¢ + dxx)**4 + 96*I*kax*(9/2)*b**3xd*sqrt (1/b) *cot
(c + d*x)**2 - 16%I*a*x*(9/2)*bx*3xd*sqrt(1/b) + 48xIxaxx*(7/2)*bx*x4xd*sqrt (1
/b)*xcot(c + dxx)**x4 — 32xIxa*x*(7/2)*bx*4xd*sqrt(1/b)*cot(c + d*x)**2 - 16%I
xaxx (5/2) *b*x*x5xd*sqrt (1/b) *cot (¢ + d*x)*x4) + 10*Ixa*x*(3/2)*b**3*sqrt(1/b)*
cot(c + dxx)/(16xI*a*x*(15/2)*d*sqrt(1/b) + 32*Ikxax*(13/2)*bxd*sqrt(1/b)*cot
(c + d*x)**2 - 48xI*a*x*(13/2)*b*xd*sqrt(1/b) + 16%Ixa*xx(11/2)*b**x2*xd*sqrt(1/
b)*xcot(c + d*x)**4 — 96xI*ka*xx(11/2)*b**2xd*sqrt(1/b)*cot(c + d*x)**2 + 48*I
xaxx (11/2) xb*x2*%d*sqrt (1/b) - 48*Ixax*x(9/2)*b**3*xd*sqrt (1/b)*cot(c + d*xx)*x*
4 + 96*xIxax*x*(9/2)*b**3xd*sqrt (1/b)*cot(c + d*x)**2 — 16xI*ax*(9/2)*b**3*d*s
qrt (1/b) + 48xIxax*(7/2)*b*x*4*xd*sqrt(1/b)*cot(c + d*x)*x4 — 32xIxa*xx*(7/2)*b
xk4xd*sqrt (1/b) *cot (c + d*x)**2 - 16%I*xax*(5/2)*b*x5*xd*sqrt(1/b)*cot(c + dx*
x)**4) + 6xI*xsqrt(a)*b*x4d*xsqrt(1/b)*cot(c + d*x)**3/(16*I*a*x*(15/2)*d*sqrt(
1/b) + 32xIxa*x*(13/2)*b*xd*sqrt(1/b)*cot(c + d*x)**2 - 48xIxax*(13/2)*b*xd*sq
rt(1/b) + 16%Ixa*x*x(11/2)*b**x2*xd*sqrt(1l/b)*cot(c + d*xx)**4 — 96*kIxa*xx(11/2)*
bx*2xd*sqrt (1/b)*xcot (c + d*x)**2 + 48*Ikax*(11/2)*bx*2*xd*sqrt(1/b) - 48%Ixa
*x% (9/2) xb*x3*xd*sqrt (1/b)*cot (c + d*xx)**4 + 96*kIka*xx(9/2)*b**3*xd*sqrt(1/b)*c
ot(c + d*x)**2 — 16%Ixax*(9/2)*bx*3*dxsqrt(1/b) + 48xIxax*x(7/2)*b*x*4xd*sqrt
(1/b)*cot(c + d*x)**4 - 32xIkax*(7/2)*b*x4d*xd*xsqrt(1/b)*cot(c + d*xx)**2 - 16
xI*xax* (5/2) xbxx5xd*sqrt (1/b) *cot(c + d*x)**4) + 15xa*xx4d*xlog(-I*sqrt(a)*sqrt
(1/b) + cot(c + d*x))/(16*I*xaxx(15/2)*d*sqrt(1/b) + 32*xIxa**(13/2)*b*d*sqrt
(1/b)*cot(c + d*xx)**2 — 48*I*ax*(13/2)*b*d*sqrt(1/b) + 16%Ixax*x(11/2)*bx*2%
d*sqrt (1/b)*cot(c + d*x)**4 — 96xI*xa*xx(11/2)*b**x2xd*sqrt(1/b)*cot(c + d*x)x*
*x2 + 48xIxax*(11/2)*bx*2xd*sqrt (1/b) - 48%Ixa*x*(9/2)*b*x*3xd*sqrt (1/b)*cot (c
+ d*x)*x4 + 96xI*ax*(9/2)*bx*3xd*sqrt (1/b)*cot(c + d*x)**2 - 16%I*ax*x(9/2)
*xb*x3*xd*sqrt (1/b) + 48*Ikxax*(7/2)*b**4*xdxsqrt(1/b)*cot(c + dxx)**4 - 32*xIxa
*% (7/2) *b*x4xd*sqrt (1/b) *cot (c + d*x)**2 - 16xIxax*(5/2)*b**x5*xd*sqrt(1/b)*c
ot(c + d*x)**4) - 16xa*xx4*xlog(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))/(16*I*kax*x*
(15/2) *d*sqrt (1/b) + 32*Ikxax*(13/2)*bxd*sqrt(1/b)*cot(c + d*x)**2 - 48*I*ax
*x(13/2) *b*xd*sqrt (1/b) + 16%I*xax*x(11/2)*bx*2xd*sqrt(1/b)*cot(c + d*x)**4 - 9
BxIxa*x* (11/2) xb**2*xd*sqrt (1/b)*xcot (c + d*x)**2 + 48*Ixa**(11/2)*xb**2*d*sqrt
(1/b) - 48%Ixax*x(9/2)*b**3*xd*sqrt(1/b)*cot(c + d*x)**4 + 96xI*a*xx(9/2)*b**3
xd*sqrt (1/b) *cot (c + d*x)**2 — 16%I*ax*x(9/2)*b**3*xd*sqrt(1/b) + 48*I*xax*x(7/
2) xb*xx4xd*xsqrt (1/b) *cot (c + d*x)**4 - 32xIxax*(7/2)*b*x*4*xd*sqrt (1/b)*cot (c
+ d*x)*%2 - 16xI*ax*(5/2)*b*xx5*xd*sqrt (1/b)*cot(c + d*x)**4) + 30*a**3*bxlog
(-Ixsqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c + d*xx)**2/(16%I*a**(15/2)*d*sqr
t(1/b) + 32xIxa*xx(13/2)*b*xd*sqrt(1/b)*cot(c + d*x)**2 - 48xIxa*xx(13/2)*b*dx*
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sqrt(1/b) + 16%Ixa*x*(11/2)*b**2*xd*sqrt(1/b)*cot(c + dxx)**4 - 96xIxa*x*(11/2
) ¥b*x2xd*sqrt (1/b) *cot (c + d*x)**2 + 48xIxa*x*x(11/2)*b**2xd*sqrt(1/b) - 48xI
xax* (9/2) ¥bx*3*xd*xsqrt (1/b)*cot (c + dxx)**4 + 96xI*xaxx(9/2)*b**3xd*sqrt(1/b)
xcot(c + dxx)**2 — 16%Ixa*x*(9/2)*b*x*3xd*sqrt(1/b) + 48xIxaxx*(7/2)*bx*x4xd*sq
rt(1/b)*cot(c + d*x)**x4 - 32xIxax*(7/2)*bx*x4xd*sqrt(1/b)*cot(c + d*x)**2 -
16xI*ax* (5/2) *bx*5xd*sqrt (1/b)*cot(c + d*x)**4) - 10xa**3*bxlog(-I*sqrt(a)*
sqrt(1/b) + cot(c + d*x))/(16*I*a*x*(15/2)*d*sqrt(1/b) + 32%Ixax*(13/2)*bxd*
sqrt(1/b)*cot (c + d*x)**2 — 48xIkax*(13/2)*bxd*sqrt(1/b) + 16*%Ixa*x*x(11/2)*b
*xx2xd*xsqrt (1/b) *cot (¢ + d*x)**4 - 96*Ikxax*(11/2)*b**2*xd*sqrt(1/b)*cot(c + d
*xx)*%2 + 48%Ixa*x*(11/2)*b**2*xd*xsqrt(1/b) - 48*Ixax*xx(9/2)*b**3*xd*sqrt(1/b)*c
ot(c + d*x)**4 + 96xI*xax*(9/2)*xb*x3*xd*sqrt(1/b)*cot(c + d*x)**2 — 16*xIkax*x(
9/2) ¥*b**3*d*sqrt (1/b) + 48*Ikxax*(7/2)*b*x4xd*sqrt(1/b)*cot(c + d*x)**4 - 32
xIkxaxk (7/2)¥bxx4*d*sqrt (1/b)*cot(c + d*x)**2 - 16%I*kax*x(5/2)*xb**x5*xd*sqrt(1/
b)*cot(c + d*x)*¥4) - 30%a*x*3*bxlog(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))*cot
(c + d*x)**%2/(16%I*a*x*(15/2)*d*sqrt(1/b) + 32*Ixax*x(13/2)*b*d*sqrt(1/b)*cot
(c + d*x)**2 - 48xIxa*x*(13/2)*b*xd*sqrt(1/b) + 16*%Ixa*xx(11/2)*b**x2*xd*sqrt(1/
b)*cot(c + d*x)**4 — 96*kIxa*xx(11/2)*xb*x2*xd*sqrt(1l/b)*cot(c + dxx)**2 + 48*I
*xaxk (11/2) xbx*2xd*sqrt (1/b) - 48xIxa*xx(9/2)*bx*3*xd*sqrt(1/b)*cot(c + d*x)**
4 + 96xIxax*x*(9/2)*b**3*xd*sqrt(1/b)*cot(c + d*x)*x2 — 16%I*a**(9/2)*bx*3*kd*s
qrt(1/b) + 48*Ikxax*x(7/2)*b*x4*xd*sqrt(1l/b)*cot(c + d*xx)**4 — 32kIxax*xx(7/2)*Db
xk4xd*ksqrt (1/b) *cot (c + d*x)**2 - 16%I*xax*(5/2)*xb*xxb*xd*sqrt(1/b)*cot(c + dx*
x)**4) + 10*a*x*3*xbxlog(I*sqrt(a)*sqrt(1l/b) + cot(c + d*x))/(16%xIxa*x*(15/2)*
dxsqrt(1/b) + 32*%Ixax*(13/2)*bxd*sqrt(1/b)*cot(c + d*x)**2 - 48xIxax*(13/2)
xb*xd*sqrt (1/b) + 16%I*xax*(11/2)*bx*2xd*sqrt(1/b)*cot(c + d*x)**4 - 96+ I*axx*
(11/2) *b**2*%d*sqrt (1/b)*cot (c + d*x)**2 + 48xIxa*x*(11/2)*b**2*xd*sqrt(1/b) -
48xTxax* (9/2) *bx*3xd*sqrt (1/b) *cot (c + d*x)**4 + 96xI*ax*(9/2)*bx*3*d*sqrt
(1/b)*cot(c + d*x)**2 — 16xI*ax*(9/2)*b**3*xd*sqrt(1/b) + 48xIkax*(7/2)*b*x*x4
*xd*sqrt (1/b)*cot(c + dxx)**4 - 32kIxax*(7/2)*b*x4xd*sqrt(1/b)*cot(c + d*x)*
*2 — 16xI*a*xx*(5/2)*bx*5xd*sqrt(1/b)*cot(c + d*x)**4) + 15xax*2xb**x2xlog(-I*
sqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c + d*x)*x4/(16%I*xax*(15/2)*d*sqrt(1/
b) + 32%Ixa*x*x(13/2)*b*d*sqrt(1/b)*cot(c + d*x)**2 - 48*I*xax*x(13/2)*b*d*sqrt
(1/b) + 16%Ixax*(11/2)*b*x*2xd*sqrt(1/b)*cot(c + d*x)**x4 - 96xI*ax*(11/2) *bx*
*2xd*sqrt (1/b) *cot (c + d*x)**2 + 48xIxax*x(11/2)*b**2xd*sqrt(1/b) - 48*I*axx
(9/2) ¥b*x*3xd*sqrt (1/b) *cot (c + d*x)**x4 + 96xI*ax*(9/2)*bx*3*d*sqrt(1/b)*cot
(c + dxx)*x2 - 16*%I*xax*(9/2)*b*x*x3*xd*sqrt(1/b) + 48*Ixax*x*(7/2)*bx*x4xd*sqrt (1
/b)*cot(c + dxx)**x4 — 32xIxax*(7/2)*bx*4xd*sqrt(1/b)*cot(c + d*x)**2 - 16%I
xaxx (5/2) *bx*5xd*sqrt (1/b) *cot (c + d*x)**4) - 20*ax*2xb**2*xlog(-I*sqrt(a)*s
qrt(1/b) + cot(c + dx*x))*cot(c + d*x)**2/(16*I*xa*x*(15/2)*d*sqrt(1/b) + 32*I
xax* (13/2) xb*d*sqrt (1/b)*cot (c + d*xx)**2 — 48*Ixa*xx(13/2)*b*d*sqrt(1/b) + 1
6xI*xaxx(11/2) ¥b*x*x2*xd*sqrt (1/b) *cot(c + d*x)**4 — 96*Ixax*(11/2)*b**2xd*sqrt
(1/b)*cot(c + d*x)**2 + 48xIkax*x(11/2)*bx*2xd*sqrt(1/b) - 48xIkax*(9/2)*b**
3xd*sqrt (1/b) *cot (c + d*x)**4 + 96xI*ax*(9/2)*b**x3*xd*sqrt(1/b)*cot(c + d*x)
k2 — 16*%Ixa*xx(9/2) *b**3xd*sqrt (1/b) + 48*%Ixax*x(7/2)*bx*4xd*sqrt(1/b)*cot(c
+ dxx) kx4 - 32*Dkax*(7/2)xbx*x4xd*sqrt (1/b)*cot(c + d*xx)**2 - 16%I*xax*(5/2)
*xbx*5xdxsqrt (1/b)xcot (¢ + dxx)**4) + 3kax*x2*xb**2*log(-I*sqrt(a)*sqrt(1/b) +
cot(c + dx*x))/(16%I*a*x*(15/2)*d*sqrt(1/b) + 32*I*xax*x(13/2)*bxd*sqrt(1/b)*c
ot(c + d*x)**2 - 48*I*xax*x(13/2)*bxd*sqrt(1/b) + 16xI*xax*(11/2)*b*x*2xd*sqrt(
1/b)*cot(c + d*x)**x4 - 96xI*ax*(11/2)*b**2xd*sqrt(1/b)*cot(c + d*x)*x2 + 48
xIxaxx (11/2) ¥b**2xd*sqrt (1/b) - 48*I*ax*(9/2)*xbx*3xdxsqrt (1/b)*cot(c + d*x)
xx4 + 96*xIxax*(9/2)*bx*3*d*xsqrt (1/b)*cot(c + d*x)**2 — 16%Ixa*x*(9/2)*xb**3xd
*sqrt (1/b) + 48xIxax*(7/2)*b*x*dxd*sqrt(1/b)*cot(c + d*x)**4 — 32xIxa*xx(7/2)
xb*x4*xd*sqrt (1/b)*xcot(c + d*x)**2 — 16*%Ixa*xx(5/2)*b*x*5xd*sqrt(1/b)*cot(c +
dxx)*x*4) - 1b5*xa*x*2xb*x*x2xlog(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c + d*x
) x4/ (16*%I*xax* (15/2) *d*xsqrt (1/b) + 32xIxa*x*x(13/2)*b*xd*sqrt(1/b)*cot(c + d*x
)*%2 — 48xIkax*(13/2)*bxd*sqrt(1/b) + 16%Ixa*x*(11/2)*b**2*xd*sqrt(1/b)*cot(c
+ dxx) k¥4 - 96k Ikax*(11/2)*b**2*xd*sqrt (1/b)*cot(c + d*xx)**2 + 48+I*a*x*(11/
2) ¥bx*2xd*sqrt (1/b) - 48%Ixa*x*(9/2)*b**3xd*sqrt (1/b)*cot(c + d*x)**4 + 96%I
xaxx (9/2) ¥*b**3xd*sqrt (1/b) *cot (c + d*x)**2 - 16%xI*ax*(9/2)*bx*3*xd*sqrt(1/b)
+ 48*Ikxax* (7/2) xb*x*x4xd*xsqrt (1/b)*cot(c + d*x)**4 - 32%Ixax*(7/2)*b*x4*xd*sq
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rt(1/b)*cot(c + dxx)**2 - 16%xIxa*x*(5/2)*b**5xd*sqrt(1/b)*cot(c + d*x)*x4) +
20*a**x2xb*x2x1log (I*sqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c + d*x)**2/(16%I
xax* (15/2) *d*sqrt (1/b) + 32xIxa*xx(13/2)*b*d*sqrt(1/b)*cot(c + d*x)*x2 - 48%
T*xax*x(13/2) *bxd*sqrt (1/b) + 16%Ixa*x*(11/2)*b**2*xd*sqrt(1/b)*cot(c + d*x)**4
= 96xI*ax*(11/2) *b*x*2xd*sqrt (1/b) *cot (c + d*x)**2 + 48xIkax*(11/2)*b*x*2xdx*
sqrt(1/b) - 48%Ixa*x*(9/2)*b**3xd*sqrt(1/b)*cot(c + d*x)**4 + 96xI*ax*(9/2)x*
bx*3kd*sqrt (1/b)*xcot (c + d*x)**2 — 16*Ikax*(9/2)*xb*x*3xd*xsqrt(1/b) + 48xIxax
*x(7/2) ¥b*x*4*xd*sqrt (1/b)*cot (c + d*x)**x4 — 32xIxax*(7/2)*bx*x4xd*sqrt (1/b)*co
t(c + d*x)**2 — 16xI*a*xx(5/2)*bx*5xd*sqrt (1/b)*cot(c + d*xx)**4) - 3kxa*x*2xbx*
*x2%log (I*sqrt(a)*sqrt(1/b) + cot(c + d*x))/(16*I*xax*x(15/2)*d*sqrt(1/b) + 32
xI*xax*(13/2) *bxd*sqrt (1/b) *cot (c + d*x)**2 - 48xI*ax*(13/2)*b*xd*sqrt(1/b) +
16%Ixax* (11/2) *xbx*2xd*sqrt (1/b)*cot(c + d*xx)**x4 — 96*I*ax*(11/2)*b**2*d*sq
rt(1/b)*cot(c + d*x)**2 + 48xIxa*x*(11/2)*b**2xd*sqrt(1/b) - 48*Ixax*xx(9/2)*b
**3xd*xsqrt (1/b) *cot (¢ + d*x)**4 + 96*I*xax*(9/2)xb*x*3xd*sqrt (1/b)*cot(c + dx
X)**%2 — 16%Ixa*xx(9/2)*b**3*xd*xsqrt(1/b) + 48*Ixax*x*(7/2)*b*x*4*xd*sqrt(1/b)*cot
(c + d*xx)**x4 - 32xIxaxx*(7/2)*bx*x4xd*sqrt(1/b)*cot(c + d*x)**2 - 16%I*xax*x(5/
2) *b*x5xd*sqrt (1/b) *cot (c + d*x)**4) - 10*a*xb**3*log(-I*sqrt(a)*sqrt(1/b) +
cot(c + d*x))*cot(c + d*x)*x4/(16*%I*xax*(15/2)*d*sqrt(1/b) + 32xIxa*x*x(13/2)
*bxd*sqrt (1/b)*cot (c + d*x)**2 - 48*Ixa**x(13/2)*b*xd*sqrt(1/b) + 16*I*xa*x*(11
/2) *b**2*%d*sqrt (1/b)*cot (c + d*x)**4 — 96*%Ixa*x*(11/2)*b**2*xd*sqrt(1/b)*cot(
c + d*x)*x2 + 48xI*ax*(11/2)*b**2xd*sqrt(1/b) - 48xIxaxx*(9/2)*bx*3xd*sqrt (1
/b)*xcot(c + dxx)**4 + 96xIxa**(9/2)*b**3xd*sqrt (1/b)*cot(c + d*x)**2 - 16%I
xax* (9/2) ¥b*x3*xd*sqrt (1/b) + 48*I*xaxx*(7/2)*xbx*x4xd*xsqrt (1/b)*cot(c + dxx)**4
= 32*Ikxax*(7/2) xb*x*x4xd*sqrt (1/b)*cot(c + d*x)**2 - 16%Ikax*(5/2)*b*x5xd*sq
rt(1/b)*cot(c + d*x)**4) + 6xaxb*x*3xLlog(-I*sqrt(a)*sqrt(1/b) + cot(c + dxx)
)*cot(c + d*x)**2/(16*%Ixa*xx(15/2)*d*sqrt(1/b) + 32xIxa**(13/2)*b*d*sqrt(1/b
)*cot(c + d*x)**2 - 48xI*ax*(13/2)*bxd*sqrt(1/b) + 16*%Ixa*x*(11/2)*b**2*xd*sq
rt(1/b)*cot(c + d*x)**4 - 96xIxax*x(11/2)xb*x*2xd*sqrt(1/b)*cot(c + d*x)**2 +
48xIxax* (11/2) *b**2*xd*sqrt (1/b) - 48*Ixax*xx(9/2)*b**3*xd*sqrt(1/b)*cot(c + d
*x) k¥4 + 96*Ikax* (9/2) xb*x*3xd*sqrt (1/b) *cot(c + d*x)**2 - 16%I*xax*(9/2)xb*x
3xd*sqrt (1/b) + 48xIxax*(7/2)*bx*x4xd*sqrt(1/b)*cot(c + d*x)**4 - 32xI*xaxx*(7
/2) xb**4*xdxsqrt (1/b)*xcot(c + dxx)**2 — 16%Ixa*x*(5/2)*b*x*5xd*sqrt(1/b)*cot(c
+ d*xx)**4) + 10xaxb*x3xlog(I*sqrt(a)*sqrt(1/b) + cot(c + d*x))*cot(c + dx*x
)*%4/ (16%I*xa*x*x(15/2)*xd*sqrt (1/b) + 32%Ixa*x*(13/2)*b*d*sqrt(1/b)*cot(c + d*x
)*x2 — A8xTxa*x(13/2)*b*xd*sqrt(1/b) + 16*Ikax*(11/2)*bx*2xd*sqrt(1/b)*cot(c
+ d*x)*x4 - 96%xI*ax*(11/2)*b*x*2xd*sqrt (1/b)*cot(c + d*x)**2 + 48xIxa*x*(11/
2) ¥bx*2xd*sqrt (1/b) - 48%Ixa*x*(9/2)*b**3xd*sqrt (1/b)*cot(c + d*x)**x4 + 96%I
*xax* (9/2) ¥b*x3*xd*sqrt (1/b) *cot (c + d*x)**2 — 16xI*a*xx(9/2)*b**3*d*sqrt(1/b)
+ 48xT*ax* (7/2) *¥bx*x4xd*sqrt (1/b)*cot(c + d*x)**4 - 32xIkax*(7/2)*b*x4*xd*sq
rt (1/b)*cot(c + d*x)**2 - 16%Ixa*x*x(5/2)*b**5*xd*sqrt(1/b)*cot(c + d*x)**4) -
6xaxb*x*3x1log(I*sqrt(a)*sqrt(1/b) + cot(c + dxx))*cot(c + dxx)**2/(16*xI*axx
(15/2)*d*sqrt (1/b) + 32xIkax*(13/2)*bxd*sqrt(1/b)*cot(c + d*x)**2 - 48xI*ax
*x(13/2) *b*xd*sqrt (1/b) + 16%I*ax*x(11/2)*bx*2xd*sqrt(1/b)*cot(c + d*x)**4 - 9
6% Ikax* (11/2) ¥bx*2xd*sqrt (1/b)*cot(c + d*x)**2 + 48*I*xax*(11/2)*b**2*xd*sqrt
(1/b) - 48xIxax*x(9/2)*b**3*d*sqrt(1/b)*cot(c + d*x)**4 + 96xI*axx(9/2)*b**3
xd*sqrt (1/b) *cot (c + d*x)**2 — 16%I*ax*x(9/2)*b**3*xd*sqrt(1/b) + 48*I*xax*x(7/
2) ¥bx*4xd*sqrt (1/b) *cot (¢ + d*x)**4 - 32xIkax*(7/2)*b*x4*xd*sqrt(1/b)*cot(c
+ d*x)*%2 - 16xI*ax*(5/2)*b*x*5*xd*sqrt (1/b)*cot(c + d*x)**4) + 3*b*x*x4xlog(-I
*xsqrt (a)*sqrt(1/b) + cot(c + d*x))*cot(c + d*x)**4/(16xI*a*x*(15/2)*d*sqrt (1
/b) + 32%Ixa*x*(13/2)*b*d*sqrt(1/b)*cot(c + d*xx)**2 — 48*%Ixa*x*(13/2)*b*d*sqr
t(1/b) + 16xIxa*xx(11/2)*b**2xd*sqrt(1/b)*cot(c + d*x)**4 - 96xIxa*x*x(11/2)*b
*xk2xd*sqrt (1/b) *cot (c + d*x)**2 + 48+Ikxax*x(11/2)*bx*2xd*sqrt(1/b) - 48xI*ax
*x(9/2) ¥b**3*xd*xsqrt (1/b)*cot (c + dxx)**4 + 96*xIxa**(9/2)*b**3xd*sqrt (1/b)*co
t(c + d¥x)**2 — 16xI*a*xx(9/2)*bx*3*xd*sqrt(1/b) + 48*xIxax*(7/2)*b*x4*xd*sqrt(
1/b)*cot(c + d¥x)**4 - 32xIkax*(7/2)*b*x4*xd*xsqrt(1/b)*cot(c + d*xx)**2 - 16%
Ixa**(5/2) ¥bx*5xd*sqrt (1/b)*cot (c + d*x)**4) - 3*b*x4xlog(I*sqrt(a)*sqrt(l/
b) + cot(c + d*x))*cot(c + dx*x)**4/(16*I*ax*x(15/2)*d*sqrt(1/b) + 32*Ixaxx(1
3/2) *b*d*sqrt (1/b)*cot(c + d*xx)**2 — 48*Ixa*xx(13/2)*b*d*sqrt(1/b) + 16%I*ax
*(11/2) *b**2xd*sqrt (1/b) *cot (c + d*x)**4 - 96%Ixax*(11/2)*b*x*2xd*sqrt (1/b)*
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cot(c + dxx)**2 + 48xIxa*x*(11/2)*b**2*xd*xsqrt(1/b) - 48*Ixa*xx(9/2)*b**3*xd*sq
rt(1/b)*cot(c + d*x)**4 + 96%Ixax*(9/2)*b**3*xd*sqrt(1/b)*cot(c + d*x)**2 -
16xI*a*x* (9/2) *bx*3*xd*sqrt (1/b) + 48xIxax*(7/2)*bx*4*d*sqrt(1/b)*cot(c + d*x
)*k*x4 — 32%Txax* (7/2)*b**4*d*sqrt (1/b) *cot (c + d*x)**2 — 16*%I*a*x*(5/2) xb**5x*
dxsqrt(1/b)*cot(c + d*x)**4), True))
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38 [(1+cofw)” dx

Optimal. Leaf size=22

—% cot(x)vesc?(x) — % sinh™ (cot(x))

[Out] -1/2*arcsinh(cot(x))-1/2*cot(x)*(csc(x)~2)~(1/2)

Rubi [A] time = 0.02, antiderivative size = 22, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 10,

number of rules _ 5 400, Rules used = {3657, 4122, 195, 215}

integrand size
1 1 .
B cot(x)Vesc?(x) — 5 sinh™ (cot(x))

Antiderivative was successfully verified.

[In] Int[(1 + Cot[x]"2)7~(3/2),x]

[Out] -ArcSinh([Cot[x]]/2 - (Cot[x]*Sqrt[Csc[x]~2])/2
Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2*p]l || (EqQ[n, 2] &&
IntegerQ[4*xpl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [pl])

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(a*sec[e + f*x]~2)7p]l, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*ff~2%x~2)"(p - 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQl[{b, e, f, p}, x] && !'IntegerQ[p]

Rubi steps

f (1 +cot2@)” dx = f csc2(x)P2 dx
= —Subst ( f V1 +x2 dx, x, cot(x))

= —% cot(x)ycsc?(x) — %Subst ( f \/11-—x2 dx, x, CO’E(X))

= —% sinh™!(cot(x)) - % cot(x)vVesc?(x)
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Mathematica [B] time = 0.10, size = 51, normalized size = 2.32

% sin(x)vy/csc?(x) (— csc? (g) + sec? (g) +4log (sin (g)) -4log (COS (g)))

Antiderivative was successfully verified.

[In] Integrate[(1 + Cot[x]~2)7(3/2),x]
[Out] (Sqrt[Csc[x]~2]*(-Csc[x/2]"2 - 4xLogl[Cos[x/2]] + 4xLog[Sin[x/2]] + Sec[x/2]

~2)xSin[x])/8

fricas [B] time = 0.49, size = 91, normalized size = 4.14

- 1 T . , 1 !
_2 \/E A /_cos(Zx)—l (cos(2x) +1) +log (E \/5 "_cos(Zx)—l sin (2x) + 1) sin (2x) - log (_E \/E ~ cos(2x)-1

4 sin (2 x)

sin |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] -1/4%(2*sqrt(2)*sqrt(-1/(cos(2*x) - 1))*(cos(2*x) + 1) + log(l/2*sqrt(2)*sq
rt(-1/(cos(2*x) - 1))*sin(2*x) + 1)*sin(2xx) - log(-1/2*sqrt(2)*sqrt(-1/(co
s(2%x) - 1))*sin(2*x) + 1)*sin(2*x))/sin(2*x)

giac [A] time = 0.18, size = 32, normalized size = 1.45

1 ( 2 cos(x) —log (cos(x) + 1) + log (- cos(x) + 1))sgn (sin(x))

4 \cos(x)2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cot(x)~2)~(3/2),x, algorithm="giac")
[Out] 1/4%(2*cos(x)/(cos(x)"2 - 1) - log(cos(x) + 1) + log(-cos(x) + 1))*sgn(sin(
x))

maple [A] time = 0.27, size = 19, normalized size = 0.86

_cot(x)\/l + cot?(x) ~ arcsinh (cot(x))
2

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+cot(x)"2)"(3/2),x)
[Out] -1/2*cot(x)*(1+cot(x)~2)~(1/2)-1/2*arcsinh(cot(x))

maxima [B] time = 1.10, size = 300, normalized size = 13.64

4 (cos (3x) + cos(x)) cos(4x) —4(2 cos(2x) —1) cos (3x) — 8 cos (2 x) cos(x) + (2 (2 cos(2x)—1)cos (4x) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cot(x)~2)~(3/2),x, algorithm="maxima"

[Out] -1/4*x(4*(cos(3*x) + cos(x))*cos(4*x) - 4x(2xcos(2*x) - 1)*cos(3*x) - 8xcos(
2*%x)*cos(x) + (2x(2*cos(2*x) - 1)*cos(4*x) - cos(4%*x)”2 - 4*xcos(2*x)"2 - si
n(4*x)72 + 4xsin(4*x)*sin(2%x) - 4*sin(2%x)72 + 4*cos(2*x) - 1)*log(cos(x)”
2 + 8in(x)"2 + 2*xcos(x) + 1) - (2*%(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)"2 -
dxcos(2*x) "2 - sin(4*x) "2 + 4*xsin(4*x)*sin(2*x) - 4*sin(2*x)”2 + 4*xcos(2*x)
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- Dxlog(cos(x)”2 + sin(x)"2 - 2*cos(x) + 1) + 4*(sin(3*x) + sin(x))*sin(4
*x) - 8*sin(3*x)*sin(2*x) - 8*sin(2*x)*sin(x) + 4*cos(x))/(2%(2*cos(2*x) -
1)*cos(4xx) - cos(4*x)72 - 4*xcos(2*x)72 - sin(4#*x) 72 + 4*xsin(4*x)*sin(2%*x)
- 4xsin(2*x) 72 + 4*xcos(2*x) - 1)

mupad [B] time = 0.37, size = 18, normalized size = 0.82

_asinh (cot(x)) cot(x) yfcot(x)* +1
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((cot(x)"2 + 1)7(3/2),x)
[Out] - asinh(cot(x))/2 - (cot(x)*(cot(x)"2 + 1)°(1/2))/2
sympy [F] time = 0.00, size = 0, normalized size = 0.00

3

f(cotz (x) + 1)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cot (x)**2)**(3/2),x)
[Out] Integral((cot(x)**2 + 1)**x(3/2), x)
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3.9 f \/1 + cot?(x) dx

Optimal. Leaf size=5
—sinh™* (cot(x))

[Out] -arcsinh(cot(x))

Rubi [A] time = 0.01, antiderivative size = 5, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 3, number of rules used = 3, integrand size = 10, —————

= 0.300, Rules used = {3657, 4122, 215}

integrand size

—sinh™ (cot(x))

Antiderivative was successfully verified.
[In] Int([Sqrt[1 + Cot[x]~2],x]
[Out] -ArcSinh[Cot[x]]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rtlb, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[bl]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x )]1"2)"(p_), x_Symbol] :> Int[A
ctivateTriglu*(a*sec[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
(a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff 2xx"2)"(p - 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQl{b, e, f, p}, x] && !'IntegerQ[p]

Rubi steps

1 + cot?(x) dx = csc?(x) dx
N I

1
= —Subst (

V1 + x2

= —sinh™ ! (cot(x))

dx, x, cot(x))

Mathematica [B] time = 0.01, size = 28, normalized size = 5.60
sin(x)vcsc?(x) (log (sin (;)) - log (cos (g)))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Cot[x]~2],x]
[Out] Sqrt[Csc[x]~2]*(-Logl[Cos[x/2]] + Logl[Sin[x/2]])*Sin[x]

fricas [B] time = 0.52, size = 53, normalized size = 10.60

1 1 / 1 ) 1 1 / 1 .
_E log[z \/E —m sin (2X) + 1) + E IOg (—E \/E —m sin (ZX) + 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cot(x)~2)7(1/2),x, algorithm="fricas")

[Out] -1/2%log(1/2*sqrt(2)*sqrt(-1/(cos(2*x) - 1))*sin(2*x) + 1) + 1/2xlog(-1/2%*s
qrt(2)*sqrt(-1/(cos(2*x) - 1))*sin(2*x) + 1)

giac [F] time = 0.00, size = 0, normalized size = 0.00

sagegx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cot(x)~2)~(1/2),x, algorithm="giac")
[Out] sageO*x
maple [A] time = 0.23, size = 6, normalized size = 1.20

— arcsinh (cot(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+cot(x)~2)"(1/2),x)
[Out] -arcsinh(cot(x))

maxima [B] time = 1.00, size = 35, normalized size = 7.00

1
—% log (cos(x)2 + sin(x)? + 2 cos(x) + 1) +5 log (cos(x)2 + sin(x)? — 2 cos(x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] -1/2%log(cos(x)”2 + sin(x)72 + 2*xcos(x) + 1) + 1/2*log(cos(x)"2 + sin(x)~2

- 2%cos(x) + 1)
mupad [B] time = 0.32, size = 5, normalized size = 1.00

—asinh (cot(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((cot(x)~2 + 1)~(1/2),x)

[Out] -asinh(cot(x))
time = 0.00, size = 0, normalized size = 0.00

f\/cotz (x) +1 dx

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate((1l+cot(x)**2)**(1/2),x)

[Out] Integral(sqrt(cot(x)**2 + 1), x)
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310 [ ————dx

\J1+cot?(x)

Optimal. Leaf size=12

cot(x)

\esc?(x)

[Out] -cot(x)/(csc(x)~2)"(1/2)

Rubi [A] time = 0.02, antiderivative size = 12, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 10,

number of rules _ ) 300, Rules used = {3657, 4122, 191}

integrand size

cot(x)

\esc?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[1l + Cotl[x]~2],x]
[Out] -(Cot[x]/Sqrt[Csc[x]~2])
Rule 191

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x1 /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + £xx]72)7pl, x] /; FreeQ[{a, b, e, £, p}, x] && EqQ
[a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*xx], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff"2xx"2)"(p - 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQl[{b, e, £, p}, x] && !'IntegerQ[p]

Rubi steps

1 1
———dx= | ——d
f V1 + cot?(x) : f yesc?(x) *

_ —Subst[ Il

cot(x)

\esc?(x)

(11—2)3/2 dx, x, cot(x)]
+ X

Mathematica [A] time = 0.01, size = 12, normalized size = 1.00

_ cot(x)

\esc?(x)

Antiderivative was successfully verified.



[In] Integrate[1/Sqrt[1 + Cot[x]~2],x]
[Out] -(Cot[x]/Sqrt[Csc[x]~2])

fricas [B] time = 0.43, size = 21, normalized size = 1.75

1

2, |-—————— sin(2
2 cos(2x) -1 sin(2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] -1/2%sqrt(2)*sqrt(-1/(cos(2*x) - 1))*sin(2xx)
giac [F] time = 0.00, size = 0, normalized size = 0.00

sagepx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~2)~(1/2),x, algorithm="giac")
[Out] sageO*x

maple [A] time = 0.18, size = 13, normalized size = 1.08

cot(x)

) V1 + cot?(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cot(x)~2)~(1/2),%)

[Out] -cot(x)/(1+cot(x)"2)~(1/2)

maxima [A] time = 0.83, size = 10, normalized size = 0.83
1

tan(x)? +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] -1/sqrt(tan(x)"2 + 1)
mupad [B] time = 0.39, size = 12, normalized size = 1.00

sin (2 x)

2 \/sin(x)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cot(x)"2 + 1)7(1/2),x)
[Out] -sin(2*x)/(2*x(sin(x)~2)"(1/2))
sympy [A] time = 0.34, size = 14, normalized size = 1.17

cot (x)

Veot? (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)**2)*x(1/2),%)

[Out] -cot(x)/sqrt(cot(x)**2 + 1)
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3.11 f (—1 — co’cz(x))g/2 dx

Optimal. Leaf size=35

1 1 cot(x)
— cot(x)V—csc?(x) — = tan 1[—)
- cotV-es() - S
[Out] -1/2*arctan(cot(x)/(-csc(x)~2)"(1/2))+1/2*%cot(x)*(-csc(x)"2)"(1/2)

Rubi [A] time = 0.03, antiderivative size = 35, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 12,

number of rules _ ) 417, Rules used = {3657, 4122, 195, 217, 203}

integrand size

1 1 cot(x)
— cot(x)y/—csc?(x) — = tan™! (—)
2 2 /- csc?(x)
Antiderivative was successfully verified.
[In] Int[(-1 - Cot[x]72)"(3/2),x]
[Out] -ArcTan[Cot[x]/Sqrt[-Csclx]~2]1/2 + (Cot[x]*Sqrt[-Csc[x]~2])/2
Rule 195

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p]l || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3+*p]) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQla
, 0] |l GtQlb, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] & !'GtQ[a, O]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + fxx]~2)7pl, x] /; FreeQl{a, b, e, f, p}t, x] && EqQ
[a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff~2*x"2)"(p - 1),
x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps
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f (—1 -~ cotz(x))g/2 dx = f (— csc:z(x))B/2 dx
= Subst ( f V-1 -2x2 dx, x, cot(x))

1 1 1
=5 cot(x)V—csc?(x) — 5 Subst ( f ﬁ dx, x, cot(x))

1 1 1 cot(x)
_ _% tan~L (L(x)] + ! cot(x)y/— csc?(x)

\—-csc2(x) ) 2

Mathematica [A] time = 0.08, size = 48, normalized size = 1.37

_csc (f) sec (f) (— log (sin (g)) + log (cos (g)) + cot(x) csc(x))

2 2
4+/— csc?(x)

Antiderivative was successfully verified.

[In] Integrate[(-1 - Cot[x]~2)~(3/2),x]

[Out] -1/4%(Csc[x/2]*(Cot[x]*Csc[x] + Logl[Cos[x/2]] - Log[Sin[x/2]1]1)*Sec[x/2])/Sq
rt[-Csc[x] 2]

fricas [C] time = 0.50, size = 73, normalized size = 2.09
(—i eix) 4 2j i) — i) log (e(ix) + 1) + (i e@ix) — 27 2i%) 4 i) log (e(ix) - 1) + 2ie31%) 4 27 ¢li¥)
) (e(4ix) —2e2ix) 4 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] 1/2*%((-Ixe”(4*Ixx) + 2xIxe” (2xIxx) - I)*log(e”(Ixx) + 1) + (Ixe”(4*Ixx) - 2
xI*xe” (2xIxx) + I)xlog(e”(I*x) - 1) + 2%Ixe”(3*I*x) + 2xIxe” (I*x))/(e” (4*Ixx

) - 2%e”(2%I*x) + 1)

giac [F] time = 0.00, size = 0, normalized size = 0.00
sagegx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)~(3/2),x, algorithm="giac")

[Out] sageOx*x

maple [A] time = 0.12, size = 32, normalized size = 0.91

cot(x)
cot(x)/-1 - (cotz(x)) arctan( 1 (co) ]

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-cot(x)~2)"(3/2),x)
[Out] 1/2%cot(x)*(-1-cot(x)~2)~(1/2)-1/2*%arctan(cot(x)/(-1-cot(x)"2)"(1/2))
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maxima [B] time = 1.01, size = 284, normalized size = 8.11

(2 (2 cos(2x)—1)cos (4x) —cos (4 x)2 —4 cos (2 x)2 —sin (4 x)2 +4 sin(4x)sin (2x) — 4 sin (2 x)2 +4 cos (2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)7(3/2),x, algorithm="maxima")

[Out] 1/2*x((2*x(2*cos(2*x) - 1)*cos(4*x) - cos(4*xx)72 - 4*cos(2*x)72 - sin(4xx)~2

+ 4xsin(4*xx)*sin(2*x) - 4*sin(2*x)~2 + 4xcos(2*x) - 1)*arctan2(sin(x), cos(

x) + 1) - (2%(2*cos(2*x) - 1)*cos(4*x) - cos(4*x)"2 - 4*xcos(2*x)"2 - sin(4*

x)72 + 4xsin(4*xx)*sin(2*x) - 4*sin(2*x)~2 + 4*cos(2*x) - 1)*arctan2(sin(x),
cos(x) - 1) + 2*x(sin(3*x) + sin(x))*cos(4*x) - 2*x(cos(3*x) + cos(x))*sin(4

*x) - 2*%(2*cos(2*x) - 1)*sin(3*x) + 4*cos(3*x)*sin(2*x) + 4*cos(x)*sin(2*x)

- 4*cos(2*x)*sin(x) + 2*sin(x))/(2*x(2*xcos(2*x) - 1)*cos(4*x) - cos(4x*x)~2

- 4xcos(2*x)72 - sin(4*x)"2 + 4*sin(4*x)*sin(2*x) - 4*sin(2*x)~2 + 4*xcos(2*

x) - 1)

mupad [B] time = 0.37, size = 31, normalized size = 0.89

COt(x) _COt(x)z -1 \l—cot(x)z—l

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((- cot(x)"2 - 1)7(3/2),x)
[Out] (cot(x)*(- cot(x)"2 - 1)°(1/2))/2 - atan(cot(x)/(- cot(x)"2 - 1)°(1/2))/2
sympy [F] time = 0.00, size = 0, normalized size = 0.00

3

f(— cot? (x) — 1)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)**2)*x*(3/2),x)
[Out] Integral((-cot(x)*x2 - 1)*x(3/2), x)
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3.12 f \/ ~1 — cot?(x) dx
Optimal. Leaf size=14

tan‘l( cot(x) )
v~ csc?(x)

[Out] arctan(cot(x)/(-csc(x)"2)~(1/2))

Rubi [A] time = 0.02, antiderivative size = 14, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 12,

number of1wles _ 0,333, Rules used = {3657, 4122, 217, 203}

tan‘l( cot(x) )
v~ csc?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrt[-1 - Cot[x]~2],x]
[Out] ArcTan[Cot[x]/Sqrt[-Csc[x]~2]]
Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 || GtQlb, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + fxx]~2)7pl, x] /; FreeQl{a, b, e, £, p}, x] && EqQ
[a, bl

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors([Tan[e + fx*x], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff~2*x"2)"(p - 1),
x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p]

Rubi steps

f\/—l—cotz(x) dx=f\/mdx

= Subst ( dx, x, cot(x))

1
| 7=
) 1 COt(x)

= Subst (f T3 2% WJ

! ( cot(x) ]
v/~ csc?(x)



Mathematica [B] time = 0.02, size = 30, normalized size = 2.14

esc(x) (log (cos (5)) ~log (sin (3)))
V-cs(x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 - Cot[x]~2],x]
[Out] (Csc[x]*(LoglCos[x/2]] - Logl[Sin[x/211))/Sqrt[-Csc[x]"2]

fricas [C] time = 0.57, size = 19, normalized size = 1.36
i log (¢ +1) - i log (e - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] I*log(e™(I*x) + 1) - Ixlog(e”(I*x) - 1)

giac [F] time = 0.00, size = 0, normalized size = 0.00

sagepx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)~(1/2),x, algorithm="giac")
[Out] sageO*x

maple [A] time = 0.13, size = 15, normalized size = 1.07

cot(x)

-1- (cotz(x))

arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-cot(x)"2)"(1/2),x)
[Out] arctan(cot(x)/(-1-cot(x)~2)"(1/2))

maxima [A] time = 1.03, size = 17, normalized size = 1.21
—arctan (sin(x), cos(x) + 1) + arctan (sin(x), cos(x) — 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] -arctan2(sin(x), cos(x) + 1) + arctan2(sin(x), cos(x) - 1)

mupad [B] time = 0.39, size = 14, normalized size = 1.00

cot(x)
N —(:o’c(x)2 -1

Verification of antiderivative is not currently implemented for this CAS.

atan

[In] int((- cot(x)72 - 1)7(1/2),x)



[Out] atan(cot(x)/(- cot(x)"2 - 1)°(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/—cotz (x) =1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cot(x)**2)**(1/2),x)

[Out] Integral(sqrt(-cot(x)**2 - 1), x)
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313 [ ———dx

7/ -1 —cot? (x)

Optimal. Leaf size=14

cot(x)

B - csc?(x)

[Out] -cot(x)/(-csc(x)~2)"(1/2)

Rubi [A] time = 0.02, antiderivative size = 14, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ) 550, Rules used = {3657, 4122, 191}
integrand size
cot(x)

v~ csc?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 - Cot[x]~2],x]
[Out] -(Cot[x]/Sqrt[-Csc[x]~2])
Rule 191

Int[((a_) + (b_.)*(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x1 /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + £xx]72)7pl, x] /; FreeQ[{a, b, e, £, p}, x] && EqQ
[a, b]

Rule 4122

Int[((b_.)*sec[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> With[{ff = FreeFac
tors[Tan[e + f*xx], x]}, Dist[(b*ff)/f, Subst[Int[(b + b*xff"2xx"2)"(p - 1),
x], x, Tanle + f*xx]/ff], x]] /; FreeQl[{b, e, £, p}, x] && !'IntegerQ[p]

Rubi steps

1 1
— ix= [ ———
f v-1 — cot?(x) * f /- csc?(x) g

1
= Subst f —3/2dx, x, cot(x)
cot(x)

v/~ csc?(x)

Mathematica [A] time = 0.00, size = 14, normalized size = 1.00

cot(x)

B v~ csc?(x)

Antiderivative was successfully verified.



[In] Integrate[1/Sqrt[-1 - Cot[x]~2],x]

[Out] -(Cot[x]/Sqrt[-Csc[x]~2])

fricas [C] time = 0.84, size = 14, normalized size = 1.00
1

E (_ie(Zix) _ i)e(—ix)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] 1/2*%(-Ixe” (2%I*x) - I)*e” (-I*x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

sagepx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)~2)"(1/2),x, algorithm="giac")
[Out] sageO*x
maple [A] time = 0.10, size = 15, normalized size = 1.07

cot(x)

-1- (cotz(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1-cot(x)~2)~(1/2),x)
[Out] -cot(x)/(-1-cot(x)~2)"(1/2)

maxima [A] time = 0.50, size = 12, normalized size = 0.86
1

\-tan(x)? -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)~2)7(1/2),x, algorithm="maxima")
[Out] -1/sqrt(-tan(x)”"2 - 1)

mupad [B] time = 0.68, size = 13, normalized size = 0.93

sin (2 x) 1i

2 \/sin(x)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(- cot(x)"2 - 1)7(1/2),x)
[Out] (sin(2*x)*1i)/(2*(sin(x)~2)7(1/2))
sympy [A] time = 0.34, size = 15, normalized size = 1.07

cot (x)

) \—cot? (x) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cot(x)**2)**(1/2),x)

[Out] -cot(x)/sqrt(-cot(x)**2 - 1)
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3
314 [0y

\Ja+a cot?(x)

Optimal. Leaf size=28
\a csc?(x) 1
a \a csc?(x)

[Out] -1/(axcsc(x)"2)"(1/2)-(axcsc(x)"2)"(1/2)/a

Rubi [A] time = 0.10, antiderivative size = 28, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 17,

mamber WIS _ ),176, Rules used = {3657, 4124, 43)

_ya csc?(x) ~ 1
a \a csc?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Cot[x]~3/Sqrtla + a*Cot[x]~2],x]
[Out] -(1/8qrtl[axCsc[x]~2]) - Sqrtl[axCsc[x]~2]/a
Rule 43

Int[((a_.) + (b_)*(x D))" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - a*d, 0] && IGtQ[m, 0] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9%m + 5*%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x )]1"2)"(p_), x_Symbol] :> Int[A
ctivateTriglu*(a*sec[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
(a, b]

Rule 4124

Int[((b_.)*sec[(e_.) + (£_)*(x)]1"2)"(p_.)*tan[(e_.) + (f_)*(x )] (m_.),
x_Symbol] :> Dist[b/(2#f), Subst[Int[(-1 + x)"((m - 1)/2)*(bxx)"(p - 1), x]
, X, Secle + f*x]72], x] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p] && Inte
gerQ[(m - 1)/2]

Rubi steps

f cot3(x) f cot’(x)
m Vacsc? (x
= (%a Subst (f ﬁ dx, x, CSCZ(X)))

1 1 1
SR -
1 Vacsc(x)

Va csc?(x) a




Mathematica [A] time = 0.02, size = 19, normalized size = 0.68
—csc?(x) -1

vacsc?(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3/Sqrtla + axCotl[x]~2],x]
[Out] (-1 - Csc[x]~2)/Sqrt[a*xCsc[x]~2]

fricas [A] time = 0.43, size = 27, normalized size = 0.96
a
\/E \/_Cos(2 x)-1 (COS (2 x) B 3)
2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(ata*cot(x)~2)7(1/2),x, algorithm="fricas")
[Out] 1/2*sqrt(2)*sqrt(-a/(cos(2*x) - 1))*(cos(2*x) - 3)/a
giac [A] time = 0.18, size = 30, normalized size = 1.07
V-acos(x)2 +a + ———
N

—a cos(x)2+a

a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(ataxcot(x)~2)7(1/2),x, algorithm="giac")
[Out] -(sqrt(-a*cos(x)”2 + a) + a/sqrt(-axcos(x)”2 + a))/a

maple [A] time = 0.30, size = 29, normalized size = 1.04

a+a (cotz(x)) 1

a

a+a (cotz(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(ataxcot(x)~2)"(1/2),x%)
[Out] -1/ax(a+axcot(x)~2)~(1/2)-1/(at+a*xcot(x)"2)"(1/2)

maxima [A] time = 0.74, size = 24, normalized size = 0.86

sin(x)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(ata*cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] -1/sqrt(a/sin(x)~2) - sqrt(a/sin(x)~2)/a

mupad [B] time = 0.59, size = 17, normalized size = 0.61

sin(x)2 +1

Vi +/sin(x)?



Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(a + axcot(x)~2)"(1/2),x)
[Out] -(sin(x)"2 + 1)/(a~(1/2)*(sin(x)"2)"(1/2))
sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot® (x)

\/ a (co’c2 (x) + 1)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(ata*xcot(x)**2)**x(1/2),x)

[Out] Integral(cot(x)**3/sqrt(ax(cot(x)**2 + 1)), x)
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2
3.15 f cot () dx

\Ja+a cot?(x)

Optimal. Leaf size=31

cot(x) _ csc(x) tanh_l(cos(x))

a.csc?(x) \acsc?(x)

[Out] cot(x)/(a*csc(x)~2)~(1/2)-arctanh(cos(x))*csc(x)/(a*csc(x)~2)"(1/2)

Rubi [A] time = 0.10, antiderivative size = 31, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 17,

number of rules _ ) 994, Rules used = {3657, 4125, 2592, 321, 206}

integrand size

cot(x) _ csc(x) tanh_l(cos(x))

a csc?(x) \a csc?(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]~2/Sqrtla + a*Cot[x]~2],x]
[Out] Cot[x]/Sqrt[a*Csc[x]~2] - (ArcTanh[Cos[x]]*Csc[x])/Sqrt[a*Csc[x]~2]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 321

Int[((c_)*(x D))" (@m )*((a_) + (b_)*(x_ )" (@ ))"(p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + 1*x(a + bxx™n) " (p + 1))/(bx(m + n*xp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(bx(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2592

Int[((a_.)*sinl[(e_.) + (f_)*(x_)1)"(m_.)xtan[(e_.) + (f_)*(x_ )] (n_.), x_
Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Subst[Int[(
ff*x)"(m + n)/(a"2 - ££72%x"2)"((n + 1)/2), x], x, (a*Sinl[e + f*x])/ff], x]
1 /; FreeQ[{a, e, f, m}, x] && IntegerQ[(n + 1)/2]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x )]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(a*xsec[e + f*x]"2)7pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a, b]

Rule 4125

Int[(u_.)*((b_.)*sec[(e_.) + (£_)*(x )1 (@ ))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Sec[e + f*x], x]}, Dist[((bxff~n) “IntPart[p]l*(bxSec[e + fxx]~
n) “FracPart[p])/(Secle + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTrig[u]*(Sec
le + f*x]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}r, x] && !'IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )[e + fxx])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)
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Rubi steps
cot?(x) cot?(x)
f dx = | ——dx
\a + acot?(x) \acsc2(x)

csc(x) f cos(x) cot(x) dx

\a csc?(x)

x2
csc(x) Subst ( f = dx, x, cos(x))

vVa csc?(x)
1

csc(x) Subst ( f —dx, x, cos(x))

_ cot(x) 1-x2
\a csc?(x) \acsc(x)
cot(x) _ tanh_l(cos(x)) csc(x)

B \a csc?(x) vVa csc?(x)

Mathematica [A] time = 0.03, size = 32, normalized size = 1.03

csc(x) (cos(x) + log (sin (g)) —log (COS (g)))

Va csc?(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~2/Sqrtl[a + axCot[x]~2],x]
[Out] (Csc[x]*(Cos[x] - LoglCos[x/2]] + Logl[Sin[x/211))/Sqrt[a*Csc[x]"2]

fricas [B] time = 0.75, size = 77, normalized size = 2.48

\/E a . (2 ) \/—1 [zﬁﬁw/—m sin(2 x)—a cos(2 x)-3a
- sin (2x) + +/a log

cos(2x)-1 cos(2x)-1

2a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(ata*cot(x)”2)~(1/2),x, algorithm="fricas")

[Out] 1/2%(sqrt(2)*sqrt(-a/(cos(2*x) - 1))*sin(2*x) + sqrt(a)*log((2xsqrt(2)*sqrt
(a)*sqrt(-a/(cos(2*x) - 1))*sin(2*x) - a*cos(2*x) - 3*a)/(cos(2*x) - 1)))/a

giac [F] time = 0.00, size = 0, normalized size = 0.00

sagepx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(ata*cot(x)~2)~(1/2),x, algorithm="giac")
[Out] sageO*x

maple [A] time = 0.20, size = 38, normalized size = 1.23

In (\/E cot(x) + yJa+a (COtZ(x)) ) cot(x)
+
Va a+a (cotz(x))

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(x)~2/(ata*xcot(x)~2)"(1/2),x%)

[Out] -1n(a~(1/2)*cot(x)+(at+a*xcot(x)"2)"(1/2))/a~(1/2)+cot(x)/(ataxcot(x)~2)"(1/2
)

maxima [A] time = 0.77, size = 27, normalized size = 0.87

_ +/—a (arctan (sin(x), cos(x) + 1) — arctan (sin(x), cos(x) — 1))
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(ata*cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] -sqrt(-a)*(arctan2(sin(x), cos(x) + 1) - arctan2(sin(x), cos(x) - 1))/a

mupad [F] time = 0.00, size = -1, normalized size = -0.03
co’c(x)2

f \a c:o’c(x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(cot(x)"2/(a + axcot(x)~2)"(1/2),x)
[Out] int(cot(x)~"2/(a + a*cot(x)"2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot? (x)

\/a (co’c2 (x) + 1)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (x)**2/(a+axcot (x)**2)**(1/2),x)

[Out] Integral(cot(x)**2/sqrt(ax(cot(x)**2 + 1)), x)
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316 [ XYy

\Ja+a cot?(x)

Optimal. Leaf size=10
1

Va csc?(x)
[Out] 1/(a*csc(x)~2)~(1/2)

Rubi [A] time = 0.05, antiderivative size = 10, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 15,

number 911U _ 0,200, Rules used = {3657, 4124, 32)

integrand size
1

Va csc?(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]/Sqrtla + a*Cot[x]"2],x]
[Out] 1/Sqrt[axCsc[x]"2]

Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*x(m +
1)), x1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + £xx]72)7pl, x] /; FreeQl{a, b, e, £, p}, x] && EqQ
[a, b]

Rule 4124

Int[((b_.)*sec[(e_.) + (£_)*(x_)1"2)"(p_.)*tan[(e_.) + (f_D)*(x )] " (m_.),
x_Symbol] :> Dist[b/(2*f), Subst[Int[(-1 + x)~((m - 1)/2)*(b*x)~(p - 1), x]
, X, Secle + f*x]72], x] /; FreeQ[{b, e, f, p}, x] & !'IntegerQ[p] && Inte
gerQ[(m - 1)/2]

Rubi steps

f cot(x) f cot(x)
\/m \Jacsc? (x
= (Eg Subst (f (tlﬁjw dx, x, csc2(x)))

B 1

- vVa csc?(x)

Mathematica [A] time = 0.01, size = 10, normalized size = 1.00

1

Va csc?(x)

Antiderivative was successfully verified.



[In] Integrate[Cot[x]/Sqrtl[a + a*Cot[x]~2],x]
[Out] 1/Sqrt[axCsc[x]~2]

fricas [B] time = 0.52, size = 27, normalized size = 2.70
a
_\/E \ ,—m (COS (ZX) - 1)
2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(ata*cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] -1/2x*sqrt(2)*sqrt(-a/(cos(2*x) - 1))*(cos(2*x) - 1)/a
giac [A] time = 0.20, size = 12, normalized size = 1.20

+\/a sin(x)2

a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+axcot(x)"2)~(1/2),x, algorithm="giac")
[Out] sqrt(a*sin(x)~2)/a

maple [A] time = 0.19, size = 11, normalized size = 1.10

1

a+a (cotz(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(ata*cot(x)~2)~(1/2),x)
[Out] 1/(ataxcot(x)~2)~(1/2)
maxima [A] time = 0.55, size = 8, normalized size = 0.80

1

a

sin(x)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(ata*xcot(x)~2)7(1/2),x, algorithm="maxima")
[Out] 1/sqrt(a/sin(x)~2)

mupad [B] time = 0.48, size = 10, normalized size = 1.00

sin(x)2
va
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(a + axcot(x)~"2)"(1/2),x)
[Out] (sin(x)~2)~(1/2)/a~(1/2)
sympy [A] time = 1.20, size = 12, normalized size = 1.20

1

Vacot? (x) +a

85



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(ata*xcot (x)**2)**(1/2),x)

[Out] 1/sqrt(axcot(x)**2 + a)
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317 [0 gy

\Ja+a cot?(x)

Optimal. Leaf size=36

Va \acsc?(x)
[Out] arctanh((axcsc(x)~2)"(1/2)/a~(1/2))/a~(1/2)-1/(a*xcsc(x)"2)"(1/2)

Rubi [A] time = 0.09, antiderivative size = 36, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 15,

number of rules _ ) 333, Rules used = {3657, 4124, 51, 63, 207}

integrand size

—1 { Vacsc?(x)
tanh ( 7 ) 1

Va B \a csc?(x)

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrtla + a*Cot[x]~2],x]
[Out] ArcTanh[Sqrt[axCsc[x]~2]/Sqrtlall/Sqrt[a] - 1/Sqrt[a*Csc[x]~2]
Rule 51

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+bxx)"(m + 1)*(c + d*x)"(n + 1))/ ((bxc - a*d)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - a*xd)*x(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQ[a, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*x_))"(m )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x " (p*x(m + 1) - 1)*(c - (axd)/b +

(d*x"p)/b)7n, x1, x, (a + b*xx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x )]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axsec[e + fxx]72)7pl, x] /; FreeQl{a, b, e, £, p}, x] && EqQ
[a, b]

Rule 4124

Int[((b_.)*sec[(e_.) + (£_)*(x_)1"2)"(p_.)*tanl[(e_.) + (f_D)*(x )1 " (m_.),
x_Symbol] :> Dist[b/(2*f), Subst[Int[(-1 + %)~ ((m - 1)/2)*(b*x)~(p - 1), x]
, X, Secle + £xx]72], x] /; FreeQ[{b, e, f, p}, x] && !IntegerQ[p] && Inte
gerQ[(m - 1)/2]
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Rubi steps

f tan(x) f tan(x)
m \/a cscz(x
1

S R
Va2 2 subst (f (-1 + x)y/ax 4%, x, csc (X))

1
— dx, X, acscz(x)]

_ 1 -1+ i
vacsc?(x) a
-1 { Vacsc?(x)
B tanh (—\/E ) ) 1

Va \a csc?(x)

Mathematica [A] time = 0.04, size = 49, normalized size = 1.36

_csc(x) (sin(x) +log (cos (g) —sin (g)) —log (sin (g) + cos (g)))

Va csc?(x)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrtl[a + axCot[x]~2],x]

[Out] -((Csc[x]*(Logl[Cos[x/2] - Sin[x/2]] - Logl[Cos[x/2] + Sin[x/2]] + Sin[x]))/S
qrt [a*Csc[x]72])

fricas [B] time = 0.44, size = 78, normalized size = 2.17

(tan(x)2 + 1)\/— a log (2 atan(x)? +2+/a % tan(x)? + a) 2 atf;(: an(x)?

2 (a tan(x)? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(ata*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/2*%((tan(x)~2 + 1)*sqrt(a)*log(2*a*xtan(x)”~2 + 2*sqrt(a)*sqrt((axtan(x)~2 +
a)/tan(x)"2)*tan(x)"2 + a) - 2*sqrt((axtan(x)”2 + a)/tan(x)”~2)*tan(x)~2)/(

axtan(x)”2 + a)

giac [A] time = 0.19, size = 42, normalized size = 1.17
\—acos(x)2+a
arctan (T) \/m
Va :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(ataxcot(x)~2)~(1/2),x, algorithm="giac")
[Out] -arctan(sqrt(-a*cos(x)”2 + a)/sqrt(-a))/sqrt(-a) - sqrt(-axcos(x)"2 + a)/a

time = 0.74, size = 56, normalized size = 1.56

. —1+cos(x)+sin(x) —sin(x)—1+cos(x)
(sm(x) +In (—Sm—(x)) —In (—Sm—(x))) \/4—1

2 sin(x)

maple [A]

a
~1+cos2(x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(at+a*cot(x)~2)~(1/2),x)
[Out] -1/2*(sin(x)+1In(-(-1+cos(x)+sin(x))/sin(x))-1n(-(-sin(x)-1+cos(x))/sin(x)))
/sin(x)/(-1/(-1+cos(x)~"2)*a) " (1/2)*4~(1/2)

maxima [A] time = 0.65, size = 52, normalized size = 1.44

a
\/E - sin(x)2
log I —
a
1 \/E * sin(x)2 2
2 e * 7
az sin(x)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(ata*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] -1/2%a*x(log(-(sqrt(a) - sqrt(a/sin(x)~2))/(sqrt(a) + sqrt(a/sin(x)~2)))/a"(
3/2) + 2/(a*sqrt(a/sin(x)~2)))

time = 0.42, size = 20, normalized size = 0.56

atanh( ! ) - \/sin(x)2

mupad [B]

sin(x)2

va

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(a + axcot(x)~2)"(1/2),x%)
[Out] (atanh((1/sin(x)~2)7(1/2)) - (sin(x)~2)7(1/2))/a~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tan (x)

\/ a (cot2 (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tan(x)/(ata*xcot(x)**2)**x(1/2),x)

[Out] Integral(tan(x)/sqrt(ax(cot(x)**2 + 1)), x)
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tan? (%)

f \Ja+a cot?(x)

Optimal. Leaf size=29

3.18 dx

cot(x) csc(x) sec(x)
\acsc(x) a csc?(x)

[Out] cot(x)/(a*csc(x)~2)"(1/2)+csc(x)*sec(x)/(axcsc(x)"2)"(1/2)

Rubi [A] time = 0.10, antiderivative size = 29, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 17,

number of rules _ ). 235, Rules used = {3657, 4125, 2590, 14}

integrand size

cot(x) csc(x) sec(x)

vacsc?(x) a.csc?(x)

Antiderivative was successfully verified.

[In] Int[Tan[x]~2/Sqrtl[a + a*Cot[x]~2],x]
[Out] Cot[x]/Sqrt[a*Csc[x]~2] + (Csclx]*Sec([x])/Sqrt[axCsc[x]~2]
Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] &% 'LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 2590

Int[sin[(e_.) + (f_)*(x )] (m_.)*tan[(e_.) + (f_.)*(x )] (n_.), x_Symbol]
:> -Dist[f~(-1), Subst[Int[(1 - x”2)"((m + n - 1)/2)/x"n, x], x, Cosle + f*
x]], x] /; FreeQ[{e, f}, x] && IntegersQ[m, n, (m + n - 1)/2]

Rule 3657

Int[(u_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x )]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(a*sec[e + f*x]~2)7p], x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a, bl

Rule 4125

Int[(u_.)*((b_.)*secl(e_.) + (£_.)*(x_ )1 " (m_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sec[e + f*x], x]}, Dist[((b*ff~n) “IntPart[p]*(b*Secle + f*x]~
n) “FracPart[p])/(Secle + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTriglu]*(Sec
le + f*x]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}r, x] && !'IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )[e + fxx])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, cscl}, trigl])

Rubi steps
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f tan®(x) gy — f tan?(x)
\a + acot?(x) \a cscz(x
csc(x) f sin(x) tan®(x) dx
Vacsc(x)

csc(x) Subst ( f 1;—§2 dx, x, cos(x))
Va csc?(x)
csc(x) Subst ( f (—1 + xl—z) dx, x, cos(x))

vacsc?(x)

cot(x) csc(x) sec(x)

Vacsc2(x)  +Jacsci(x)

Mathematica [A] time = 0.03, size = 19, normalized size = 0.66

cot(x) + csc(x) sec(x)

Va csc?(x)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]~2/Sqrtl[a + axCot[x]~2],x]
[Out] (Cot[x] + Cscl[x]*Sec[x])/Sqrtl[a*xCsc[x]~2]
fricas [A] time = 0.41, size = 35, normalized size = 1.21

atan(x)2+a
tan(x)2

(’can(x)3 +2 tan(x))

atan(x)? +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(ataxcot(x)~2)~(1/2),x, algorithm="fricas")
[Out] (tan(x)~3 + 2*tan(x))*sqrt((a*tan(x)”2 + a)/tan(x)"2)/(a*tan(x)"2 + a)

giac [F] time = 0.00, size = 0, normalized size = 0.00

sagepx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(ataxcot(x)”2)7(1/2),x, algorithm="giac")
[Out] sageO*x

maple [A] time = 0.57, size = 33, normalized size = 1.14

(sin3(x)) V4

2
2 _#OSZ(x) cos(x) (-1 + cos(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(ataxcot(x)~2)"(1/2),x%)
[Out] 1/2*sin(x)~3/(-1/(-1+cos(x)"2)*a)~(1/2)/cos(x)/(-1+cos(x))"2x4~(1/2)
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maxima [A] time = 0.52, size = 18, normalized size = 0.62

tan(x)? + 2

Vtan(x)? +1+/a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(ataxcot(x)”2)7(1/2),x, algorithm="maxima")
[Out] (tan(x)~2 + 2)/(sqrt(tan(x)~2 + 1)*sqrt(a))

mupad [B] time = 0.73, size = 34, normalized size = 1.17

3 1 1
tan(x) / — + 2 tan(x) —
\a \/’can(x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(a + a*cot(x)~2)"(1/2),x)

[Out] (tan(x)"3*x(1/tan(x)"2)"(1/2) + 2xtan(x)*(1/tan(x)"2)"(1/2))/(a~(1/2)*(tan(x
)72 + 1)7(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
tan? (x)

\/a (cot‘2 (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tan(x)**2/(a+axcot (x)**2)**(1/2),x)

[Out] Integral(tan(x)**2/sqrt(ax(cot(x)**2 + 1)), x)
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3.19 f cot’ (x)\/ a + bcot?(x) dx

Optimal. Leaf size=66

b cot? 2
_(a+ cot | X) ++Ja+Dbcot?(x) —Va—b tanh” ( a-l\-/bc_o;()]

[Out] -1/3*(a+b*cot(x)~2)~(3/2)/b-arctanh((a+b*cot(x)~2)~(1/2)/(a-b)~(1/2))*(a-b)
~(1/2)+(atb*cot (x)72)~(1/2)

Rubi [A] time = 0.12, antiderivative size = 66, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 17,

number of rules _ ) 353, Rules used = {3670, 446, 80, 50, 63, 208}

integrand size

b cot? . 2
_(a+ cot“( x) \/LTO’CZ(X) \/aTtanh_l( a+ bcot“(x )]

Va-b

Antiderivative was successfully verified.
[In] Int[Cot[x]~3xSqrtl[a + b*Cot[x]~2],x]

[Out] -(Sqrtl[a - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - b]]) + Sqrtl[a + bxCot[x
172] - (a + b*Cot [x]72)~(3/2)/(3%Db)

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*x(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, D,

c, d}, x] && NeQ[b*xc - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - D *(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 80

Int[(Ca_.) + (b_)*(x_))*((c_.) + (d_D*(x_))"(n_.)*((e_.) + (f_.)x(x_))"(p
), x_Symbol] :> Simp[(b*x(c + d*x)"(n + 1)*x(e + f*xx)~(p + 1))/(d*f*x(n + p
2)), x] + Dist[(axd*f*x(n + p + 2) - b*(d¥ex(n + 1) + c*xfx(p + 1)))/(dxfx*(
+p+ 2)), Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, pt, x] & NeQ[n + p + 2, 0]

B + 1

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_*((a_) + (b_)*(x_)"(m_)) " (p_.)*((c) + (d_)*x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*(a + b*x)"p
x(c + d*x)7q, x], x, x™n], x] /; FreeQ[{a, b, ¢, d, m, n, p, g, x] && NeQ[
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bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*xx)1)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£72xx72), x1, x, (c*Tan[e + f*x])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[n]))

Rubi steps

f coB(X)\fa + b col(x) dx = —Subst[ f “Va+ bxz dx, x, cot(x))
= [% Subst [ f % dx, x, cotz(x)))

:_(a+bc0t2(x))32 —S bt [f\/a+

3b

3/2
a+ bcotz(x)) 1 1
= \ja + bcot?(x) — ( +—(a—b)Subst(f dx, x, cc
® 3b 2 1+ x)Va+ bx

, 32 (a—Db)Subst| [ ;2 dx,x,Va + b cot?(:
(a + b cot (x)) 1-2+%
= \/a + bcot?(x) - 30 + -

5 b D) 3/2
B [V oty - )

dx, x, cotz(x)]

Mathematica [A] time = 0.18, size = 65, normalized size = 0.98

) \a + bcot?(x) (a + bcot?(x) — 3b) V7T tanh”! \a + bcot?(x)
3b Va-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3*Sqrtl[a + bxCot[x]~2],x]

[Out] -(Sqrtl[a - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - b]]) - (Sqrtla + b*Cot[
x]72]*(a - 3xb + b*Cot[x]72))/(3%b)

fricas [B] time = 0.72, size = 330, normalized size = 5.00

3(bcos(2x) - b)Va-b log(—Z (a2 —2ab+ 1?) cos 2x)* - 2a% + 12 + 2 ((a — b) cos (2x)” — (2a - b) cos (2

12(bcos 2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) ~3*(atbxcot(x)~2)~(1/2),x, algorithm="fricas")
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[Out] [1/12%x(3*(b*cos(2*x) - b)*sqrt(a - b)*log(-2x(a”2 - 2*a*b + b~2)*cos(2*x) "2
- 2%¥a”2 + b72 + 2x((a - b)*cos(2*x)72 - (2*%a - b)*cos(2*x) + a)*sqrt(a - b
)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)) + 4x(a”2 - axb)*cos(2xx))
- 4x((a - 4*b)*cos(2xx) - a + 2*b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2%
x) - 1)))/(b*xcos(2xx) - b), -1/6%(3x(bxcos(2*x) - b)*sqrt(-a + b)*arctan(-s
grt(-a + b)*sqrt(((a - b)*cos(2xx) - a - b)/(cos(2*x) - 1))*(cos(2*x) - 1)/
((a - b)*cos(2*x) - a)) + 2x((a - 4*b)*cos(2*x) - a + 2*b)*sqrt(((a - b)*co
s(2*x) - a - b)/(cos(2*x) - 1)))/(b*cos(2*x) - b)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) ~3*(atb*cot(x)~2)7(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(x))]Warning, choosing root of [1,0,%%%h{-2,[1,2,01%%%}+%h%{-2,[1,0,0]1%%h;+%
hh{2,00,2,11%%h},0,%%66{1, [2,4,0) %k} +hhe{-2, [2,2,0)%hnht+hhe{1, [2,0,0]%kh}+%
hhi-2, (1,4, 11%hh3+%hhr{6, (1,2, 11 %A +%hh{-4, (1,0, 1]1%hAI+%hhr{1, (0,4, 2] %hh}+%k
W{-4,10,2,21% %6+ %%%{4, [0,0,2]%%%}] at parameters values [86,-97,-82]Warnin
g, choosing root of [1,0,%h%s{-2,[1,01%%%},0,%hk{1,[2,00%%%}+%kk{-4, [1,11%%%
F+%%h{4,00,2]1%%%}] at parameters values [90.79236355,54.1277311612]Warning,
choosing root of [1,0,%k%s{-2,[1,01%%h},0,%%k{1, [2,01%h%}+%hn{-4, [1,11%%%}+
Dht{4, [0,21%%%}] at parameters values [69.8278764193,63.4443001123]Warning,
choosing root of [1,0,%kh%{-2,[1,01%%%},0,%%k{1, [2,01%h%}+%hk{-4, [1,11% %3+
Dht{4, [0,21%%%}] at parameters values [108.020125429,82.1195442914]Warning,
choosing root of [1,0,%k%{-2,[1,01%%%},0,%%k{1, [2,01%h%}+hth{-4, [1,11%%h}+
Dhot{4, [0,21%%%}] at parameters values [26.4357969165,7.79369851155]Warning,
choosing root of [1,0,%%%{-2,[1,01%%%}Y,0,%kk{1, [2,0]%%% +0%nA{-4, [1,1]1%%%}+
Dhto{4, [0,21%%%}] at parameters values [150.357303702,71.707969239]Warning,
need to choose a branch for the root of a polynomial with parameters. This
might be wrong.The choice was done assuming [a,b]=[b+63,75]Unable to conver
t to real 75.0%(b+63.0)-5625.0 Error: Bad Argument ValueWarning, choosing r
oot of [1,0,%%sh{-2,[1,2,01%%h}+%hs{-2,[1,0,0]%%ns}+%%k{2,[0,2,1]1%%%},0,%%Kk{1
, [2,4,01% 5% +%hh{-2,[2,2,01 %kt +%%h{1, [2,0,0] %%k +hhn{-2, [1,4, 11 %%k} +%h%e{6,
(1,2, 11%%%3+%nh{-4, [1,0, 11 %h%3+%hn{1, [0,4, 2] %hh+%hh{-4, [0,2,2) %hht+hhh{4, [
0,0,21%%%}] at parameters values [18,-49,-33]Warning, choosing root of [1,0
s ohtel=2, [1,01%%h},0,%he{1, [2,0] %%k} +%hh{-4, (1,11 %%k} +%hn{4, [0,2]%%%}] at pa
rameters values [70.2095400225,15.451549686]Warning, choosing root of [1,0,
Bhh{=2, [1,01%%%},0,%h{1, [2,01 %%k} +%ht{-4, (1,11 %%hI+hnk{4, [0,2]%%k}] at par
ameters values [100.356811349,81.9516051291]Warning, choosing root of [1,0,
hheh{=2, [1,01%%%},0,%h%{1, [2,01%h%h}+hth{-4, [1,11% 6%} +hnk{4, [0,21%%k}] at par
ameters values [133.032670634,51.6443148847]Warning, choosing root of [1,0,
hh{=2, [1,01%h%},0,%ht{1, [2,01 %%k} +%ht{-4, (1,11 %hh}+hn%{4, [0,2]%%k}] at par
ameters values [42.28121641,31.8503101398]Warning, choosing root of [1,0,%%
w{-2,[1,01%%%},0,%hh{1, (2,01 %%h3+hthi-4, (1,11 %% 6} +h%h{4, [0,2]1%%%}] at param
eters values [92.8262473457,64.3995612673]Warning, need to choose a branch
for the root of a polynomial with parameters. This might be wrong.The choic
e was done assuming [a,b]=[b+66,40]Unable to convert to real 40.0%(b+66.0)-
1600.0 Error: Bad Argument ValueUnable to cancel step at 0 of 2*x(((3*a-6%b)
xsqrt (a-b)*(sqrt(a*sin(x) "2-b*sin(x) “2+b)-sqrt(a-b)*sin(x)) ~4+6*b~2*sqrt (a-
b)* (sqrt (a*sin(x) "2-b*sin(x) “2+b) -sqrt (a-b) *sin(x)) "2+ (a*xb~2-4*b~3) *sqrt (a-
b)) /3/((sqrt(a*sin(x) "2-b*sin(x) "2+b)-sqrt(a-b)*sin(x)) ~2-b) ~3+sqrt (a-b) /4*
In((sqrt(a*xsin(x) "2-b*sin(x) "2+b)-sqrt(a-b)*sin(x))~2))--2*%(((3*a-6%b)*sqrt
(a-b) *(sqrt(a*sin(x) "2-b*sin(x) "2+b) -sqrt (a-b) *sin(x) ) “4+6*b~2*sqrt (a-b) * (s
grt(a*sin(x) "2-b*sin(x) "2+b)-sqrt(a-b)*sin(x)) ~2+(a*xb~2-4xb~3) *sqrt (a-b))/3
/ ((sqrt(a*sin(x) "2-b*sin(x) “2+b) -sqrt (a-b)*sin(x)) “2-b) “3+sqrt (a-b) /4*1n((s
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grt(a*sin(x) "2-b*sin(x) "2+b)-sqrt(a-b)*sin(x))~2))Discontinuities at zeroes
of sin(x) were not checkedEvaluation time: 0.8Done

time = 0.19, size = 84, normalized size = 1.27

a+b(cot2(x)) ] ; (,[{Hb(cotz(x)) ]
daarctan| ———

barctan| —————-
( v-a+b

(a +b (cotz(x))) 5
_ % +4a+b (cot (x)) - N + Ny

Verification of antiderivative is not currently implemented for this CAS.

maple [A]

3
2

[In] int(cot(x) " 3*(at+b*xcot(x)"2)"(1/2),x)

[Out] -1/3*(a+b*xcot(x)~2)"(3/2)/b+(at+b*cot(x)"2)~(1/2)-b/(-a+b)~(1/2)*arctan((a+b
xcot(x)72)"(1/2)/(-a+b)~(1/2))+a/(-a+b) ~(1/2)*arctan((a+b*cot (x)~2) " (1/2)/(

-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) 3*(atb*cot(x)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h
elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume?  for more

details)Is 4*a-4*b positive or negative?

time = 3.16, size = 66, normalized size = 1.00

3/2 2 b a
bcot(x)? + a 2/bcot(x)" +a Vi1 b
\/bcot(x)2+a —( ® ) + 2 atan 4 4 2.z
3b a-b 4 4

Verification of antiderivative is not currently implemented for this CAS.

mupad [B]

[In] int(cot(x)~3x(a + b*cot(x)~2)~(1/2),x)
[Out] (a + bxcot(x)"2)"(1/2) - (a + b*xcot(x)"2)7(3/2)/(3%b) + 2xatan((2*x(a + b*co
t(x)"2)"(1/2)*(b/4 - a/4)~(1/2))/(a - b))*x(b/4 - a/4)~(1/2)

time = 0.00, size = 0, normalized size = 0.00

f \a + beot? (x) cot® (x)dx

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate(cot(x)**3*x(atb*cot (x)**2)**(1/2),x%)

[Out] Integral(sqrt(a + bxcot(x)**2)*cot(x)**3, x)
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3.20 f cot(x)\/ a + b cot?(x) dx

Optimal. Leaf size=48

/ 7
Va—btanh_l[ a-l\—/bc_og (x)]—\/a+bcot2(x)
a_

[Out] arctanh((a+b*xcot(x)~2)"(1/2)/(a-b)~(1/2))*(a-b)~(1/2)-(a+b*cot(x)~2)~(1/2)

Rubi [A] time = 0.07, antiderivative size = 48, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 15,

number of rules _ ) 333, Rules used = {3670, 444, 50, 63, 208}

2
Va—b tanh™ [ Va + beot () ] —Ja+beot(x)

integrand size

Va-b

Antiderivative was successfully verified.
[In] Int[Cot[x]*Sqrt[a + b*Cot[x]~2],x]

[Out] Sqrtla - b]*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrt[a - bl] - Sqrtl[a + bxCot[x]~2
]

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + D*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, dF, x] && NeQ[b*xc - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - D*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[la, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*x(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*xD1)" ()~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx"2), x], x, (cxTan[e + f*xx])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] &% Ration
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alQ[n]))

Rubi steps

vV + bx2
f cot(x)r/a + b cot?(x) dx = — Subst( xla;zx dx, x, cot(x)]

:—[—Subs ( f Na+b dx,x,cot2<x>))

_Ja +beo(x) - %(a _ b) Subst ( f o x)i/m dx, x, cotz(x))
% dx, x,\a + bcot?(x) ]

b

(a — b) Subst [ )

2
T

a+ bcot?(x) — 2

b cot?
=Va-btanh* ( 1 —:/C_Ob () ] —+Ja + bcot?(x)
a —

Mathematica [A] time = 0.03, size = 48, normalized size = 1.00

/ 2
\/a—btanh_l[ a-l\-/bc_o; (x)]—\/a+bcot2(X)
a_

Antiderivative was successfully verified.

[In] Integrate[Cot[x]*Sqrt[a + b*Cot[x]~2],x]

[Out] Sqrtla - bl*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl] - Sqrt[a + b*Cot[x]"2
]

fricas [B] time = 1.51, size = 248, normalized size = 5.17
1 |
1 Va-b log —2(a2 —2ab+ bz)cos(2x)2 -2a% +b? —2((a —b)cos(2x)* - (2a - b)cos (2%) + a)\/a - b\/

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4x*sqrt(a - b)*log(-2*(a”2 - 2*%axb + b72)*cos(2%x)72 - 2*%a”"2 + b™2 - 2% ((
a - b)*xcos(2*x)72 - (2*a - b)*cos(2*x) + a)*sqrt(a - b)*sqrt(((a - b)*cos(2

*x) — a - b)/(cos(2%x) - 1)) + 4x(a”2 - a*b)*cos(2*x)) - sqrt(((a - b)*cos(

2xx) - a - b)/(cos(2xx) - 1)), 1/2*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt ((

(a - b)*cos(2xx) - a - b)/(cos(2*x) - 1))*(cos(2*x) - 1)/((a - b)*cos(2*x)

- a)) - sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))]

giac [B] time = 0.80, size = 95, normalized size = 1.98

4Va-bb
Va - b sin(x) — \asin(x)2 — bsin(x)2 + b )2

. [v—b og (V= sint) - s b 5 |- (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(x)*(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%(sqrt(a - b)*log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)”~2 - b*sin(x)"2 +
b))~2) - 4xsqrt(a - b)*b/((sqrt(a - b)*sin(x) - sqrt(a*sin(x)~2 - b*sin(x)”

2 + b))72 - b))*sgn(sin(x))
time = 0.13, size = 71, normalized size = 1.48

@] aarctan [@)

O
barctan
V-a+b —a+b

_ 2
a+b(cot (x)) + Ny —

Verification of antiderivative is not currently implemented for this CAS.

maple [A]

[In] int(cot(x)x*(at+b*cot(x)~2)~(1/2),x)
[Out] -(at+b*cot(x)~2)7(1/2)+b/(-a+b)~(1/2)*arctan((a+bxcot(x)~2)~(1/2)/(-a+b)~(1/
2))-a/(-a+b) "~ (1/2)*arctan((a+bxcot(x)~2)~(1/2)/(-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a

dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume?  for more
details)Is 4*a-4%b positive or negative?

mupad [B] time = 1.17, size = 53, normalized size = 1.10

b a
2\/bc0t(x)2+a N b
—\/bco’c(x)2 +a —2atan p— : 4 2.z

4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)*(a + bxcot(x)"2)"(1/2),x)
[Out] - (a + b*xcot(x)~2)~(1/2) - 2*xatan((2x(a + bxcot(x)~2)"(1/2)*x(b/4 - a/4)"(1/
2))/(a - b))*x(b/4 - a/4)~(1/2)

time = 0.00, size = 0, normalized size = 0.00

f \Ja + beot? (x) cot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate(cot(x)*(atb*cot(x)**2)**(1/2),x%)

[Out] Integral(sqrt(a + b¥cot(x)**2)*cot(x), x)
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3.21 f \/a + b cot?(x) tan(x) dx
Optimal. Leaf size=60

2 2
Va tanh™ Va + beof’() _Va_b tanh! Va+beof’(x)
Va Va-b
[Out] arctanh((a+b*cot(x)~2)~(1/2)/a~(1/2))*a”(1/2)-arctanh((a+b*cot(x)~2)~(1/2)/
(a-b)~(1/2))*(a-b)~(1/2)

Rubi [A] time = 0.10, antiderivative size = 60, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 15,

number of rules _ ) 333, Rules used = {3670, 446, 83, 63, 208}

integrand size
2 2
vVa + bcot (x)J_ hta _1(\/a+bcot (x)]

\a tanh ™ [ NG N

Antiderivative was successfully verified.
[In] Int[Sqrtla + b*Cot[x]~2]*Tan[x],x]

[Out] Sqrtlal*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtlal] - Sqrtl[a - bl*ArcTanh[Sqrt[a
+ bxCot [x]~2]/Sqrt[a - bl]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)x(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + bxx)~(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 83

Int[((e_.) + (£_D)*(x_))"(p_.)/(((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*x(x_))),
x_Symbol] :> Dist[(b*e - axf)/(b*xc - a*d), Int[(e + f*x)"(p - 1)/(a + b*x)
, xJ, x] - Dist[(d*e - c*f)/(b*c - axd), Int[(e + f*x)"(p - 1)/(c + d*x), x
1, x] /; FreeQ[{a, b, c, d, e, f}, x] && LtQ[0, p, 1]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_)*((a_) + (b_)*(x_)"(m_)) " (p_.)*((c_) + (d_)*x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*x(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c™2 + f
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]] /; FreeQ[{a, b, c, d, e, f, m, n
, PY, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))
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Rubi steps

Vi + b2
f \Ja + beot?(x) tan(x) dx = — Subst ( f atox dx, X, cot(x)]

= —(— Subst( a+h

2
XA+ dx, X, cot (x)]]

1

__(! _r 201 1
= (2aSubst (f o dx, x, cot (x))) 2( a+b)Subst(f a +x)\/;
a Subst [f al — dx, x,\a + bcotz(x)] (—a + b) Subst (f ~dox, x, Vi

= b b b _ E Z
_ i tann YA PoPE)) o[Vt beof)
Va Va-b

Mathematica [A] time = 0.03, size = 60, normalized size = 1.00

Vi tann [ YIrEeof@ | (Ve e b
Va Va-b

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + bxCot[x]~2]*Tan[x],x]

[Out] Sqrtla]*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtlal] - Sqrtl[a - bl*ArcTanh[Sqrt[a
+ b*Cot [x]~2]/Sqrt[a - bl]

fricas [A] time = 0.50, size = 351, normalized size = 5.85

(2a-Db)tan(x)® -2 Va - b\/zt_
1\/510g[2atan(x)2+2\/5wfw tan x)2+b] ~Va-blog
2 tan(x)?

tan(x)? +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(x)~2)~(1/2)*tan(x),x, algorithm="fricas")

[Out] [1/2x*sqrt(a)*log(2xaxtan(x)”2 + 2*sqrt(a)*sqrt((a*tan(x)”~2 + b)/tan(x)~2)*t
an(x)~2 + b) + 1/2*%sqrt(a - b)*xlog(((2*a - b)*tan(x)~2 - 2*sqrt(a - b)*sqrt
((axtan(x)”"2 + b)/tan(x) "2)*tan(x)"2 + b)/(tan(x)"2 + 1)), -sqrt(-a + b)*ar
ctan(-sqrt(-a + b)*sqrt((axtan(x)”"2 + b)/tan(x)"2)/(a - b)) + 1/2xsqrt(a)*l
og(2*axtan(x) "2 + 2*sqrt(a)*sqrt((a*tan(x)”2 + b)/tan(x)"2)*tan(x)"2 + b),
-sqrt(-a)*arctan(sqrt(-a)*sqrt((a*tan(x)"2 + b)/tan(x)~2)/a) + 1/2*sqrt(a -
b)*log(((2*a - b)*tan(x)"2 - 2*sqrt(a - b)*sqrt((a*xtan(x)"2 + b)/tan(x)"2)
xtan(x)”"2 + b)/(tan(x)"2 + 1)), -sqrt(-a)*arctan(sqrt(-a)*sqrt((a*xtan(x) "2

+ b)/tan(x)~"2)/a) - sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((axtan(x)~2 + b)
/tan(x)72)/(a - b))]

giac [B] time = 0.74, size = 187, normalized size = 3.12

2
(\/ﬁ sin(x)—+/a sin(x)2—b sin(x)2+b ) -2a+b
2 V—a2+ab

V-a2 + ab

2Va - baarctan

J+\/ablog(( a— b sin(x) — Vasin(x)? - bsi

N =
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x),x, algorithm="giac")

[Out] 1/2%(2*sqrt(a - b)*a*arctan(1l/2*x((sqrt(a - b)*sin(x) - sqrt(a*sin(x)~2 - bx
sin(x)"2 + b))72 - 2xa + b)/sqrt(-a”2 + axb))/sqrt(-a”2 + a*b) + sqrt(a - b
)*log((sqrt(a - b)*sin(x) - sqrt(a*sin(x)~2 - b*sin(x)~2 + b)) ~2))*sgn(sin(

x)) - 1/2x(2*xsqrt(a - b)*a*arctan(-(a - b)/sqrt(-a”~2 + a*b)) + sqrt(-a~2 +

a*b) *sqrt(a - b)*log(b))*sgn(sin(x))/sqrt(-a~2 + axb)

maple [C] time = 1.07, size = 591, normalized size = 9.85

Vi Va=b-2a+b 2+/a Va=b-2a+b
(~1+cos(x)) \/ 2 ) (~14cos(x))| 22 Va-b-2atb
EllipticF e \/ 2 Vo AR b eSS ) 2 EllipticP —

sin(x) b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(x)~2)~(1/2)*tan(x),x)

[Out] 1/2*%(EllipticF((-1+cos(x))*((2*a~(1/2)*(a-b)~(1/2)-2*%a+b)/b)~(1/2)/sin(x),(
(8*a~(3/2)*(a-b)~(1/2)-4*xa~(1/2)*(a-b) ~(1/2) *b+8*a~2-8*a*xb+b~2) /b~2) ~(1/2))
*b-2*E11ipticPi((-1+cos(x))*((2*a~(1/2)*(a-b)~(1/2)-2%a+b)/b)~(1/2)/sin(x),
1/(2*%a~(1/2)*(a-b) ~(1/2)-2*a+b) *b, (-(2*a~ (1/2)*x(a-b) ~(1/2)+2*a-b) /b) ~(1/2)/
((2*¥a~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) ) *a+2*E1lipticPi ((-1+cos(x))*((2xa"(
1/2)*(a-b)~(1/2)-2*a+b) /b)~(1/2)/sin(x),-1/(2*a~ (1/2)*(a-b) ~(1/2)-2*a+b) *b,
(=(2*xa~(1/2)*(a-b)~(1/2)+2*a-b) /b) ~(1/2) / ((2*xa~(1/2) *(a-b) ~(1/2) -2*a+b) /b))~
(1/2))*a-2xE1llipticPi((-1+cos(x))*((2*xa~(1/2)*(a-b)~(1/2)-2*a+b)/b)~(1/2) /s
in(x),-1/(2*a”~(1/2)*(a-b) "~ (1/2)-2*a+b) *b, (-(2*xa~ (1/2)*(a-b) ~(1/2)+2*a-b) /b)
~(1/2)/((2xa~(1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2) ) *b) *sin(x) “3* (-2x (cos (x) *a" (
1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2)+a*xcos (x)-b*cos(x)-a)/(cos(x)+1)/b)~(1/
2)%27(1/2)*((cos(x)*a~(1/2)*(a-b) " (1/2)-a~ (1/2)*(a-b) ~(1/2) —a*cos (x) +b*cos(
x)+a)/(cos(x)+1)/b) " (1/2) *((a*cos(x) "2-b*cos (x) "2-a)/(-1+cos(x)"2))~(1/2)/(
-1+cos (x))/(a*cos(x) "2-bxcos(x)"2-a)*4~(1/2)/((2*xa~(1/2)*(a-b) ~(1/2)-2*a+b)
/b)~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f Vb cot(x)? + a tan(x) dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*cot(x)~2)~(1/2)*tan(x),x, algorithm="maxima")
[Out] integrate(sqrt(b*cot(x)~2 + a)*tan(x), x)

mupad [B] time = 0.48, size = 69, normalized size = 1.15

2ab3Va-b g+ —2

nh tan b \/_ tanh tan(x)2
ata a—ov +va atanh| ————
2ab*-2a%2p3 \a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)*(a + b*xcot(x)"2)"(1/2),x)

[Out] atanh((2*a*xb~3*(a - b)~(1/2)*x(a + b/tan(x)~2)"(1/2))/(2xa*xb”™4 - 2*a~2xb"3))
x(a - b)"(1/2) + a~(1/2)*atanh((a + b/tan(x)"2)"(1/2)/a~(1/2))



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/a + bcot? (x) tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)**2)**(1/2)*tan(x),x)

[Out] Integral(sqrt(a + b*cot(x)**2)*tan(x), x)
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3.22 f cotz(x)\/ a + bcot?(x) dx

Optimal. Leaf size=89

a+b cot?(x)

(a — 2b)tanh ™’ (

_%cot(x)\/m + a—btan_l(\/%]_ 2\/5

[Out] arctan(cot(x)*(a-b)~(1/2)/(a+bxcot(x)"2)"(1/2))*x(a-b)~(1/2)-1/2*(a-2%b)*arc
tanh(cot (x)*b~(1/2) /(atb*cot (x)~2)~(1/2)) /b~ (1/2)-1/2*cot (x)* (a+b*cot (x)~2)
~(1/2)

Rubi [A] time = 0.12, antiderivative size = 89, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 17,

number of rules _ ) 412, Rules used = {3670, 478, 523, 217, 206, 377, 203}

Vb cot(x) ]

integrand size

(a - 2b) tanh ™ (—“E cot(2) ]

_l 2 _ 1] va- b cot(x) 3 \Ja+bcot?(x)
> cot(x)+/a + bcot*(x) + Va—b tan ( et ] i

Antiderivative was successfully verified.

[In] Int[Cot[x] 2xSqrtl[a + b*Cot[x]~2],x]

[Out] Sqrtla - bl*ArcTan[(Sqrtla - b]*Cot[x])/Sqrtla + b*Cot[x]~2]] - ((a - 2x%Db)*
ArcTanh[(Sqrt [b]*Cot[x])/Sqrt[a + b*Cot[x]~2]]1)/(2%Sqrt[b]) - (Cot[x]*Sqrtl
a + bxCot[x]72])/2

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & 'GtQ[a, O]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQl{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 478

Int[((e_.)*(x D))" (m_.)*((a_) + (b_)*x(x_)"(n D))" (p)*((c_) + (d_.)*x(x_)"(n_
))~(q_), x_Symbol] :> Simp[(e”(n - 1)*(exx)"(m - n + 1)*(a + b*¥x™n) " (p + 1)
x(c + d*x™n)"q)/(b*(m + nx(p + q) + 1)), x] - Dist[e"n/(b*x(m + nx(p + q) +
1)), Intl(e*xx)”"(m - n)*x(a + b*x"n) px(c + d*x"n)~(q - 1)*Simpla*cx(m - n +
1) + (a*d*(m - n + 1) - n*xq*(b*c - a*d))*x"n, x], x], x] /; FreeQ[{a, b, c,
d, e, p}, x] && NeQ[b*c - axd, 0] && IGtQ[n, 0] && GtQ[q, 0] && GtQ[m - n
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+ 1, 0] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, xJ

Rule 523

Int[((e) + (£_)*x(x_)"(m_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ffx*x)/c) m*(a + bx(ff*x)"n) p)/(c™2 + f
£72%x72), x], x, (c*Tan[e + f*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, PY, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

24/ b 2
f cot?(x)+/a + b cot?(x) dx = — Subst ( f arox dx, x, cot(x))
1 1 a+ (—a + 2b)x?
— _Z cot(x)/a + bcot2(x) + = Subst f dx, x, cot(x)
2 2 (1+x2) Va + bx?
1 1
= ——cot(x)\ja+b cot’(x) + (a — b) Subst f dx, x, cot(x) |-
2 (1 +x2) Va + bx?
1 cot(x)
———cotx\/a+bcot2x + (a — b) Subst f—dxx—
) @ +a=b) ( 1-(-a+Db)x? \a + bcot?

(a—2Db) tanh ™ [—\/E cot() )

_ Va—>b COt(X) \Ja+b cot?(x) 1
=Va-b 1 _ __ /
oot [\/a + b cot?(x) 2vb 2 cotlme

Mathematica [B] time = 22.40, size = 2105, normalized size = 23.65

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[x]~2*Sqrtl[a + bxCot[x]~2],x]

[Out] -1/2%(Sqrt[(-a - b + a*Cos[2*x] - bxCos[2*x])/(-1 + Cos[2*x])]*Cot[x]) + ((
-4xSqrt[a - bl*Sqrt[bl*ArcTan[(Sqrtla - bl*(-1 + Tan[x/2]72))/Sqrt [b*Cos [x]
~2xSec[x/2]74 + 4xaxTan[x/2]72]] - (a - 2*b)*ArcTanh[(Sqrt[2]*(a + (-a + b)
*Cos [x])*Sec[x/2]72)/(Sqrt [b]*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74])
] + (a - 2#b)*ArcTanh[(2*a + b*(-1 + Tan[x/2]72))/(Sqrt[b]l*Sqrt [b*Cos [x] 2%
Sec[x/2]74 + 4xaxTan[x/2]72])]1)*((b*Sqrt[-(a/(-1 + Cos[2*x])) - b/(-1 + Cos
[2¥x]) + (a*xCos[2xx])/(-1 + Cos[2*x]) - (b*Cos[2*x])/(-1 + Cos[2x*x])])/(-a
- b + axCos[2*x] - b*Cos[2*x]) - (a*Cos[2*x]*Sqrt[-(a/(-1 + Cos[2*x])) - b/
(-1 + Cos[2*x]) + (a*Cos[2*x])/(-1 + Cos[2xx]) - (b*Cos[2*x])/(-1 + Cos[2*x
1D1)/(-a - b + a*Cos[2*x] - b*Cos[2*x]) + (b*Cos[2*x]*Sqrt[-(a/(-1 + Cos[2*
x]1)) - b/(-1 + Cos[2*x]) + (a*Cos[2*x])/(-1 + Cos[2xx]) - (b*Cos[2*x])/(-1
+ Cos[2xx])])/(-a - b + a*Cos[2*x] - b*Cos[2*x]))*Sqrt[a + b*Cot[x]~2]*Tan[
x/21)/(Sqrt[2]1*Sqrt [b]*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec [x/2] 4] * (((-4%S
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grtla - b]*Sqrt[bl*ArcTan[(Sqrt[a - bl*(-1 + Tan[x/2]72))/Sqrt[b*Cos[x] ~2*S
ec[x/2]74 + 4xaxTan[x/2]72]] - (a - 2xb)*ArcTanh[(Sqrt[2]*(a + (-a + b)*Cos
[x])*Sec[x/2]72)/(Sqrt[bl*Sqrt[(a + b + (-a + b)*Cos[2xx])*Sec[x/2]74])] +

(a - 2#b)*ArcTanh[(2*a + b*(-1 + Tan[x/2]72))/(Sqrt[b]*Sqrt [b*Cos [x] ~2*Sec[
x/2]74 + 4xaxTan[x/2]72])]1)*Sqrt[a + bxCot[x]~2]*Sec[x/2]72)/(2*Sqrt [2]*Sqr
t[b]*Sqrtl(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74]) - (Sqrt[b]*(-4xSqrtla -
bl *Sqrt [b] *ArcTan[(Sqrt[a - b]l*(-1 + Tan[x/2]72))/Sqrt [b*Cos[x] “2*Sec[x/2]~
4 + 4xaxTan[x/2]72]] - (a - 2*b)*ArcTanh[(Sqrt[2]*(a + (-a + b)*Cos[x])*Sec
[x/2]172)/(Sqrt[b]*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74]1)] + (a - 2%Db
)*ArcTanh[(2%a + b*(-1 + Tan([x/2]72))/(Sqrt[b]*Sqrt[b*Cos[x] "2*Sec[x/2]"4 +
4xa*Tan[x/2]72])])*Cot [x]*Csc [x] "2+Tan[x/2])/(Sqrt [2] *Sqrt[a + b*Cot [x]~2]
*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74]) - ((-4*Sqrtl[a - bl*Sqrt[b]*A
rcTan[(Sqrt[a - b]l*(-1 + Tan[x/2]72))/Sqrt [b*Cos[x] ~2*Sec[x/2]"4 + 4*axTan[
x/2]172]1 - (a - 2%b)*ArcTanh[(Sqrt[2]*(a + (-a + b)*Cos[x])*Sec[x/2]172)/(Sq
rt[bl*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74])] + (a - 2xb)*ArcTanh[(2
*a + bx(-1 + Tan[x/2]72))/(Sqrt[b]l*Sqrt [b*Cos [x] "2xSec[x/2] "4 + 4*axTan[x/2
172]1)1)*Sqrt[a + b*Cot[x]~2]*Tan[x/2]*(-2*%(-a + b)*Sec[x/2] "4*Sin[2xx] + 2%
(a + b + (-a + b)*Cos[2xx])*Sec[x/2] “4*Tan[x/2]))/(2%Sqrt [2] *Sqrt [b]*((a +
b + (-a + b)*Cos[2xx])*Sec[x/2]74)~(3/2)) + (Sqrtla + bxCot[x]~2]*Tan[x/2]*
(-(((a - 2xb)*x(-((Sqrt[2]*(-a + b)*Sec[x/2]"2*Sin[x])/(Sqrt[b]*Sqrt[(a + b
+ (-a + b)*Cos[2*x])*Sec[x/2]74])) + (Sqrt[2]*(a + (-a + b)*Cos[x])*Sec[x/2
172«Tan[x/2])/(Sqrt [b]*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]74]) - ((a
+ (-a + b)*Cos[x])*Sec[x/2] "2*(-2x(-a + b)*Sec[x/2] "4*Sin[2*x] + 2*(a + b +
(-a + b)*Cos[2*x])*Sec[x/2] "4*Tan[x/2]))/(Sqrt[2]*Sqrt[bl*((a + b + (-a +
b) *Cos [2*x] ) *Sec [x/2]74)7(3/2))))/(1 - (2x(a + (-a + b)*Cos[x])72)/(b*x(a +
b + (-a + b)*Cos[2xx])))) - (4*Sqrt[a - bl*Sqrt[b]l*(-1/2*%(Sqrt[a - bl*(-2*b
xCos [x]*Sec[x/2] "4*Sin[x] + 4*axSec[x/2] 2*Tan[x/2] + 2*bxCos[x] ~2*Sec[x/2]
“4xTan[x/2])*(-1 + Tan[x/2]72))/(b*Cos [x] "2*Sec[x/2]"4 + 4*a*xTan[x/2]72)"(3
/2) + (Sqrtla - bl*Sec[x/2]"2*Tan[x/2])/Sqrt [b*Cos[x] "2*Sec[x/2]"4 + 4*axTa
n[x/2]1721))/(1 + ((a - b)*(-1 + Tan[x/2]72)"2)/(b*Cos[x] "2xSec[x/2] "4 + 4xa
xTan[x/2]72)) + ((a - 2xb)*((Sqrt[b]*Sec[x/2] 2*Tan[x/2])/Sqrt [b*Cos [x] ~2%S
ec[x/2]74 + 4xa*xTan[x/2]72] - ((-2*xbxCos[x]*Sec[x/2] "4*Sin[x] + 4*a*Sec[x/2
172xTan[x/2] + 2*%b*Cos[x]~2*Sec[x/2]  4*Tan[x/2])*(2*a + b*x(-1 + Tan[x/2]72)
))/(2%Sqrt [b] * (bxCos [x] "2%Sec[x/2] "4 + 4*axTan[x/2]72)7(3/2))))/(1 - (2*a +
bx(-1 + Tan[x/2]72))"2/(b*(b*Cos [x] "2*Sec[x/2] "4 + 4*axTan[x/2]72)))))/(Sq
rt[2]*Sqrt [b]*Sqrt[(a + b + (-a + b)*Cos[2*x])*Sec[x/2]174])))

fricas [B] time = 0.49, size = 768, normalized size = 8.63

(a-2b)

2\/—a+ blog( (@—=Db)cos (2x) = V—a + b %sin(zx)+b)sin(2x)—(a—2b)«/510g

cos(2x)

4bsin (2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2*(at+b*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/4%(2xsqrt(-a + b)*bxlog(-(a - b)*cos(2*x) - sqrt(-a + b)*sqrt(((a - b)*c
0s(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x) + b)*sin(2*x) - (a - 2xb)*sqrt(b)
*xlog(((a - 2xb)*cos(2*x) - 2*xsqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2
*x) — 1))*sin(2*x) - a - 2%b)/(cos(2*x) - 1))*sin(2*x) - 2*(b*cos(2xx) + b)
xsqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(b*sin(2*x)), 1/4*(4xsqrt
(a - b)*bxarctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1
))*sin(2*x)/((a - b)*cos(2*x) + a - b))*sin(2*x) - (a - 2*b)*sqrt(b)*log(((
a - 2*b)*cos(2xx) - 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1
))*sin(2*x) - a - 2xb)/(cos(2*x) - 1))*sin(2*x) - 2*(b*cos(2*x) + b)*sqrt ((
(a - b)*cos(2xx) - a - b)/(cos(2*x) - 1)))/(b*sin(2*x)), 1/2x((a - 2%b)*sqr
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t(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2
xx) /(b*cos(2*x) + b))*sin(2*x) + sqrt(-a + b)*bxlog(-(a - b)*cos(2*x) - sqr
t(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*sin(2*x) + b)*sin
(2xx) - (b*cos(2*x) + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1)))/(
b*sin(2*x)), 1/2*%(2xsqrt(a - b)*b*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*x
) — a - b)/(cos(2xx) - 1))*sin(2*x)/((a - b)*cos(2*x) + a - b))*sin(2*x) +

(a - 2xb)*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x
) - 1))*sin(2*x)/(b*cos(2*x) + b))*sin(2*x) - (b*cos(2*x) + b)*sqrt(((a - b
Yxcos(2*x) - a - b)/(cos(2*x) - 1)))/(b*sin(2*x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) 2% (at+b*cot(x)~2)7(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(x))]sym2poly/r2sym(const gen & e,const index m & i,const vecteur & 1) Erro

r: Bad Argument Value

maple [B] time = 0.18, size = 174, normalized size = 1.96

b (cot? In (cot(x)Vh + {/a + b (cot?(x) v
_cotl)ya+ (co’()) ! n(CO ’ o+ bfeorts ))+\/E In (Cot(x)\/g tyat b(cotz(x)))__

2 W

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x) " 2x(a+b*cot(x)~2)~(1/2),x)

[Out] -1/2*cot(x)*(a+b*cot(x)~2)"(1/2)-1/2*a/b~(1/2)*1n(cot (x)*b~(1/2)+(a+b*cot (x
)7"2)7(1/2))+b~(1/2) *1n(cot (x) *b~ (1/2) +(a+b*cot (x)~2) " (1/2))-(b~4*x(a-b)) ~(1/
2)/b/(a-b)*arctan((a-b)*b~2/ (b~ 4*(a-b)) " (1/2)/(a+b*cot (x)~2) " (1/2) *cot (x) )+
ax(b~4*(a-b))~(1/2)/b"2/(a-b)*arctan((a-b)*b~2/(b~4*(a-b)) ~(1/2) /(a+b*cot (x
)7"2)"(1/2)*cot (x))

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f Vb cot(x)? + a cot(x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2*(a+b*cot(x)~2)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(b*cot(x)~2 + a)*cot(x)72, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f cot(x)2 \b cot(x)2 + a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x) " 2x(a + bxcot(x)~2)"(1/2),x)
[Out] int(cot(x)~2x(a + b*cot(x)~2)"(1/2), x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \a + beot? (x) cot? (x)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2x(atb*cot (x)**x2)**x(1/2),x%)

[Out] Integral(sqrt(a + bxcot(x)**2)*cot(x)**2, x)
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3.23 f \/a + b cot?(x) dx

Optimal. Leaf size=65

~Va-b tan™ ( 15 collw) ] — Vb tanh™! ( Vb cot(x) ]

\a + beot?(x) a + bcot?(x)

[Out] -arctan(cot(x)*(a-b) " (1/2)/(a+b*xcot(x)~2)~(1/2))*(a-b)~(1/2)-arctanh(cot(x)
*b~(1/2)/ (a+b*cot (x)~2)~(1/2))*b~(1/2)

Rubi [A] time = 0.05, antiderivative size = 65, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 12,

number of rules _ ) 500, Rules used = {3661, 402, 217, 206, 377, 203}

| Va=b cot(x) o Vb cot(®)
—Va—b tan™! ~ b tanh
ootan \a + bcot?(x) fan a + b cot?(x)
Vi s ( Vi

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrtla + b*Cot[x]~2],x]

[Out] -(Sqrtla - bl*ArcTan[(Sqrt[a - bl*Cot[x])/Sqrt[a + b*Cot[x]~2]]) - Sqrt[blx*
ArcTanh [ (Sqrt [b] *Cot [x])/Sqrt[a + b*Cot[x]~2]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 21*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_)*x(x_D)"(m_))~(p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx™n)"(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a ) + (b_)*(x )"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(b*c - a*d)/d, Int[(a + b*x"2) " (p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*x(x_)1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
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qQ[n~2, 16]1)
Rubi steps
v/ b 2
f\/a + beot?(x) dx = —Subst[ arox ———dx,x, cot(x)]
(bSbt(f ! dx, x t(x)))+(a+b)Sbtf 1 dx, x
—|bSubs ———dx, x,co - ubs , X, CC
Va + bx? (1 +x2)\/a+bx2

3 1 cot(x)
—(bSubst(fmdx,x, m]) + ( a—+ b)SUbSt(fmd X, X,
Va —b cot(x) )_ Vb tanh_l( Vb cot(x) J
va + beot?(x) va + beot?(x)

= - a—btan_l{

Mathematica [C] time = 0.41, size = 167, normalized size = 2.57

4i (\/a -b \/a +bcot?(x) +a—ib cot(x))
(a — b)32(cot(x) + i)

4i(«/a "o+ bool(x) +a+ibc
(@ = D)2 (cot(x) — )

%i Va-b log|- - Va-"blog

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[x]~2],x]

[Out] (I/2)*(Sqrtla - bl*Log[((-4*I)*(a - I*b*Cot[x] + Sqrt[a - bl*Sqrt[a + bxCot
[x]172]1))/((a - )7 (3/2)*(I + Cotl[x]))] - Sqrtla - bl*Log[((4xI)*(a + Ixb*Co

t[x] + Sqrt[a - b]*Sqrtla + b*Cot[x]72]))/((a - b)~(3/2)*(-I + Cot[x]))] +
(2%I)*Sqrt [b]l*Log[b*Cot [x] + Sqrt[b]*Sqrtl[a + b*Cot[x]~2]])

fricas [B] time = 0.51, size = 515, normalized size = 7.92

(a—2b)cos

%V—a+blog —(a—b)cos(Zx)+V—a+b\/(a_b)cos(zx)_a_b sin(2x) +b +%\/Elog S

cos(2x)—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2#*sqrt(-a + b)*log(-(a - b)*cos(2*x) + sqrt(-a + b)*sqrt(((a - b)*cos(2*
x) - a - b)/(cos(2*x) - 1))*sin(2*x) + b) + 1/2*sqrt(b)*log(((a - 2*b)*cos(
2*xx) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2x*x) -
a - 2*%b)/(cos(2*x) - 1)), -sqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*c
0s(2%x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*cos(2*x) + a - b)) + 1/2
xsqrt (b)*log(((a - 2xb)*cos(2*x) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b
)/ (cos(2*x) - 1))*sin(2%x) - a - 2*b)/(cos(2*x) - 1)), sqrt(-b)*arctan(sqrt
(-b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/(b*cos(2*x) +
b)) + 1/2xsqrt(-a + b)xlog(-(a - b)*cos(2*x) + sqrt(-a + b)xsqrt(((a - b)x*
cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2%x) + b), -sqrt(a - b)*arctan(-sqrt(
a - b)*sqrt(((a - b)*xcos(2*x) - a - b)/(cos(2*x) - 1))*sin(2xx)/((a - b)*co
s(2*x) + a - b)) + sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*x) - a - b)
/(cos(2xx) - 1))*sin(2xx)/(b*cos(2*x) + b))]
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giac [B] time = 2.64, size = 210, normalized size = 3.23

2
(\/—a+b cos(x)—/—a cos(x)2+b cos(x)2+a ) +a-2b
2V-a+bbarct
a arctan 5 m

_% — +V-a+Db log ((\/—a + b cos(x) — V—ac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%(2*sqrt(-a + b)*b*arctan(1/2*((sqrt(-a + b)*cos(x) - sqrt(-axcos(x)~2
+ b*cos(x)72 + a))”"2 + a - 2*b)/sqrt(axb - b~2))/sqrt(a*b - b~2) + sqrt(-a

+ b)*log((sqrt(-a + b)*cos(x) - sqrt(-a*xcos(x)”2 + bkxcos(x)72 + a))~2))*sgn
(sin(x)) - 1/2%(2xsqrt(-a + b)*b*arctan(sqrt(-a + b)*sqrt(b)/sqrt(axb - b~2

)) - sqrt(a*xb - b"2)*sqrt(-a + b)*log(-a - 2*sqrt(-a + b)*sqrt(b) + 2xb))x*s
gn(sin(x))/sqrt(a*xb - b~2)

maple [B] time = 0.23, size = 137, normalized size = 2.11

Vb4 (a—b) arctan[ (b cott) ) avb*(a - b) arctan|—
Vb4(a-b) \|a+b(cot?(x l
Vb In (cot(x)\/g +.Ja+b (cotz(x)) )+ Hah) art{eot) - EXP :/

b(a—Db)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(x)~2)~(1/2),x)

[Out] -b~(1/2)*1n(cot(x)*b~(1/2)+(a+b*cot(x)~2)~(1/2))+(b"4*(a-b))~(1/2)/b/(a-b)*
arctan((a-b)*b~2/(b~4*(a-b))~(1/2)/(a+b*cot (x) "2) " (1/2) *cot (x))-a*x(b~4*(a-b
))~(1/2)/v"2/(a-b)*arctan((a-b)*b~2/(b~4*(a-b)) ~(1/2)/(a+b*cot (x)~2) ~(1/2) *
cot(x))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det
ails)Is b-a positive or negative?

mupad [F]  time = 0.00, size = -1, normalized size = -0.02

b cot(x)2 +a dx
JA

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*cot(x)~2)~(1/2),x)
[Out] int((a + bxcot(x)~2)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/a + beot? (x) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot (x)**2)**(1/2),x)

[Out] Integral(sqrt(a + bxcot(x)**2), x)
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3.24 f \/ a + b cot*(x) tan?(x) dx

Optimal. Leaf size=51

Va-b tan™ [\/%C(;((x)) ] + tan(x)/a + b cot?(x)
a+bcot(x

[Out] arctan(cot(x)*(a-b)~(1/2)/(a+bxcot(x)"2)"(1/2))*(a-b)~(1/2)+(at+b*cot(x)"2)"
(1/2)*tan(x)

Rubi [A] time = 0.09, antiderivative size = 51, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 17,

number of rules _ ) 994, Rules used = {3670, 475, 12, 377, 203}

Va—-b tan™ [\/% ] + tan(x)+/a + b cot?(x)
co

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrtla + b*Cot[x]~2]*Tan[x]~2,x]

[Out] Sqrtla - bl*ArcTan[(Sqrt[a - b]l*Cot[x])/Sqrt[a + b*Cot[x]~2]] + Sqrtl[a + bx
Cot [x]~2] *Tan [x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQla
, 01 Il GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))~ (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 475

Int[(Ce_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)
)7(q_), x_Symbol] :> Simp[((exx)~(m + 1)*(a + b*x™n) (p + 1)*(c + d*x"n)~q)
/(axex(m + 1)), x] - Dist[1/(a*e"n*(m + 1)), Int[(exx)"(m + n)*(a + b*x"n)”~
p*x(c + d*x™n)~(q - 1)*Simp[cxb*(m + 1) + nx(bxc*x(p + 1) + axdxq) + dx(bx(m
+ 1) + bxnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, 4, e, p}, x] &&
NeQ[b*c - axd, 0] &% IGtQ[n, O] && LtQ[O, q, 1] &% LtQ[m, -1] && IntBinomia
1Qla, b, ¢, d, e, m, n, p, q, xJ

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*& DD~ )) " (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + bx(ff*x)"n) p)/(c™2 + f
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]] /; FreeQ[{a, b, c, d, e, f, m, n
, P, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))
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Rubi steps

f i + beot(x) tan?(x) dx = — Subst ( f a+be oo cot(x))
x2 (1 +x )
= \/a + bcot?(x) tan(x) — Subst [ f (1 " x;; \-I/-ab—i-w dx, x, cot(x)]

= \/a + bcot?(x) tan(x) — (-a + b) Subst [ f (1 2) 1\/7 dx, x, cot(x)]
+ x%) Va + bx
= \/a + bcot?(x) tan(x) — (-a + b) Subst (f 1—(—:—+b)x2 dx, x, \/%
a ,
=Va-Db tan! (%J + +/a + bcot?(x) tan(x)

Mathematica [C]  time = 0.10, size = 44, normalized size = 0.86
1. 1 (a-b) cotz(x))

tan(x m Fil--,1,-;—————~

(x) (%) 2 1(2 ¥ heol) 1 a

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + bxCot[x]~2]*Tan[x]~2,x]

[Out] Sqrtla + b*Cot[x]~2]*Hypergeometric2F1[-1/2, 1, 1/2, -(((a - b)*Cot[x]~2)/(
a + bxCot[x]~2))]*Tan[x]

fricas [A] time = 0.58, size = 193, normalized size = 3.78

a? tan(x)* - 2 (342 - 4.ab) tan(x)? + a? — 8ab + 812 — 4 (atan(x)® - (a — 2b) tan(x)) V-a + .

1
ZV—a+blog -

tan(x)* + 2 tan(x)2 + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)”2,x, algorithm="fricas")

[Out] [1/4x*sqrt(-a + b)*log(-(a"2*tan(x)~4 - 2*(3*a”2 - 4xa*xb)*tan(x)”2 + a”2 - 8
xaxb + 8*%b~2 - 4x(axtan(x)"3 - (a - 2xb)*tan(x))*sqrt(-a + b)*sqrt((a*xtan(x

)72 + b)/tan(x)"2))/(tan(x)"4 + 2xtan(x)”"2 + 1)) + sqrt((a*xtan(x)”2 + b)/ta
n(x)~2)*tan(x), 1/2*sqrt(a - b)*arctan(2*sqrt(a - b)*sqrt((a*xtan(x)~2 + b)/
tan(x)"2)*tan(x)/(a*tan(x)”"2 - a + 2*b)) + sqrt((a*xtan(x)~2 + b)/tan(x)~2)*
tan(x)]

giac [B] time = 0.50, size = 239, normalized size = 4.69

L N log ((V—a +b cos(x) — y—acos(x)? + bcos(x)2 +a )2) B —
5 (m c0s(x) — y/—a cos(x)? + b cos(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)”2,x, algorithm="giac")

[Out] 1/2*(sqrt(-a + b)*log((sqrt(-a + b)*cos(x) - sqrt(-axcos(x)”~2 + bxcos(x)~2
+ a))”2) - 4xaxsqrt(-a + b)/((sqrt(-a + b)*cos(x) - sqrt(-a*xcos(x)~2 + b*co
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s(x)72 + a))"2 - a))xsgn(sin(x)) - 1/2*x(a*sqrt(-a + b)*log(-a - 2*sqrt(-a +

b)*sqrt(b) + 2%b) - axsqrt(b)*log(-a - 2*sqrt(-a + b)*sqrt(b) + 2xb) - sqr
t(-a + b)*bxlog(-a - 2*xsqrt(-a + b)*sqrt(b) + 2%b) + b~ (3/2)*log(-a - 2%*sqr
t(-a + b)*sqrt(b) + 2*b) + 2*a*sqrt(-a + b))*sgn(sin(x))/(a + sqrt(-a + b)*
sqrt(b) - b)

maple [B] time = 0.99, size = 752, normalized size = 14.75

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+bxcot(x)~2)~(1/2)*tan(x)"2,x)

[Out] 1/2*(-1+cos(x))*(cos(x)*b~(3/2)*1n(4*cos(x)*(-a+b) " (1/2)*(-(a*xcos(x) "2-b*co
s(x)"2-a)/(cos(x)+1)"2)~(1/2)-4*a*cos(x)+4*xbxcos (x)+4* (-a+b) " (1/2) *(-(a*xcos
(x)"2-b*cos(x)"2-a)/(cos(x)+1)"2)"(1/2))+cos(x)*(-a+b) ~(1/2)*1n(-4* (-1+cos(
x))*(cos(x)*b~(1/2) * (- (a*cos(x) "2-b*cos(x) ~2-a)/(cos(x)+1)"2) " (1/2)+a*cos (x
)-b*cos (x)+(-(axcos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a) /sin(x
)72/b7(1/2))*a-cos(x) *(—a+b) ~(1/2) *1n(-4* (-1+cos(x) ) *(cos (x)*b~ (1/2) * (- (a*xc
08 (x) "2-b*cos(x)"2-a)/(cos(x)+1)~2) " (1/2)+a*cos (x)-b*xcos (x)+(-(a*cos(x) "2-b
*cos(x)"2-a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a) /sin(x) "2/~ (1/2) ) *b-cos (x) *(-a+
b)~(1/2)*1n(-2* (-1+cos(x) ) *(cos (x) *b~(1/2) * (- (a*cos (x) "2-b*cos(x) "2-a)/(cos
(x)+1)72)~(1/2)+a*cos (x) -b*cos (x)+(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)
“(1/2)*b~(1/2)+a) /sin(x) "2/~ (1/2)) *a+cos(x) *(-a+b) ~(1/2) *1n(-2* (-1+cos(x))
*(cos(x)*b~(1/2) *(-(a*xcos (x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2)+a*cos(x)-b
*cos (x)+(-(axcos(x) "2-b*xcos(x) "2-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+a) /sin(x) "2
/b~ (1/2)) *b-cos(x)*b~(1/2) *1n(4*cos(x)*(-a+b) ~(1/2)* (- (a*cos(x) "2-b*cos(x) "~
2-a)/(cos(x)+1)72)~(1/2)-4*a*xcos (x)+4*b*cos (x)+4*x (-a+b) ~(1/2) *(-(a*cos (x) "2
-b*xcos(x)"2-a)/(cos(x)+1)72) " (1/2))*a-cos(x)*b~(1/2) *(-a+b) ~(1/2) * (- (a*cos(
xX) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)-(-(a*cos(x) "2-b*cos(x)~2-a)/(cos(x)+
1)72)"(1/2)*(—a+b) " (1/2)*b~ (1/2) ) *((a*cos (x) "2-b*cos(x) "2-a)/(-1+cos(x)"2))
~(1/2)/cos(x)/sin(x) /(- (a*cos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*4~(1/2
)/ (—a+b)~(1/2) /b~ (1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
f vbcot(x)? + a tan(x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)”2,x, algorithm="maxima"
[Out] integrate(sqrt(b*cot(x)~2 + a)*tan(x)~2, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.02

f ’can(x)2 \Db cot(x)2 +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2x(a + bxcot(x)~2)"(1/2),x)
[Out] int(tan(x)~2*(a + b*cot(x)~2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \/a + beot? (x) tan? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)**2)**x(1/2)*tan(x)**2,x)

[Out] Integral(sqrt(a + bxcot(x)**2)*tan(x)**2, x)
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3.25 f \/a + bcot?(x) tan*(x) dx

Optimal. Leaf size=85

- a—btan'l(

Va — b cot(x) 1. 4 N (3a — b) tan(x)Va + b cot?(x)
m +§tan (x)y/a + beot*(x) — 3

[Out] -arctan(cot(x)*(a-b)~(1/2)/(at+b*cot(x)"2)"(1/2))*(a-b)~(1/2)-1/3*(3*a-b)*(a
+bxcot (x)~2) " (1/2)*tan(x)/a+1/3*(a+b*cot(x)"2) " (1/2)*tan(x) 3

Rubi [A] time = 0.14, antiderivative size = 85, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 17,

number of rules _ ) 353, Rules used = {3670, 475, 583, 12, 377, 203)

integrand size

1 5 NN [ Va-bcot(x) | (3a-b)tan(x)va + b cot?(x)
3tan (x)y/a + beot*(x) — Va—b tan (m] >

Antiderivative was successfully verified.

[In] Int[Sqrt[a + b*Cot[x]~2]*Tan[x]"4,x]

[Out] -(Sqrtla - bl*ArcTan[(Sqrt[a - b]l*Cot[x])/Sqrtla + b*Cot[x]72]]) - ((3*a -
b)*Sqrt[a + bxCot[x]~2]*Tan[x])/(3*%a) + (Sqrtla + b*Cot[x]~2]*Tan[x]"3)/3

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_D)"(m_)) " (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx™n)"(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 475

Int[(Ce_.)*x(x_)) " (m_)*((a_) + (b_D)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_)
)~(q_ ), x_Symbol] :> Simp[((exx)~(m + 1)*(a + b*x™n) (p + 1)*(c + d*x"n)~q)
/(axex(m + 1)), x] - Dist[1/(a*xe”™nx(m + 1)), Int[(exx)"(m + n)*x(a + b*x"n)"~
px(c + d*x™n)~(q - 1)*Simp[cxb*(m + 1) + nx(bxc*x(p + 1) + axdxq) + dx(bx(m

+ 1) + bxnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, 4, e, p}, x] &&

NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQ[O, g, 1] && LtQ[m, -1] && IntBinomia
1Qla, b, ¢, d, e, m, n, p, q, x]

Rule 583

Int [((g_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_)) " (p_.)*x((c_) + (d_.)*(x_)"(n_
D)7 (q_)*((e ) + (f_)*(x_)"(n_)), x_Symbol] :> Simp[(e*x(g*x)"(m + 1)*(a +
b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xc*kgx(m + 1)), x] + Dist[1/(a*xcxg ™ n*(
m+ 1)), Int[(g*x)"(m + n)*(a + b*x"n) "px(c + d*x"n) “q*Simp[a*f*cx(m + 1) -
ex(bxc + axd)*(m + n + 1) - e*nx(bxc*xp + a*xdxq) - bxexd*(m + n*x(p + q + 2)
+ 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, p, q}, x] && IGtQ[n, O



117
] && LtQ[m, -1]
Rule 3670
Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*xx 01" (@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£72%x72), x], x, (c*Tanle + f*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n

, pY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl]))

Rubi steps

Va + bx?
[ 2 4 _
f a + b cot“(x) tan®(x) dx = —Subst (f v (1 " xz) dx, x, cot(x))

1 1 —3a + b - 2bx?
= —4/a + bcot?(x) tan®(x) — = Subst f ar T vy, cot(x)
3 3 x? (1 +x2) Va + bx?

Subst ( f - 0 3
+x

T, 2
— _(3a b)ya + z:Ot (x) tan(x) + %\/a + bcot?(x) tan®(x) +
B 2
__(Ba b)va + I;acot (x) tan(x) N % I+ b cot2(x) tan®(x) + (~a + b) Subst

W hea2
__Bazbvar z:Ot () tanx) lwla + bcot?(x) tan®(x) + (-a + b) Subst

3

_ _ 2
Va—b cot(x) J_ (3a - b)a + g;ot () tan(x) 1 \/ﬁ

a + b cot?(x)

= a—btan‘l(

Mathematica [C] time = 1.65, size = 174, normalized size = 2.05

2
% sin?(x) tan3(x)\/a + bcot?(x) (@ + 1)

— 2 _ >
es(0) (- 20 o) (L it (DD

a

5 b cos2(x) . 2
(a + bcot (x)) \/T + sin“(x)

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + bxCot[x]~2]*Tan[x]~4,x]

[Out] (Sgrtla + bxCot[x]~2]*(1 + (b*Cot[x]~2)/a)*Sin[x]~2*((-4*(a - b)*Cos[x] 2% (
a + bxCot [x]~2)*Hypergeometric2F1[2, 2, 3/2, ((a - b)*Cos[x]"2)/al)/a"2 + (

(a - 2xb*Cot [x]"2)*Csc[x] "2*(ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Sqrt[((a -
b)*Cos[x]~2)/a]l + Sqrt[(b*Cos[x]~2)/a + Sin[x]72]))/((a + b*Cot[x]~2)*Sqrt[
(bxCos[x]~2)/a + Sin[x]~2]))*Tan[x]~3)/3

fricas [A] time = 0.59, size = 239, normalized size = 2.81

[ a® tan(x)*-2 (3 a4 ab) tan(x)2+a2-8 ab+8 b2 +4 (a tan(x)3—(a-2b) tan(x)) V-a+b 4/ z tan(x)22+b
tan(x) 3
3av-a+blog|- +4(atan(x) -

tan(x)4+2 tan(x)2+1

124
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x) 4,x, algorithm="fricas")

[Out] [1/12%x(3*a*sqrt(-a + b)*log(-(a~2*tan(x)~4 - 2*(3*%a”2 - 4*a*xb)*tan(x)”2 + a
72 - 8xa*xb + 8%b~2 + 4x(axtan(x)”3 - (a - 2xb)*tan(x))*sqrt(-a + b)*sqrt((a
xtan(x)”"2 + b)/tan(x)"2))/(tan(x)"4 + 2*tan(x)"2 + 1)) + 4x(axtan(x)”"3 - (3

*a - b)*tan(x))*sqrt((axtan(x)~2 + b)/tan(x)"2))/a, -1/6*(3*sqrt(a - b)*a*a
rctan(2*sqrt(a - b)*sqrt((a*xtan(x)~2 + b)/tan(x) " 2)*tan(x)/(a*tan(x)”2 - a

+ 2%b)) - 2x(axtan(x)”3 - (3*%a - b)*tan(x))*sqrt((axtan(x)”2 + b)/tan(x)”2)

)/al

giac [B] time = 0.25, size = 476, normalized size = 5.60

43 (V-a+ b cos(x) — +/—acos(x)? 4
—% 3V-a+blog ((\/—a + b cos(x) — V—a cos(x)? + bcos(x)? + a )2) - ( (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(1/2)*tan(x)"4,x, algorithm="giac")

[Out] -1/6%(3*sqrt(-a + b)*log((sqrt(-a + b)*cos(x) - sqrt(-a*xcos(x)”~2 + bxcos(x)
T2 + a))”2) - 4x(3*%(sqrt(-a + b)*cos(x) - sqrt(-a*xcos(x)”2 + bxcos(x)"2 + a
))"4x(2%a - b)*sqrt(-a + b) - 6*x(sqrt(-a + b)*cos(x) - sqrt(-a*cos(x)”2 + b
xcos(x)72 + a)) 2*a"2*sqrt(-a + b) + (4*¥a”3 - a”2*b)*sqrt(-a + b))/ ((sqrt(-
a + b)*cos(x) - sqrt(-a*cos(x)”2 + b*cos(x)"2 + a))”2 - a)~3)*sgn(sin(x)) +
1/6%(3*a~2*sqrt(-a + b)*log(-a - 2*sqrt(-a + b)*sqrt(b) + 2%b) - 9*a~2*sqr
t(b)*log(-a - 2xsqrt(-a + b)x*sqrt(b) + 2*b) - 16xa*sqrt(-a + b)*bxlog(-a -
2xsqrt(-a + b)*sqrt(b) + 2*b) + 21xa*xb”(3/2)*log(-a - 2*sqrt(-a + b)*sqrt(b
) + 2%b) + 12xsqrt(-a + b)*b~2*xlog(-a - 2*sqrt(-a + b)*sqrt(b) + 2xb) - 12x
b~ (56/2)*log(-a - 2xsqrt(-a + b)*sqrt(b) + 2*b) + 8*a"2x*sqrt(-a + b) - 18%a”
2xsqrt(b) - 24xaxsqrt(-a + b)*b + 30*a*b~(3/2) + 12*xsqrt(-a + b)*b~2 - 12xb
~(56/2))*sgn(sin(x)) /(a2 + 3*axsqrt(-a + b)*sqrt(b) - 5S*axb - 4xsqrt(-a + b
)*b~(3/2) + 4%b72)

maple [B] time = 0.77, size = 951, normalized size = 11.19

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(x)~2)~(1/2)*tan(x)”4,x)

[Out] -1/6*%(-1+cos(x))*(cos(x) "3*(-(a*cos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*
(-a+b)~(1/2)*b~(3/2)+3*cos (x) "3*1n(4*cos (x)*(-a+b) ~(1/2) * (- (a*cos (x) “2-b*co
s(x)"2-a)/(cos(x)+1)"2) " (1/2)-4*a*xcos (x) +4*b*xcos (x) +4* (-a+b) " (1/2) * (- (a*cos
(x)"2-b*cos(x)"2-a)/(cos(x)+1)72)"(1/2))*b~(3/2) *a-4*cos (x) "3+ (- (a*cos(x) "2
-b*cos(x)"2-a)/(cos(x)+1)72)"(1/2)*(—a+b) " (1/2)*b~(1/2) *a+3*cos (x) "3*1n(-4x*
(-1+cos(x))*(cos(x)*b~ (1/2) * (- (a*cos (x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2)
+a*xcos (x) -b*cos (x)+(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+
a)/sin(x)~"2/b~(1/2))*(-a+b)~(1/2)*a"2-3*cos(x) "3*1n(-4*(-1+cos(x) ) *(cos(x)*
b~ (1/2)*(-(a*xcos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)+a*cos (x)-b*xcos (x)+(
-(a*cos(x) "2-b*xcos(x)"2-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+a) /sin(x) "2/b~(1/2))
*(—a+b) " (1/2) *a*xb-3*cos (x) "3*1In(-2*(-1+cos(x) ) *(cos (x) *b~ (1/2) * (- (a*cos(x) "~
2-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)+a*cos(x)-b*cos (x)+(-(a*xcos(x) "2-b*cos(x
)72-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+a)/sin(x) "2/~ (1/2) ) *(~a+b) ~(1/2) *a~2+3*
cos(x)"3*1In(-2*(-1+cos(x))*(cos (x)*b~ (1/2) * (- (a*cos (x) "2-b*cos(x) "2-a)/(cos
(x)+1)72)"(1/2)+a*cos (x) -b*cos (x)+ (- (a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)
~(1/2)*%b"(1/2)+a) /sin(x) "2/~ (1/2)) *(—a+b) " (1/2) *a*xb-3*cos (x) "3*1n(4*cos (x)
*(—a+b) " (1/2) * (- (a*xcos (x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2) -4*a*cos (x)+4x*
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bxcos (x)+4* (—a+b) ~(1/2) *(-(a*cos(x) "2-b*cos (x) "2-a)/(cos(x)+1)"2)~(1/2)) *b~
(1/2)*a~2+cos (x) "2*x(-(a*cos(x) "2-b*cos(x) "2-a) /(cos(x)+1)"2)~(1/2) *(—a+b) ~(
1/2)*b~ (3/2) -4*cos (x) "2* (- (a*xcos (x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2) *(-a
+b) " (1/2)*b~(1/2) *a+cos (x) * (- (a*xcos (x) "2-b*cos (x) "2-a)/(cos(x)+1)"2) ~(1/2) *
(-a+b) "~ (1/2)*b~ (1/2) *a+(-(axcos (x) "2-b*cos(x) "2-a)/(cos (x)+1)"2) " (1/2) *(-a+
b) " (1/2)*axb~(1/2)) *((a*cos(x) "2-b*cos(x) "2-a)/(-1+cos(x)"2))~(1/2) /cos(x)~
3/sin(x)/(-(a*xcos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*4"(1/2)/(-a+b) ~(1/
2)/a/b~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
f vbcot(x)? + a tan(x)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*cot(x)~2)~(1/2)*tan(x)"4,x, algorithm="maxima")
[Out] integrate(sqrt(bxcot(x)~2 + a)*tan(x)”4, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f tan(x)4 \Db c:o’r(x)2 +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~4x(a + bxcot(x)~2)"(1/2),x)
[Out] int(tan(x)~4x(a + bxcot(x)"2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \Ja + beot? (x) tan* (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)**2)**(1/2)*tan(x)**4,x)

[Out] Integral(sqrt(a + b*cot(x)**2)*tan(x)**4, x)
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326 [cof(x)(a+boot(x) dx

Optimal. Leaf size=88

b eo(o)2 2
_ (a + C;)l;f (X)) +% (a +b COtZ(X))3/2+(a—b)m_(a_b)a/z tanh”! [W )

[Out] -(a-b)~(3/2)*arctanh((a+b*cot(x)~2)~(1/2)/(a-b)~(1/2))+1/3*x(a+b*xcot(x)"2)"(
3/2)-1/5*%(at+b*cot (x)~2)~(5/2) /b+(a-b)*(a+bxcot (x)~2) " (1/2)

Rubi [A] time = 0.14, antiderivative size = 88, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 17,

number of rules _ ) 353, Rules used = {3670, 446, 80, 50, 63, 208}

integrand size

beo(o)2 2
_01+ i;(xn +%(a+bco€¢ofm+gkb) ”+bC0¥03—W—my2mnh4[VG:???EZB}

Antiderivative was successfully verified.
[In] Int[Cot[x] 3*(a + bxCotl[x]~2)"(3/2),x]

[Out] -((a - b)~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtl[a - bl]) + (a - b)*Sqrt[a
+ bxCot[x]72] + (a + bxCot[x]~2)7(3/2)/3 - (a + b*Cot[x]~2)~(5/2)/(5%b)

Rule 50

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*x(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) " mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, D,

c, d}, x] && NeQ[b*xc - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - D*(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 80

Int[(Ca_.) + (b_)*(x_))*((c_.) + (d_D)*(x_))"(n_.)*((e_.) + (f_.)*x(x_))"(p
), x_Symbol] :> Simp[(b*x(c + d*x)"(n + 1)*x(e + f*xx)"(p + 1))/(d*f*x(n + p
2)), x] + Dist[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + c*xfx(p + 1)))/(d*fx*(
+p+ 2)), Int[(c + d*x)"n*x(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, £
, n, pt, x] && NeQ[n + p + 2, 0]

B + 1

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_)*((a_) + (b_)*(x_)"(m_)) " (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
x(c + d*x)7q, x], x, x™n], x] /; FreeQ[{a, b, ¢, d, m, n, p, g, x] && NeQ[
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bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*xx 01" (@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£72*x72), x1, x, (c*Tan[e + f*x])/ff], x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps

X3 (a + bx2)3/2

3 202 o
fcot (%) (a + b cot (x)) dx = —Subst [f T3 2

32
= - (% Subst (f @+ b dx, x, cotz(x)))

dx, x, cot(x)]

1+x
(a +b cotz(x))S/2 1 (a + bx)?? ,
= - 5h + E Subst (fﬁ dx, X, cot (X))
1 ) (a + bco’cz(x))S/2 1 Vi + bx
= §(a+bcot2(x)) - = +§(a—b)Subst f T dx, x
52
1 32 (a +b cotz(x)) 1 ,
_ 2 2 ‘
= (a - b)\Ja + beot (x)+§(a+bcot @) - = +5(a-b)
52 (a-Db)>
= (- b)yJa+beol(x) + = (a+beot()’ (0 +bcoP)” .
= (a — b)yja + b cot“(x) 3 a + b cot“(x) =
Va + b cot? 1 .
= —(a-b)*?tanh™ ( ? —:/C_Ob ) ) +(a—b)yJa +beot(x) + 3 (a + bcot
a p—

Mathematica [A] time = 0.50, size = 91, normalized size = 1.03

Va+bcoti(x) ) Va+beot?(x) (3a2 + b(6a — 5b) cot?(x) — 20ab + 3V cot*(x) + 15b2)
Viob - 15b

(a—b)3/? [— tanh ™ [

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3*(a + b*Cot[x]~2)~(3/2),x]

[Out] -((a - b)~(3/2)*ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtl[a - b]]) - (Sqrt[a + b*Co
t[x]"2]*(3*%a”2 - 20*%axb + 15xb~2 + (6*a - 5*b)*bxCot[x]"2 + 3*xb~2*xCot [x]~4)
)/ (15%Db)

fricas [B] time = 0.61, size = 486, normalized size = 5.52

15 ((ab — b?) cos (2x)* + ab — b2 — 2 (ab - b?) cos (2x))Va - b log (—2 (a2 —2ab +1?) cos (2x)* =242 +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) ~3*(atb*cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] [-1/60%(15*((a*b - b~2)*cos(2*x)”"2 + axb - b~2 - 2*(a*b - b~2)*cos(2*x))*sq
rt(a - b)*log(-2*%(a”2 - 2%axb + b~2)*cos(2*x)72 - 2%xa"2 + b™2 - 2x((a - b)*
cos(2%x)72 - (2%a - b)*cos(2*x) + a)*sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a
- b)/(cos(2*x) - 1)) + 4x(a”2 - a*b)*cos(2xx)) + 4x((3*xa”2 - 26*a*xb + 23*b
T2)*cos(2%x)72 + 3*a”2 - 14*axb + 13%b72 - 2x(3*%a”2 - 20*axb + 12*b72)*cos(
2xx) ) *sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1)))/(bxcos(2%x)~2 - 2*bx*
cos(2*x) + b), -1/30%x(15%x((a*xb - b"2)*cos(2*x)"2 + axb - b"2 - 2x(axb - b"2
)*cos(2*x))*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a -
b)/(cos(2*x) - 1))x(cos(2*x) - 1)/((a - b)*cos(2xx) - a)) + 2x((3*xa”2 - 26%
axb + 23%b72)*cos(2%x) 72 + 3*%a”2 - 14xaxb + 13*%b72 - 2%(3%xa”2 - 20%axb + 12
*b~2) *cos (2*x) ) *sqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(bxcos(2x*x
)72 - 2xb*cos(2*x) + b)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3*(a+b*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(x))]Warning, choosing root of [1,0,%%%{-2,[1,2,01%%k}+%h%{-2,[1,0,0]1%%%}+%
wh{2,00,2,11%%%3,0,%%6%{1, [2,4,0)%hhI+hhe{-2, [2,2,00 %hnt+hhe{1, [2,0,0] %kh}+%
Whi-2, (1,4, 11%hh3+%hne{6, (1,2, 1% %R +%hh{-4, (1,0, 11%hAI+%hh{1, (0,4, 2] %hh}+%h
W{-4,10,2,21 %56+ %%%{4,[0,0,2]1%%%}] at parameters values [86,-97,-82]Warnin
g, choosing root of [1,0,%%%h{-2,[1,01%%%},0,%h%{1, (2,00 %% s} +hth{-4, [1,11%%%
H0%h{4, [0,21%%%}] at parameters values [90.79236355,54.1277311612]Warning,
choosing root of [1,0,%kh%s{-2,[1,01%%%},0,%%k{1, [2,01%h%}+%hk{-4, [1,11% %3+
%ht{d, [0,21%%%}] at parameters values [69.8278764193,63.4443001123]Warning,
choosing root of [1,0,%k%{-2,[1,01%%%},0,%%k{1, [2,01%kh}+htkh{-4, [1,11 %%k +
%ht{4, [0,2]1%%%}] at parameters values [108.020125429,82.1195442914]Warning,
choosing root of [1,0,%k%s{-2,[1,01%%h},0,%%k{1, [2,01%h%}+%hn{-4, [1,11% %3+
Dohote{4, [0,21%%%}] at parameters values [26.4357969165,7.79369851155]Warning,
choosing root of [1,0,%h%{-2,[1,01%%%},0,%%k{1, [2,01%h%}+%hk{-4, [1,11% % +
Hhhid, [0,21%%%}] at parameters values [150.357303702,71.707969239]Warning,
need to choose a branch for the root of a polynomial with parameters. This
might be wrong.The choice was done assuming [a,b]=[b+46,44]Unable to conver
t to real 44.0%(b+46.0)-1936.0 Error: Bad Argument ValueWarning, choosing r
oot of [1,0,%h%{-2,[1,01%%h},0,%%h{1, [2,00%h%h}+%he{-4, (1,11 %%h}+%%k{4, [0,2]
hhh}] at parameters values [135.979061965,73.519035968]Warning, need to cho
ose a branch for the root of a polynomial with parameters. This might be wr
ong.The choice was done assuming [a,b]=[b+75,47]Unable to convert to real 4
7.0%(b+75.0)-2209.0 Error: Bad Argument ValueWarning, choosing root of [1,0
s ohte{=2, [1,01%%h},0,%hk{1, [2,00 %%k} +%hh{-4, (1,11 %%h} +%h%{4, [0,2]1%%%}] at pa
rameters values [141.604341501,50.5901726987]Warning, need to choose a bran
ch for the root of a polynomial with parameters. This might be wrong.The ch
oice was done assuming [a,b]=[b+15,55]Unable to convert to real 55.0%(b+15.
0)-3025.0 Error: Bad Argument ValueWarning, choosing root of [1,0,%%%{-2,[1
2,01 % 6%+ %hh{-2, [1,0,01 %%k +%%hk{2, [0,2,11 %%} ,0,%%k{1, [2,4,0) %hh+%hh{-2, [
2,2,01% %%+ %%, [2,0,0] %hht+hhn{-2, (1,4, 1% %% +%%%{6, (1,2, 11 %hh+0hh{-4, [1
0, 1% 0% +%h%{1, [0,4,2] %% +%hhi-4, [0,2,2) %hhr+%hh{4, [0,0,2]1%%%}] at parame
ters values [63,-64,2]Warning, choosing root of [1,0,%%%{-2,[1,0]1%%%},0,%%%
{1, [2,0] %%k 3 +hnmhi-4, [1, 1% %% +%nAh{4, [0,21%%%}] at parameters values [113.23
8665889,81.3883557492] Warning, choosing root of [1,0,%%%{-2,[1,0]1%%%},0, %%k
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{1, [2,00 % %h3+hnhi-4, [1, 1% %% +%%%{4, [0,21%%%}] at parameters values [49.423
3726808,10.4309062702] Warning, choosing root of [1,0,%%%{-2,[1,0]%%%},0,%%%h
{1, [2,00%%h3+%nhi-4, [1, 11%% 6 +%%%h{4, [0,2]1%%%}] at parameters values [90.780
3645204,82.7280518371]Warning, choosing root of [1,0,%%%{-2,[1,0]1%%%},0,%hk
{1, (2,00 %hh3+%hhi-4, (1, 11 %%h+%%h{4, [0,2]1%%%}] at parameters values [92.826
2473457 ,64.3995612673]Warning, choosing root of [1,0,%%%{-2,[1,01%%%},0,%%%
{1, [2,01%%h3+0hn{-4, [1, 11 %%%mx+%nk{4, [0,2]1%%%}] at parameters values [106.15
9791361,66.1769613782]Warning, need to choose a branch for the root of a po
lynomial with parameters. This might be wrong.The choice was done assuming
[a,b]=[b+95,89]Unable to convert to real 89.0%(b+95.0)-7921.0 Error: Bad Ar
gument ValueWarning, choosing root of [1,0,%%k{-2,[1,01%%%},0,%%%k{1,[2,0]1%%
Tr+hhn{-4, [1, 11 %W%3+%%%{4, [0,21%%%}] at parameters values [101.17473746,17.
6881634681]Warning, need to choose a branch for the root of a polynomial wi
th parameters. This might be wrong.The choice was done assuming [a,b]=[b+53
,39]Unable to convert to real 39.0%(b+53.0)-1521.0 Error: Bad Argument Valu
eWarning, choosing root of [1,0,%%%{-2,[1,01%%%},0,%%k{1, [2,00% Kk +%%h{-4, [
1, 11 %%hh3+%%%{4, [0,21%%%}] at parameters values [96.452219774,89.629912049]W
arning, need to choose a branch for the root of a polynomial with parameter
s. This might be wrong.The choice was done assuming [a,b]=[b+46,66]Unable t
o convert to real 66.0%(b+46.0)-4356.0 Error: Bad Argument ValueUnable to c
ancel step at 0 of 2x(((15%xa”~2-60*a*b+45xb~2)*sqrt (a-b)*(sqrt(a*sin(x) ~2-b*
sin(x) "2+b)-sqrt(a-b)*sin(x)) ~8+(90*a*xb~2-90*b~3) *sqrt (a-b) * (sqrt (a*sin(x)~
2-b*sin(x) “2+b)-sqrt (a-b)*sin(x) ) ~"6+(30%a~2*b"2-170*a*b~3+140%b~4) *sqrt (a-b
)*(sqrt(a*sin(x) "2-bxsin(x) "2+b)-sqrt(a-b)*sin(x)) ~4+(70*a*xb~4-70%b~5) *sqrt
(a-b) *(sqrt(a*xsin(x) "2-b*sin(x) "2+b) -sqrt (a-b) *sin(x) ) "2+ (3*a”~2xb~4-26*a*b™
5+23*%b~6) *sqrt (a-b))/15/((sqrt (a*sin(x) "2-b*sin(x) “2+b)-sqrt (a-b) *sin(x)) "2
-b) "5+ (a-b)*sqrt (a-b) /4*1n((sqrt(a*sin(x) "2-b*sin(x) "2+b) -sqrt(a-b)*sin(x))
~2))—-2x(((15*%a~2-60*a*xb+45xb~2) *sqrt (a-b) * (sqrt (a*sin(x) “2-b*sin(x) "2+b)-s
gqrt(a-b)*sin(x)) ~8+(90*a*xb~2-90*b~3) *sqrt (a-b) * (sqrt (a*xsin(x) "2-b*sin(x) "2+
b)-sqrt(a-b)*sin(x)) "6+ (30*a~2*b~2-170*a*xb~3+140%b~4) *sqrt (a-b) * (sqrt (a*sin
(x)72-b*sin(x) "2+b) -sqrt (a-b) *sin(x) ) "4+ (70*a*b~4-70%b~5) *sqrt (a-b) *(sqrt (a
*sin(x) "2-b*sin(x) "2+b) -sqrt(a-b) *sin(x)) "2+ (3*a”2xb~4-26*a*b~5+23%b~6) *sqr
t(a-b))/15/((sqrt(a*sin(x) "2-b*sin(x) ~2+b)-sqrt(a-b)*sin(x)) ~2-b) "5+ (a-b) *s
grt(a-b)/4*1n((sqrt(a*sin(x) "2-b*sin(x) "2+b)-sqrt(a-b)*sin(x))~2))Discontin
uities at zeroes of sin(x) were not checkedEvaluation time: 2.44Done

maple [B] time = 0.13, size = 150, normalized size = 1.70

a+l
b? arctan [ \/T
V—a + |

_(a +b (C(’tz(x)))E +b (COtz(x)) \/a +b (COtz(x)) +4a\/a o (COtZ(x)) —brla+b (cotz(x)) +

5b 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x) ~3*(a+b*cot(x)~2)~(3/2),x)

[Out] -1/5*%(a+b*cot(x)~2)~(5/2)/b+1/3*b*xcot (x) ~2* (a+b*cot (x) ~2) " (1/2)+4/3*a* (a+b*
cot(x)72)"(1/2)-b*(a+b*cot (x)~2)~(1/2)+b"2/(-a+b) " (1/2)*arctan((a+b*cot (x)~
2)"(1/2)/(—a+b) " (1/2))-2*a*b/ (-a+b) " (1/2) *arctan((a+b*cot (x)"2) " (1/2)/(-a+b

)~ (1/2))+a"2/(-a+b) ~(1/2)*arctan((a+b*cot(x)~2)~(1/2)/(-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) 3% (a+b*cot(x)~2)7(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h
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elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume?” for more
details)Is 4*a-4%b positive or negative?

mupad [B] time = 11.13, size = 120, normalized size = 1.36
2 52 32
4 a-b , a2 (beot(x)? +a) i a—b J*———;—‘ (a - b)¥* \[bcot
(%— 3D )(bcot(x) +a) - 3 +(a—Db) " b cot(x)” + a +atan 21D,

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3*(a + b*cot(x)~2)"(3/2),x)

[Out] atan(((a - b)~(3/2)*(a + b*cot(x)"2)"(1/2)*1i)/(a"2 - 2*a*b + b"2))*(a - b)
~(3/2)*1i - (a + b*xcot(x)"2)"(5/2)/(5%b) + (a/(3%b) - (a - b)/(3*b))*(a + b
xcot(x)72)7(3/2) + (a - b)*(a/b - (a - b)/b)*(a + bxcot(x)"2)"(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
f (a + b cot? (x))2 cot® (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3*(atb*cot (x)**2)**(3/2),x%)

[Out] Integral((a + bxcot(x)**2)**(3/2)*cot(x)**3, x)
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3/2
327  [cot?(x)(a+beot(x))" dx
Optimal. Leaf size=127

(3a% —12ab + 8b%) tanh ™" [M

_ i rrbeolt) )—%(561—419) cot(x)y/a + b cot?(x) —ib cot®(x)y/a + b cot?(x) +(a—b)

[Out] (a-b)~(3/2)*arctan(cot(x)*(a-b) " (1/2)/(a+bxcot(x)~2)"(1/2))-1/8%(3*a~2-12*a
*b+8%b~2) *arctanh (cot (x)*b~(1/2)/(a+bxcot (x)~2)~(1/2)) /b~ (1/2)-1/8%(5xa-4x*b
Y*cot (x)*(a+bxcot (x)~2) " (1/2)-1/4%b*cot (x) "3*(a+b*cot (x)~2)~(1/2)

Rubi [A] time = 0.23, antiderivative size = 127, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 8, integrand size = 17,

number of rules _ ) 471, Rules used = {3670, 477, 582, 523, 217, 206, 377, 203}

integrand size

(3a2 —12ab + 8b2) tanh ! [ Vb cot()

_ 7 \/‘T"tz(@)_%b cot3(x)m—%(5”_4b) cot(x)m +(a-b)

Antiderivative was successfully verified.

[In] Int[Cot([x] 2x(a + b*Cot[x]~2)~(3/2),x]

[Out] (a - b)~(3/2)*ArcTan[(Sqrt[a - b]l*Cot[x])/Sqrtl[a + b*Cot[x]~2]] - ((3*a~2 -
12*%axb + 8%b~2)*ArcTanh[(Sqrt[b]l*Cot[x])/Sqrtla + b*Cot[x]~2]])/(8*Sqrt[b]

) - ((5*a - 4xb)*Cot [x]*Sqrt[a + b*Cot[x]~2])/8 - (b*Cot[x] 3*Sqrt[a + b*Co

t[x]"2]1)/4

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]1), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 377

Int[((a ) + (b_)*(x )" (@ ))"(p)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 477

Int[((e_)*(x_)) " (m_.)*((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(d*(e*x)~(m + 1)*(a + bxx™n) (p + 1)*(c + d*x"n)
“(q - 1))/ (bxex(m + nx(p + q) + 1)), x] + Dist[1/(b*(m + nx(p + q) + 1)), I
nt[(exx) “m*(a + b*x"n) "p*x(c + d*x"n)~(q - 2)*Simp[c*((cxb - a*d)*(m + 1) +
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cxbxn*x(p + @) + (d*x(c*b - a*d)*(m + 1) + d*n*(q - 1) *x(bxc - a*d) + cxb*d*n
*(p + @))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b*c - a
*d, 0] && IGtQ[n, 0] && GtQ[q, 1] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q
,» x]

Rule 523

Int[((e ) + (f_.)*x(x_)"(n_))/(((a_) + (b_.)*x(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)" (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrtc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 582

Int[((g_.)*x(x_))"(m_.)*x((a_) + (b_)*(x_)"(m_)) " (p_.)*((c_) + (d_.)*x(x_)"(n
Mg I*((e ) + (£_)*(x_)"(n_)), x_Symbol] :> Simp[(f*g~(n - 1)*(g*x)~ (m
-n+ Dx(a + bxx™n)"(p + D*(c + d*x"n)"(q + 1))/ (b*xd*(m + nx(p + q + 1)
+ 1)), x] - Distl[g™n/(b*d*(m + nx(p + q + 1) + 1)), Int[(g*x)"(m - n)*x(a +
b*x"n) “px(c + d*x"n) g*Simp[axf*cx(m - n + 1) + (axf*d*(m + nxq + 1) + bx(f
xcx(m + n¥p + 1) - exdx(m + n*x(p + q + 1) + 1)))*x"n, x], x], x] /; FreeQ[{

a, b, c,d, e, f, g, p, q}, x] && IGtQ[n, 0] && GtQ[m, n - 1]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_I)*x(x 01D~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£ 2xx"2), x], x, (c*Tan[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
32 X2 (a + bx2)3/2
f cot?(x) (a + bcotz(x)) dx = — Subst f — 7 dx,x, cot(x)
1+ x2
1 1 x% (a(4a — 3b) + (5a — 4b)bx?
= ——bcot’(x)yJa + bcot?(x) — — Subst f ( ( )+ ) ) dx, x,
4 4 (1+x2) Va + bx?

Subst ( f S

= —%(Sa — 4b) cot(x)y/a + b cot?(x) — ib cot®(x)yfa + beot?(x) + —————
= —%(5:1 — 4b) cot(x)+/a + b cot?(x) ib cot®(x)4/a + bcot?(x) + (a — b)? Subs
)

) _
_ 1 / 2 1 30y 2 2
= —§(5a — 4b) cot(x)+/a + b cot“(x) — Zb cot’(x)+/a + bcot*(x) + (a— b)Subs

(3512 —12ab + 8b2) tanh ™! ( Vb cot(x) ]

= (a - b)¥? tan™! Va—b cot(x) | \a+bcot?(x) ~
Va + b cot?(x) 8vVb
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Mathematica [A] time = 1.19, size = 253, normalized size = 1.99

csc(x)V(@ — b)cos(2x) —a—b (\/a —b (\/—_b cot(x) csc(x)y/(a = b) cos(2x) — a - b (5a + 2b csc?(x) - 6b) —

8V2V=bVa = b |~ (csc2(x)((a -

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~2*(a + bx*Cot[x]~2)~(3/2),x]

[Out] (Sqrt[-a - b + (a - b)*Cos[2*x]]*Csc[x]*(8*Sqrt[2]*(a - b) "2*Sqrt[-b]*ArcTa
nh[(Sqrt[2]*Sqrt[a - b]*Cos[x])/Sqrt[-a - b + (a - b)*Cos[2*x]]] + Sqrtl[a -
bl*(-(Sqrt[2]*(3*xa~2 - 12*a*b + 8%b~2)*ArcTanh[(Sqrt[2]*Sqrt[-b]*Cos[x])/S
grt[-a - b + (a - b)*Cos[2*x]]]) + Sqrt[-b]*Sqrtl[-a - b + (a - b)*Cos[2*x]]

*xCot [x]*Csc[x]*(5xa - 6%b + 2%b*Csc[x]~2))))/(8xSqrt[2]*Sqrt[a - bl*Sqrt[-b
1xSqrt[-((-a - b + (a - b)*Cos[2*x])*Csc[x]~2)])

fricas [B] time = 0.68, size = 1134, normalized size = 8.93

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) 2% (a+b*cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] [1/16%(8*(a*xb - b~2 - (axb - b~2)*cos(2xx))*sqrt(-a + b)*log(-(a - b)*cos(2
xx) + sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2%x)
+ b)*sin(2xx) - (3*xa”2 - 12%a*b + 8%b™2 - (3*a”2 - 12*a*b + 8%b~2)*cos(2*x
))*sqrt(b)*log(((a - 2%b)*cos(2*x) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a -
b)/(cos(2xx) - 1))*sin(2*x) - a - 2%b)/(cos(2*x) - 1))*sin(2*x) + 2% (4*b~2
xcos (2*x) - (b*a*b - 6xb~2)*cos(2*x)~2 + bxaxb - 2xb~2)*sqrt(((a - b)*cos(2
*x) - a - b)/(cos(2*x) - 1)))/((b*cos(2*x) - b)*sin(2*x)), -1/8*((3*xa"2 - 1
2%axb + 8%b72 - (3*%a”2 - 12%axb + 8*b~2)*cos(2+*x))*sqrt(-b)*arctan(sqrt(-b)
xsqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/(bxcos(2*x) + b))
xsin(2*x) - 4x(axb - b™2 - (axb - b72)*cos(2*x))*sqrt(-a + b)*log(-(a - b)*
cos(2*x) + sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2%x) - 1))*sin
(2xx) + b)*sin(2*xx) - (4*%b~2%cos(2*x) - (5*xaxb - 6%b~2)*cos(2%x)~2 + 5*a*b
- 2%b72)*sqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/((bxcos(2*x) - Db)
xsin(2*x)), -1/16%x(16*%(axb - b™2 - (axb - b~2)*cos(2*x))*sqrt(a - b)*arctan
(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a
- b)*cos(2*x) + a - b))*sin(2%x) + (3%¥a”2 - 12%a*xb + 8*%b"2 - (3*a”2 - 12*ax
b + 8%b~2)*cos(2*x))*sqrt(b)*log(((a - 2*b)*cos(2*x) + 2*xsqrt(b)*sqrt(((a -
b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x) - a - 2*b)/(cos(2*x) - 1))*s
in(2%x) - 2x(4%b"2*xcos(2*x) - (B*a*xb - 6%b72)*cos(2%x) "2 + bkaxb - 2xb72)*s
grt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/((bxcos(2*x) - b)*sin(2xx))
, —1/8%x(8x(axb - b™2 - (a*b - b~2)*cos(2*x))*sqrt(a - b)*arctan(-sqrt(a - b
)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*cos(2xx
) + a - b))*sin(2xx) + (3*%a”2 - 12xaxb + 8*b"2 - (3%a”2 - 12*a*xb + 8%b72)*c
0s(2*x) ) *sqrt (-b) *arctan(sqrt (-b) *sqrt (((a - b)*cos(2*x) - a - b)/(cos(2*x)
- 1)) *sin(2*x)/(b*xcos(2%x) + b))*sin(2*x) - (4*b"2xcos(2*x) - (Bxa*xb - 6*b
“2)*cos(2%x) "2 + Bkxaxb - 2xb72)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) -
1))/ ((b*cos(2*x) - b)*sin(2*x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00
Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) " 2*(atb*cot(x)~2)7(3/2),x, algorithm="giac")
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[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(x))]1sym2poly/r2sym(const gen & e,const index_m & i,const vecteur & 1) Erro

r: Bad Argument Value

maple [B] time = 0.13, size = 286, normalized size = 2.25

cot(x) (a +b (Cotz(x)))g 3acot(x)/a+b (cotz(x)) 30 In (cot(x)\/E +4/a+b (CO’fZ(x)) ) beot(x)y/a+b

- 4 - 8 - 8vb " 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x) " 2*(at+b*cot(x)"2)"(3/2),x)

[Out] -1/4x*cot(x)*(a+b*cot(x)~2)~(3/2)-3/8*axcot (x)*(a+b*cot(x)~2)~(1/2)-3/8*a~2/
b~ (1/2)*1n(cot (x)*b~ (1/2)+(a+b*cot (x)~2) ~(1/2))+1/2*b*cot (x) * (a+b*cot (x)~2)
~(1/2)+3/2*%b~ (1/2)*a*x1n(cot (x) *b~ (1/2) +(a+b*cot (x)~2)~(1/2))-b~(3/2) *1n(cot
(x)*b~ (1/2)+(a+b*cot (x)"2)~(1/2))+(b"4*(a-b)) " (1/2)/(a-b)*arctan((a-b) *b~2/
(b~™4x(a-b))~(1/2)/(a+tb*cot (x)~2) ~(1/2)*cot (x))-2*a/bx(b~4x*(a-b))~(1/2)/(a-b
)*arctan((a-b)*b~2/(b~4*(a-b))~(1/2)/(a+b*cot (x)~2) " (1/2) *cot (x))+a~2x (b~ 4*
(a-b))~(1/2)/v"2/(a-b)*arctan((a-b)*b~2/(b"4*(a-b) )~ (1/2) / (a+b*cot (x)"2)~ (1
/2)*cot (x))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
3
f (b cot(x)? + a)? cot(x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x) " 2*x(atb*cot(x)~2)7(3/2),x, algorithm="maxima")
[Out] integrate((b*cot(x)”"2 + a)~(3/2)*cot(x)”2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
3/2
f cot(x)2 (b cot(x)2 + a) ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2x(a + bxcot(x)~2)~(3/2),x)
[Out] int(cot(x)~2x(a + b*xcot(x)~2)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
f (a + bcot? (x))2 cot? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2x(atb*cot (x)**2)**(3/2),x%)

[Out] Integral((a + b*cot(x)**2)**x(3/2)*cot(x)**2, x)
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328 [ cot(x) (a +b cotz(x))g/2 dx

Optimal. Leaf size=69

2
—(a—b)yJa+beot2(x) - % (a+bcol(x))”” + (a - b tanh™ [ Va+beot @) )

Va-b

[Out] (a-b)~(3/2)*arctanh((at+b*cot(x)~2)~(1/2)/(a-b)~(1/2))-1/3*(a+b*cot(x)~2)~(3
/2)-(a-b)*(a+b*cot (x)~2)~(1/2)

Rubi [A] time = 0.09, antiderivative size = 69, normalized size of antiderivative

= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 15,
number of rules _ ) 333, Rules used = {3670, 444, 50, 63, 208}

integrand size

~(a- b)m - % (ﬂ +b Co’cz(x))g/2 +(a - b)3/2 tanh_l [\/@ )
a—

Antiderivative was successfully verified.
[In] Int[Cot[x]*(a + bxCot[x]~2)"(3/2),x]

[Out] (a - b)~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - b]] - (a - b)*Sqrtl[a +
bxCot [x] 2] - (a + b*Cot[x]~2)~(3/2)/3

Rule 50

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) " mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*(m + 1) - D *(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, g}, x] && NeQ[b*c - axd, 0] && EqQ[m - n +
1, 0]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x_D)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*xD1)" ()~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x) n)"p)/(c”2 + £
f~2xx"2), x], x, (c*Tan[e + f*x])/ff]l, x1] /; FreeQ[{a, b, ¢, d, e, f, m, n
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, pr, x] && (IGtQ[p, 0] || EqQIn, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[n]))

Rubi steps

32 X (a + bx2)3/2
f cot(x) (a + beot(x)” dx = —Subst f o x, ot

1 (a + bx)%? )
- (E Subst (f Tox dx, x, cot”(x)

R

= —% (a +0b cotz(x)) (a -b) Subst(

= ~(@=Dya+ beol(0) - 3 (a-+beof ()™ - %(” - S“bStU T

(a —b)? Subst(f S > dx, x, -
1 32 1-7+2
_ [ 2 2 b
= —(a—b)rJa + bcot (x)—g(a+bcot (x)) - 5

/ 2
= (a—b)*2 tanh™ [ ? j:/ZCTO; () ] —(a—Db)yJa +bcot?(x) - % (a + bcotz(x))S/

dx, x, cot? (x)]

Mathematica [A] time = 0.17, size = 63, normalized size = 0.91

/ 2
(a — b)*2 tanh ™ [ ? t/bC_O; ) ) —~ %\/a + beot?(x) (4a + bcot?(x) — 3b)
a J—

Antiderivative was successfully verified.

[In] Integrate[Cot[x]*(a + b*Cot[x]~2)~(3/2),x]

[Out] (a - b)~(3/2)*ArcTanh[Sqrt[a + bxCot[x]"2]/Sqrt[a - b]] - (Sqrtl[a + b*Cot[x
172]*(4*a - 3*b + b*Cot[x]72))/3

fricas [B] time = 0.67, size = 330, normalized size = 4.78

3((a—b)cos(2x)—a+b)Va—-b log(—2 (a2 - 2ab + b?) cos (2x)* - 222 + 12 + 2 ((a - b) cos (2x)* - (2a -
12 (cc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(a+b*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [-1/12*%(3*((a - b)*cos(2*x) - a + b)*sqrt(a - b)xlog(-2x(a”2 - 2%a*b + b~2)
xcos(2%x)72 - 2*%a”2 + b”2 + 2x((a - b)*cos(2*x)"2 - (2*a - b)*cos(2*x) + a)
xsqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)) + 4x(a”2 - axb
)*cos(2*x)) + 8%(2*(a - b)*cos(2*x) - 2xa + b)*sqrt(((a - b)*cos(2*x) - a -
b)/(cos(2xx) - 1)))/(cos(2*x) - 1), 1/6x(3*((a - b)*cos(2*x) - a + b)*sqrt

(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1
))*(cos(2xx) - 1)/((a - b)xcos(2*x) - a)) - 4*(2*(a - b)*xcos(2*x) - 2%¥a + b
)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(cos(2*x) - 1)]
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giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00
Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP

UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(x))]Warning, choosing root of [1,0,%%%4{-2,[1,2,0]1%%k}+%h%{-2,[1,0,0]%%%}+%
hh{2,00,2,11%%h},0,%66{1, [2,4,0) %k} +hhe{-2, [2,2,0]%hnr+hhe{1, [2,0,0]%kh}+%
hhi-2, (1,4, 11%hh3+%hn{6, (1,2, 1% %R +%hh{-4, [1,0, 1]1%hAI+%hhr{1, (0,4, 2] %hh}+%h
W{-4,10,2,21% %6+ %%%{4, [0,0,2]1%%%}] at parameters values [86,-97,-82]Warnin
g, choosing root of [1,0,%%As{-2,[1,0]1%%%},0,%hk{l, [2,01%% K} +0hh{-4, [1,1]%%%
L %{4, [0,2]%%%}] at parameters values [90.79236355,54.1277311612]Warning,
choosing root of [1,0,%k%{-2,[1,01%%h},0,%%k{1, [2,01%h%}+%hn{-4, [1,11% %3+
Dohote{4, [0,21%%%}] at parameters values [69.8278764193,63.4443001123]Warning,
choosing root of [1,0,%h%{-2,[1,01%%%},0,%%k{1, [2,00% k% +%hk{-4, [1,11% k% +
hht{4, [0,2]1%%%}] at parameters values [108.020125429,82.1195442914]Warning,
choosing root of [1,0,%k%{-2,[1,01%%h},0,%%hk{1, [2,01%hk}+%he{-4, [1,1]% %%} +
Dhot{4, [0,2]%%%}] at parameters values [26.4357969165,7.79369851155]Warning,
choosing root of [1,0,%h%s{-2,[1,01%%%},0,%%k{1, [2,01%h%}+%hk{-4, [1,11%%%}+
%httd, [0,2]1%%%}] at parameters values [150.357303702,71.707969239]Warning,
need to choose a branch for the root of a polynomial with parameters. This
might be wrong.The choice was done assuming [a,b]=[b+63,75]Unable to conver
t to real 75.0%(b+63.0)-5625.0 Error: Bad Argument ValueWarning, choosing r
oot of [1,0,%%h{-2,[1,2,01%%h}+%hk{-2,[1,0,0]%%n}+%%k{2,[0,2,1]1%%%},0,%%k{1
, [2,4,01% 5% +%hh{-2,[2,2,01 %kt +%%h{1, [2,0,01 %%k +%hn{-2, [1,4, 11 %%k} +%h%e{6,
(1,2, 11%%h3+%nh{-4, [1,0, 11 %h%3+%hn{1, [0,4,2] %hh+%hh{-4, [0,2,2) %hht+hhh{4, [
0,0,21%%%}] at parameters values [18,-49,-33]Warning, choosing root of [1,0
s ohh{=2, [1,01%%%},0,%hn{1, (2,01 hhht+hnt{-4, [1,1]%hh}+hhe{4, [0,2]%%%k}] at pa
rameters values [70.2095400225,15.451549686]Warning, choosing root of [1,0,
Hhth{=2, [1,01%%%},0,%he{1, [2,01 %%k} +%ht{-4, (1,11 %%hI+hn%{4, [0,2]1%%k}] at par
ameters values [100.356811349,81.9516051291]Warning, choosing root of [1,0,
hheh{=2, [1,01%%%},0,%h%{1, [2,01%h%h}+hh{-4, [1,11% %%} +%nk{4, [0,2]1%%k}] at par
ameters values [133.032670634,51.6443148847]Warning, choosing root of [1,0,
hhto{=2, [1,01%h%},0,%h{1, [2,01 %%k} +%ht{-4, (1,11 %hhI+hn%{4, [0,2]%%k}] at par
ameters values [42.28121641,31.8503101398]Warning, choosing root of [1,0,%%
w2, [1,01%%%},0,%%h{1, [2,00%hhI+hth{-4, [1,11%hkt+%%k{4, [0,2]1%k%}] at param
eters values [92.8262473457,64.3995612673]Warning, need to choose a branch
for the root of a polynomial with parameters. This might be wrong.The choic
e was done assuming [a,b]=[b+66,40]Unable to convert to real 40.0%(b+66.0)-
1600.0 Error: Bad Argument ValueUnable to cancel step at 0 of 2*x(((6*xa*b-6%
b~2)*sqrt (a-b)*(sqrt(a*sin(x) "2-bxsin(x) ~2+b)-sqrt(a-b) *sin(x)) “4+(-6*a*xb~2
+6*%b~3) *sqrt (a-b) *(sqrt (a*sin(x) "2-b*sin(x) “2+b)-sqrt (a-b)*sin(x)) "2+ (4*ax*b
~3-4%b~4)*sqrt (a-b))/3/((sqrt(a*sin(x) "2-bxsin(x) ~2+b)-sqrt (a-b) *sin(x)) ~2-
b) "3+ (-at+b)*sqrt(a-b) /4*1n((sqrt (a*sin(x) “2-b*sin(x) “2+b)-sqrt (a-b) *sin(x))
~2))--2x(((6*a*xb-6*b~2) *sqrt (a-b) *(sqrt (a*sin(x) "2-b*sin(x) “2+b)-sqrt (a-b)*
sin(x)) ~4+(-6*%axb~2+6*b~3) *sqrt (a-b) * (sqrt (a*sin(x) "2-b*sin(x) “2+b) -sqrt (a-
b)*sin(x)) "2+ (4*a*xb~3-4*b~4) *sqrt (a-b))/3/((sqrt (a*sin(x) "2-b*sin(x) "2+b)-s
grt(a-b)*sin(x)) ~2-b) "3+(-a+b) *sqrt(a-b) /4*1n((sqrt(a*sin(x) "2-b*sin(x) "2+b
)-sqrt(a-b)*sin(x))~2))Discontinuities at zeroes of sin(x) were not checked
Evaluation time: 0.72Done

maple [B] time = 0.09, size = 136, normalized size = 1.97

b(cot(x)) yJa+b(col(x) 4aya+b(cot’(v))
- - +byJa + b (cot?(x)) -

3 3

Ja+b(co(x)
b? arctan [M) 2ab arcta
—a+b
+
V-a+b \
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)*(a+b*cot(x)~2)~(3/2),x)

[Out] -1/3*b*cot(x) 2% (a+b*cot(x)~2) (1/2)-4/3*ax(a+b*cot(x)~2)~(1/2)+b* (a+b*cot(
x)"2)"(1/2)-b"2/(-a+b) ~(1/2)*arctan((a+bxcot (x)~2) " (1/2) /(-a+b) ~(1/2)) +2*xax*
b/ (-a+b) "~ (1/2)*arctan((a+bxcot (x)~2)"(1/2)/(-a+b)~(1/2))-a"2/(-a+b) ~(1/2)*a

rctan((a+bxcot(x)~2)~(1/2)/(-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~2)~(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume?  for more
details)Is 4*xa-4*b positive or negative?

time = 3.54, size = 70, normalized size = 1.01

mupad [B]
312
(a - b2 b cot(x)® +a 32 (beot(x)? +a) >
atanh Ry (a-b)"" - 3 —(a—Db) \/bcot(x)" +a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)*(a + b*xcot(x)~2)"(3/2),x)

[Out] atanh(((a - b)"(3/2)*(a + b*xcot(x)"2)"(1/2))/(a"2 - 2*axb + b~2))*(a - b)~(
3/2) - (a + b*xcot(x)"2)°(3/2)/3 - (a - b)*x(a + bxcot(x)"2)"(1/2)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(a + bcot? (x))g cot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atbxcot(x)**2)*x(3/2),x)

[Out] Integral((a + bkcot(x)**2)**x(3/2)*cot(x), x)
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3.29 f (cz +b Co’cz(x))g/2 tan(x) dx

Optimal. Leaf size=75

v 2 2
32 tanh™ ( = i/CEOt ) ] —byJa+bcot?(x) - (a—b)¥ tanh™ ( ar ziO; () ]

[Out] a~(3/2)*arctanh((a+b*cot(x)~2)"(1/2)/a~(1/2))-(a-b)~(3/2)*arctanh((a+b*cot(
x)72)7(1/2)/(a-b)~(1/2) ) -b*(atb*cot (x) ~2) ~(1/2)

Rubi [A] time = 0.13, antiderivative size = 75, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 6, integrand size = 15,

number of rules _ ) 400, Rules used = {3670, 446, 84, 156, 63, 208}

integrand size

2 2
ﬁﬂmnh4(v;Izggzg]—ng:;;;ig—wa—bﬁpmnHJ( ”+Zﬁj(ﬂ]

Antiderivative was successfully verified.
[In] Int[(a + b*Cot[x]~2)~(3/2)*Tanl[x],x]

[Out] a~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtlal] - (a - b)~(3/2)*ArcTanh[Sqrt[
a + bxCot[x]~2]/Sqrt[a - b]] - bxSqrt[a + b*Cot[x]"2]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 84

Int[((e_.) + (£_)*(x_))~(p)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*x(x_))),
x_Symbol] :> Simp[(f*(e + f*x)~(p - 1))/(bxd*(p - 1)), x] + Dist[1/(b*xd), I
nt [((b*d*xe™2 - a*xcxf~2 + f*x(2xbxd*e - bkcxf - axdxf)*x)*x(e + £xx)"(p - 2))/
((a + bxx)*(c + d*x)), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && GtQ[p, 1]

Rule 156

Int[((Ce_.) + (£_D)*x_D)"(p)*x((g_.) + (h_.)*x(x_)))/(((a_.) + (b_.)*x(x_))x*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(bxg - axh)/(b*c - a*d), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - c*h)/(b*c - a*d), Int[(e + f*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_)*(x_)"(n_))" (q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670
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Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))~(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c"2 + £
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]1] /; FreeQ[{a, b, c, d, e, f, m, n
, p}, x] & (IGtQlp, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

(a + bx2)3/2

f (a +b co’cz(x))g/2 tan(x) dx = — Subst [ f W dx, x, cot(x)J

1 (a + bx)3?
=_ (E Subst (f m dx, x, cotz(x)))

1 a® + (2a — b)bx
— _byJa +bcot(x) — — Subst ( f dx, x, cotz(x)]
2 x(1+ x)Va + bx
1 1 1
— _bJa + beot2(x) — ~a®Subst ( f - s, Cotz(x)) + =(a— b)?Subst
2 xVa + bx 2

a? Subst ( ) al — dx,x,\a+Db cotz(x)) (a — b)? Subst
= —byJa + beot(x) - AN - +
a + bcot?(x)

_ _ b cot?(x)
= a¥2tanh™ ( —(a-b)*tanh™! ar —byJa+bcc
\/E Ya->b

Mathematica [A] time = 0.07, size = 75, normalized size = 1.00

2 2
R ) B e R el

Antiderivative was successfully verified.

[In] Integratel[(a + bxCot[x]~2)~(3/2)*Tan[x],x]

[Out] a~(3/2)*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtlal] - (a - b)~(3/2)*ArcTanh[Sqrt[
a + b*Cot[x]~2]/Sqrtla - bl] - b*Sqrt[a + b*Cot[x]~2]

fricas [A] time = 1.78, size = 565, normalized size = 7.53

8a% —8ab + bz) tan(x)* + 2 (4 al
3 /a tan(x)? + b 1 3 (
2 2 —q— _
a2 log (2 atan(x)? +2+a fan(? tan(x)* + b] 1 (a-b)2log

Verification of antiderivative is not currently implemented for this CAS.

N =

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x),x, algorithm="fricas")

[Out] [1/2%a”(3/2)*log(2*axtan(x)”~2 + 2*sqrt(a)*sqrt((axtan(x)~2 + b)/tan(x) 2)*t
an(x)"2 + b) - 1/4x(a - b)~(3/2)*Llog(-((8*a"2 - 8*a*xb + b~2)*tan(x)"4 + 2x(
4*xaxb - 3*b~2)*tan(x)"2 + b2 + 4x((2*a - b)*tan(x)”"4 + b*xtan(x)~2)*sqrt(a

- b)*sqrt((a*xtan(x) "2 + b)/tan(x)”"2))/(tan(x)"4 + 2*xtan(x)”2 + 1)) - b*sqrt
((axtan(x)”"2 + b)/tan(x)~2), -sqrt(-a)*axarctan(sqrt(-a)*sqrt((a*xtan(x)~2 +
b)/tan(x)"2)*tan(x) "2/ (a*tan(x) "2 + b)) - 1/4x(a - b)~(3/2)x1log(-((8*%a~2 -

8%axb + b~2)*tan(x)”4 + 2x(4*axb - 3*b72)*tan(x)"2 + b~2 + 4x((2%a - b)*ta
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n(x)~4 + bxtan(x)"2)*sqrt(a - b)*sqrt((a*xtan(x)~2 + b)/tan(x)~2))/(tan(x)"4
+ 2%tan(x)"2 + 1)) - b*sqrt((a*xtan(x)”2 + b)/tan(x)"2), 1/2*(-a + b)~(3/2)
xarctan(-2*sqrt(-a + b)*sqrt((axtan(x)”2 + b)/tan(x)~2)*tan(x)~2/((2*xa - b)
xtan(x)”"2 + b)) + 1/2*%a~(3/2)*log(2*a*tan(x) "2 + 2xsqrt(a)*sqrt((a*xtan(x) "2
+ b)/tan(x)"2)*tan(x)"2 + b) - b*sqrt((a*xtan(x)”2 + b)/tan(x)”2), -sqrt(-a
)*axarctan(sqrt(-a)*sqrt((axtan(x)~2 + b)/tan(x)~2)*tan(x) "2/ (axtan(x)”~2 +
b)) + 1/2x(-a + b)~(3/2)*arctan(-2*sqrt(-a + b)*sqrt((a*xtan(x)~2 + b)/tan(x
)"2)*xtan(x) "2/ ((2*%a - b)*tan(x)”2 + b)) - b*sqrt((axtan(x)”2 + b)/tan(x)”2)
]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(x))]sym2poly/r2sym(const gen & e,const index m & i,const vecteur & 1) Erro

r: Bad Argument Value

maple [C] time = 0.76, size = 2628, normalized size = 35.04

Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+bxcot(x)~2)~(3/2)*tan(x),x)

[Out] sin(x) " 2*x((a*xcos(x) "2-b*cos(x) "2-a)/(-1+cos(x)72)) " (3/2)*x(2*2"(1/2)*((cos (x
Yxa~ (1/2)*(a-b) " (1/2)-a~(1/2)*(a-b) ~(1/2) -a*cos (x)+b*cos(x)+a)/(cos(x)+1) /b
)T (1/2) % (-2*%(cos(x)*a~ (1/2)*(a-b) " (1/2)-a~(1/2)*(a-b) ~(1/2)+a*cos(x) -b*cos(
x)-a)/(cos(x)+1)/b)~(1/2)*E1lipticF ((-1+cos(x))*((2*xa~(1/2)*(a-b) ~(1/2)-2%a
+b) /b)~(1/2) /sin(x), ((8*a~(3/2)*(a-b) ~(1/2)-4*xa~ (1/2)*(a-b) " (1/2) ¥b+8*a~2-8
*axb+b~2) /b"2) " (1/2) ) *a*xb*sin(x) *cos(x)-2"(1/2)*((cos (x)*a~ (1/2)*(a-b) ~(1/2
)-—a~(1/2)*(a-b) " (1/2)-a*cos (x)+b*cos(x)+a)/(cos(x)+1)/b) ~(1/2) *(-2*(cos(x) *
a~(1/2)x(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2)+a*cos (x)-bxcos(x)-a)/(cos(x)+1)/b)~
(1/2)*E1lipticF ((-1+cos(x))*((2*a”~(1/2)*(a-b)~(1/2)-2*a+b) /b) ~(1/2)/sin(x),
((8*a~(3/2)*(a-b)~(1/2)-4*xa~ (1/2)*(a-b) " (1/2) ¥b+8*a~2-8*a*xb+b~2) /b~2) ~(1/2)
)*b"2%sin (x) *cos (x)+2*27(1/2)*((cos (x)*a~ (1/2)*(a-b)~(1/2)-a~(1/2)*(a-b)~ (1
/2)-a*cos (x)+b*cos(x)+a)/(cos(x)+1)/b) " (1/2)*(-2x(cos (x)*a~ (1/2)*(a-b) ~(1/2
)-a~(1/2)*(a-b)~(1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+1)/b)~(1/2)*E1llipticPi ((
-1+cos (%)) *((2*xa~(1/2)*(a-b) " (1/2)-2*a+b) /b) " (1/2) /sin(x) ,-1/(2*a~ (1/2) *(a-
b)~(1/2)-2*a+b)*b, (-(2*xa~(1/2)*(a-b) ~(1/2)+2*a-b) /b) ~(1/2) / ((2*xa~(1/2) *(a-b
)" (1/2)-2%a+b) /b) " (1/2) ) *a"2xsin(x) *cos (x)-4*27(1/2) *((cos (x)*a~(1/2) *(a-b)
~(1/2)-a"~(1/2)*(a-b) " (1/2)-a*cos(x)+b*cos(x)+a)/(cos (x)+1) /b) ~(1/2) *(-2*(co
s(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+1
)/b)~(1/2)*E1lipticPi ((-1+cos(x))*((2*a~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) /s
in(x),-1/(2*xa”~(1/2)*(a-b) "~ (1/2) -2*a+b) *b, (- (2*a~(1/2) *(a-b) ~(1/2)+2*a-b) /b)
~(1/2)/((2*a~(1/2)*(a-b) "~ (1/2)-2*a+b) /b) ~(1/2)) *a*b*sin(x) *cos (x)+2*x27(1/2)
*((cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2)-a*cos (x)+b*cos(x)+a)/(cos
(x)+1) /b))~ (1/2) *(-2* (cos(x)*a~(1/2)*(a-b) " (1/2)-a~(1/2) *(a-b) " (1/2) +a*cos(x
)-bxcos(x)-a)/(cos(x)+1)/b)~(1/2)*E1lipticPi((-1+cos(x))*((2*a~(1/2)*(a-b)~
(1/2)-2*a+b)/b)~(1/2) /sin(x),-1/(2*¥a~(1/2)*(a-b) ~(1/2) -2*a+b) *b, (-(2*a~ (1/2
)*(a-b) " (1/2)+2*a-b) /b)~(1/2)/((2*¥a~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) ) *b~2x%
sin(x)*cos(x)-2*27(1/2)*((cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2)-ax*
cos(x)+b*cos(x)+a)/(cos(x)+1)/b)~(1/2)*(-2*(cos(x)*a”~(1/2)*(a-b)~(1/2)-a~ (1
/2)*(a-b) ~(1/2)+ax*cos(x)-b*cos(x)-a)/(cos(x)+1)/b)~(1/2)*EllipticPi((-1+cos
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(x))*((2*%a~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) /sin(x) ,1/(2*¥a~ (1/2)*(a-b) ~(1/2
)—2*a+b) *b, (-(2*a~(1/2)*(a-b) ~(1/2)+2*a-b) /b) ~(1/2) / ((2*a~ (1/2)*(a-b) ~(1/2)
-2xa+b) /b) ~(1/2))*a"2*sin(x)*cos (x)+2*%2~(1/2) *((cos(x)*a~(1/2)*(a-b) ~(1/2)-
a~(1/2)*(a-b)~(1/2)-a*cos(x)+b*xcos(x)+a)/(cos(x)+1)/b) " (1/2)*(-2x(cos (x) *a~
(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) "~ (1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+1)/b)~ (1
/2)*E1llipticF((-1+cos(x))*((2*¥a~(1/2)*(a-b)~(1/2)-2*a+b)/b)~(1/2)/sin(x), ((
8*a~ (3/2)*(a-b)~(1/2)-4*a~(1/2)*(a-b) " (1/2) *b+8*a~2-8*a*xb+b~2) /b"2) " (1/2) ) *
a*bxsin(x)-2"(1/2)*((cos(x)*a~(1/2)*(a-b) " (1/2)-a~(1/2)*(a-b) ~(1/2) -axcos(x
)+b*cos(x)+a)/(cos(x)+1) /b)) ~(1/2)*(-2*(cos(x)*a”~ (1/2)*(a-b) ~(1/2)-a~(1/2) *(
a-b) " (1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+1)/b)~(1/2)*E1llipticF ((-1+cos(x))*(
(2xa~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) /sin(x) , ((8%a~(3/2)*(a-b) ~(1/2)-4*a"~(
1/2)*(a-b) " (1/2) #*b+8*a”~2-8*a*b+b~2) /b~2) ~(1/2) ) *b~"2*sin (x)+2*27 (1/2) * ((cos(
x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2)-a*cos (x) +bxcos(x)+a)/(cos(x)+1)/
b)~(1/2)*x(-2*(cos(x)*a~ (1/2)*(a-b)~(1/2)-a~ (1/2) *(a-b) ~(1/2) +a*cos (x) -b*cos
(x)-a)/(cos(x)+1)/b)~(1/2)*E1llipticPi((-1+cos(x))*((2*xa~(1/2)*(a-b)~(1/2)-2
*a+b) /b) " (1/2)/sin(x) ,-1/(2*xa”~ (1/2) *(a-b) "~ (1/2) -2*a+b) *b, (- (2*xa~(1/2) *(a-b)
~(1/2)+2*a-b)/b) " (1/2)/((2*xa~(1/2) *(a-b) "~ (1/2)-2*a+b) /b) ~(1/2) )*a”~2*sin(x) -
4x27(1/2)*((cos (x)*a~(1/2)*(a-b) " (1/2)-a~(1/2)*(a-b) " (1/2) —a*cos (x) +b*cos (x
)+a)/(cos(x)+1)/b)~(1/2)*x(-2*(cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b)~(1/2
)+axcos(x)-b*cos(x)-a)/(cos(x)+1)/b)~(1/2)*EllipticPi((-1+cos(x))*((2*xa~(1/
2)*(a-b)~(1/2)-2*a+b) /b)~(1/2) /sin(x) ,-1/(2*a"~ (1/2)*(a-b) " (1/2)-2*a+b) *b, (-
(2%a~ (1/2)*(a-b)~(1/2)+2*a-b) /b) ~(1/2) / ((2*a~ (1/2)*(a-b) ~(1/2) -2*a+b) /b) ~ (1
/2)) *a*xb*sin(x)+2*x27(1/2)*((cos(x)*a~ (1/2)*(a-b) ~(1/2)-a~(1/2)*(a-b) ~(1/2)-
axcos (x)+bxcos(x)+a)/(cos(x)+1)/b)~(1/2)*(-2x(cos(x)*a”~ (1/2)*(a-b) ~(1/2)-a~
(1/2)*(a-b) " (1/2)+a*cos(x) -b*cos(x)-a)/(cos(x)+1) /b) ~(1/2)*E11lipticPi ((-1+c
os(x))*((2xa~(1/2)*(a-b) ~(1/2)-2*a+b) /b)~(1/2) /sin(x) ,-1/(2%a~ (1/2)*(a-b) " (
1/2) -2%a+b) *b, (-(2*xa~ (1/2)*(a-b) ~(1/2)+2*a-b) /b) ~(1/2) / ((2*a~ (1/2)*(a-b) ~ (1
/2)-2%a+b) /b) " (1/2))*b"2*sin(x)-2*%2"(1/2) *((cos(x)*a~ (1/2)*(a-b) " (1/2)-a~ (1
/2)*(a-b) " (1/2)-a*xcos(x)+b*cos(x)+a)/(cos(x)+1)/b)~(1/2)*(-2*(cos(x)*a~(1/2
)*x(a-b)~(1/2)-a~(1/2)*(a-b) " (1/2)+a*cos(x)-b*cos(x)-a)/(cos(x)+1)/b) ~(1/2)*
EllipticPi((-1+cos(x))*((2*a~(1/2)*(a-b)~(1/2)-2*a+b)/b)~(1/2)/sin(x),1/ (2%
a”~(1/2)*(a-b)~(1/2)-2*a+b) *b, (-(2*a~(1/2) *(a-b) ~(1/2)+2*a-b) /b) ~(1/2) / ((2*a
~(1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2)) *a"2*sin(x) +cos (x) "2+ ((2*a~ (1/2) *(a-b) ~(
1/2)-2*a+b) /b) ~(1/2)*axb-cos (x) "2x ((2*xa~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) *b
~2-((2*xa~ (1/2)*(a-b) "~ (1/2)-2*a+b) /b) ~(1/2) *axb) / (a*cos (x) "2-b*cos (x) "2-a) "2
/((2xa~(1/2)*(a-b) ~(1/2)-2*a+b)/b)~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3

f (b cot(x)? + a)z tan(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x),x, algorithm="maxima"
[Out] integrate((b*cot(x)~2 + a)~(3/2)*tan(x), x)

mupad [B] time = 0.54, size = 506, normalized size = 6.75

205VB o+ —2 8ab3 VB o+ 2 12204 Vad o+
)2 )2 1

tan(x tan(x

tanh -
atan —6a°b3 +12a% 1% -8a3 1> +2a21° —6a°b3+12a%b*—-8a3b° +2a21° —6a°13 +12a%b%* - 843

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)*(a + b*xcot(x)~2)"(3/2),x)

[Out] atanh((2*%b~6%(a"3)~(1/2)*(a + b/tan(x)"2)"(1/2))/(2*a"2*b"6 - 8*xa”~3%b”5 + 1
2%xa"4%b"4 - 6*%xa”"b*b"3) - (8*xa*xb”5x(a”3) " (1/2)*(a + b/tan(x)"2)"(1/2))/(2*xa~
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2%b"6 - 8*%a”"3*b”"5 + 12*xa~4%b~4 - 6*%a”5*b”"3) + (12*xa"2%b"4*(a"3) " (1/2)*(a +
b/tan(x)~2)"(1/2))/(2%xa"2*xb"6 - 8*xa~3*b~5 + 12*xa~4*b~4 - 6*xa~5*xb~3) - (6%a”
3*xb~3*%(a"3) " (1/2)*(a + b/tan(x)"2)"(1/2))/(2*a"2*xb"6 - 8*a~3*b~5 + 12*¥a~4x*b
4 - 6*%a”5*b”3))*(a~3)"(1/2) - atanh((2*a*b”™5x(a + b/tan(x)~2)~(1/2)*(3*a*b
"2 - 3%a”2%b + a”3 - b"3)7(1/2))/(2xaxb”7 - 10*a"2*%b"6 + 20*a~3*%b"5 - 18*a”
4xb~4 + 6*a~5*%b"3) - (6*a”"2*b"4*x(a + b/tan(x)"2) " (1/2)*(3*xa*xb~2 - 3*a~2%b +

a”3 - b"3)7(1/2))/(2%axb”7 - 10*a"2*xb~6 + 20*a”~3*b"5 - 18*a"4*xb"4 + 6*a 5%
b~3) + (6%a”3*b~3*(a + b/tan(x)”2) " (1/2)*(3*a*xb™2 - 3*a"2*b + a~3 - b~3)~(1
/2))/(2*%a*xb”7 - 10*a~2*xb~6 + 20*a~3*b~5 - 18*a~4*b~4 + 6*a~5%b~3))*((a - b)
~3)7(1/2) - b*x(a + b/tan(x)"2)~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f (a+beot? ()7 tan (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot (x)**2)**(3/2)*tan(x),x)

[Out] Integral((a + bxcot(x)**2)**(3/2)*tan(x), x)
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330 | (cz +b co’cz(x))s/2 tan?(x) dx

Optimal. Leaf size=80

~b¥2 tanh™! [\/% ) +(@-b)P*2tan! [\/%Ciz((x)) ) + atan(x)+/a + b cot?(x)
a+bcot?(x a+ bcot*(x

[Out] (a-b)~(3/2)*arctan(cot(x)*(a-b)~(1/2)/(at+bxcot(x)~2)~(1/2))-b~(3/2)*arctanh
(cot(x)*b~(1/2)/(atb*cot(x)~2) " (1/2))+a*(a+b*xcot(x)~2) " (1/2) *tan(x)

Rubi [A] time = 0.13, antiderivative size = 80, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 17,

number of rules _ 0,412, Rules used = {3670, 474, 523, 217, 206, 377, 203}

integrand size
Va —b cot(x)
\a + bcot?(x)

Vb cot(x)
\a + beot?(x)

Antiderivative was successfully verified.

~b32 tanh™ [ J +(a-b)*?tan™? [

) + atan(x)+/a + b cot?(x)

[In] Int[(a + b*Cot[x]~2)~(3/2)*Tanl[x]"2,x]

[Out] (a - b)~(3/2)*ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtla + bxCot[x]~2]] - b~(3/2)*A
rcTanh [(Sqrt [b]*Cot [x])/Sqrt[a + b*Cot[x]~2]] + a*Sqrtla + bxCot[x] 2]*Tan[
x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 21*Rt([b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 474

Int[((e_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_)
)7(q_ ), x_Symbol] :> Simp[(c*(e*x)"(m + 1)*(a + bxx™n) " (p + 1)*(c + d*x"n)~
(g - 1))/(axex(m + 1)), x] - Dist[1/(a*e"n*(m + 1)), Int[(exx)"(m + n)*(a +
b*x"n) “p*x(c + d*x"n)~(q - 2)*Simp[c*(c*xb - axd)*(m + 1) + cxnx(bxcx(p + 1)
+ axd*(q - 1)) + dx((cxb - axd)*(m + 1) + cxb*nx(p + q))*x"n, x], x], x] /
; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c - axd, 0] && IGtQ[n, 0] && GtQlq,
1] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, X]

Rule 523
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Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_.)*(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, f, n}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x) n)"p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ffl, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

(a + bx2)3/2

x? (1 + x2)
ol 2.2
= a4/a + bcot?(x) tan(x) — Subst [ f (1aiax2)2% dx, x, cot(x)]
: .
= b 2 _b ZS b d 7Ny t
ay/a + bcot*(x) tan(x) + (a — b)*Su st[f (1 +xz)m X, X, CO (x)l

1 cot(x
= a+/a + b cot?(x) tan(x) + a—bZSubst(f—dx,x,—’
N (x) tan(x) + (a - b) TR —

Va — b cot(x) ) 1 [ Vb cot(x) )
= (a-b)¥?tan? — b3 tanh \a+l
(2= 0y tan [\/a + beot?(x) " va + beot?(x) TN

f (a +b co’cz(x))g)/2 tan?(x) dx = — Subst [ f dx, x, cot(x))

Mathematica [B] time = 0.74, size = 222, normalized size = 2.78

sin(x) - (csc2(x)((a ~ b) cos(2x) — a - b)) (\/a "y (\/E 12 tanh ™! ( V2 Vb costo) ) + aV=b sec)V@=T

(a—b) cos(2x)—a—b

V2V=bVa-b(a=b)cos(2x)—a—-b

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[x]~2)7(3/2)*Tan[x]"2,x]

[Out] (Sqrt[-((-a - b + (a - b)*Cos[2*x])*Csc[x]"2)]1*(-(Sqrt[2]*(a - b)~2*Sqrt[-b
IxArcTanh [ (Sqrt [2]*Sqrt[a - b]*Cos[x])/Sqrt[-a - b + (a - b)*Cos[2*x]]]) +

Sqrt[a - bl*(Sqrt[2]*b~2*ArcTanh[(Sqrt[2]*Sqrt [-b]*Cos[x])/Sqrt[-a - b + (a

- b)*Cos[2*x]]] + a*Sqrt[-bl*Sqrt[-a - b + (a - b)*Cos[2*x]]*Sec[x]))*Sin[
x])/(Sqrt[2]*#Sqrt[a - bl*Sqrt[-bl*Sqrt[-a - b + (a - b)*Cos[2*x]])

fricas [A] time = 1.43, size = 543, normalized size = 6.79

a? tan(x)* - 2 (342 - 4 ab) tan(x)? + a2 — 8ab + 812 + 4 (atan(x)’ - (a — 2b) tan(x) ) V-

3

1
1 (—a+Db)2log|-

tan(x)* + 2 tan(x)2 + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x)"2,x, algorithm="fricas")
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[Out] [1/4x(-a + b)~(3/2)*log(-(a~2*tan(x)~4 - 2*(3*a”2 - 4*axb)*tan(x)"2 + a”2 -
8*axb + 8*b~2 + 4x(axtan(x)”3 - (a - 2*xb)*tan(x))*sqrt(-a + b)*sqrt((axtan
(x)72 + b)/tan(x)"2))/(tan(x) "4 + 2xtan(x)"2 + 1)) + 1/2%b~(3/2)*1log((a*tan
(x)72 - 2xsqrt(b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x) + 2*b)/tan(x)”2) +
axsqrt((a*xtan(x) "2 + b)/tan(x) "2)*tan(x), sqrt(-b)*b*arctan(sqrt(-b)*sqrt(
(axtan(x) "2 + b)/tan(x)"2)*tan(x)/b) + 1/4*(-a + b)~(3/2)*log(-(a"2*tan(x)”
4 - 2%(3*%a”2 - 4*axb)*tan(x)”2 + a”2 - 8*axb + 8*b”2 + 4*x(axtan(x)”"3 - (a -
2xb) *tan(x) )*sqrt(-a + b)*sqrt((axtan(x)”2 + b)/tan(x)~2))/(tan(x)"4 + 2%t
an(x)~2 + 1)) + axsqrt((a*xtan(x)”2 + b)/tan(x)"2)*tan(x), 1/2*(a - b)~(3/2)
xarctan(2*sqrt(a - b)*sqrt((a*xtan(x)~2 + b)/tan(x)~2)*tan(x)/(axtan(x)”"2 -
a + 2%b)) + 1/2%b”"(3/2)*log((a*xtan(x) "2 - 2xsqrt(b)*sqrt((a*xtan(x)~2 + b)/t
an(x)~2)*tan(x) + 2%b)/tan(x)~2) + a*sqrt((a*tan(x)”2 + b)/tan(x) 2)*tan(x)
, 1/2%(a - b)7(3/2)*arctan(2*sqrt(a - b)*sqrt((a*xtan(x) "2 + b)/tan(x)~2)*ta
n(x)/(a*xtan(x)"2 - a + 2%b)) + sqrt(-b)*b*arctan(sqrt(-b)*sqrt((axtan(x)”2
+ b)/tan(x)"2)*tan(x)/b) + axsqrt((a*xtan(x)~2 + b)/tan(x)~2)*tan(x)]

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)~2)~(3/2)*tan(x)~2,x, algorithm="giac")
[Out] Timed out

maple [B] time = 0.69, size = 1276, normalized size = 15.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cot(x)~2)"(3/2)*tan(x)"2,x)

[Out] -1/2*((a*cos(x) " 2-b*cos(x) 2-a)/(-1+cos(x)"2))~(3/2)*(-1+cos(x)) " 3*(2*cos(x
)*1n(4*cos(x)*(—a+b) " (1/2)*(-(a*cos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)-
dxaxcos (x)+4*b*cos (x)+4* (—a+b) " (1/2) * (- (a*xcos (x) "2-b*cos(x) "2-a)/(cos(x)+1)
~2)7(1/2))*b"(9/2) -4*cos (x) *1n(4*cos (x) *(—a+b) ~(1/2) * (- (a*cos (x) "2-b*cos (x)
~2-a)/(cos(x)+1)72) " (1/2)-4*ax*xcos (x)+4*b*cos (x)+4* (—a+b) " (1/2) *(-(a*cos(x) "~
2-bxcos(x)"2-a)/(cos(x)+1)72)~(1/2)) *b~(7/2) *a+2*cos (x) * (-a+b) " (1/2)*b~(5/2
)Yx(-(a*cos(x) "2-b*xcos(x)"2-a)/(cos(x)+1)"2) " (1/2)*a+2*cos (x)*1n(4*cos(x) *x (-
a+b) ~(1/2) *(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2) -4*a*cos (x)+4*b*c
os(x)+4*(-a+b) " (1/2)*(-(a*cos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2))*b~(5/
2) *a"2+2*ax (- (a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)"(1/2)*b~(5/2) *(-a+b) ~(
1/2)-cos(x)*(-a+b) " (1/2) *1n(-4*(cos (x) *b~ (1/2) * (- (a*cos (x) “2-b*cos(x) "2-a)/
(cos(x)+1)72)"(1/2)-a*cos(x)+b*cos (x)+(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1
)72)7(1/2)*%b~(1/2)+a) / (-1+cos(x) ) ) *b~4-3*cos (x) *(-a+b) ~(1/2) *1n (-2* (-1+cos(
x))*(cos(x)*b~(1/2) * (- (a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2)+axcos (x
)-bxcos (x)+(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2)*b~(1/2)+a) /sin(x
)72/b7(1/2) ) *a~3*b+6*cos (x)*(—a+b) ~(1/2) *1n(-2* (-1+cos(x) ) * (cos(x)*b~ (1/2) *
(- (a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2) +a*cos (x) -b*cos (x) + (- (a*cos(
xX) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*b~(1/2)+a) /sin(x) "2/b~(1/2) ) *a~2%b~2
-3*cos(x)*(-a+b) " (1/2)*1n(-2* (-1+cos(x) ) *(cos (x)*b~ (1/2) * (- (a*cos (x) "2-b*co
s(x)"2-a)/(cos(x)+1)"2)~(1/2)+a*cos(x)-b*cos(x)+(-(a*xcos(x) "2-b*cos(x) "2-a)
/(cos(x)+1)72)"(1/2)*b~(1/2)+a) /sin(x)"2/b~(1/2) ) *a*b~3+cos (x) *(-a+b) ~(1/2)
*1n (2% (-1+cos (x) ) *(cos (x) *b~ (1/2) * (- (a*xcos (x) "2-bxcos(x) "2-a)/(cos(x)+1) "2
)~ (1/2)+a*cos(x)-b*xcos(x)+(-(a*cos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)*b
~(1/2)+a) /sin(x)"2/b"(1/2) ) *b~4+3*cos (x) *(-a+b) ~(1/2) *1n(-4* (-1+cos (x) ) *(co
s(x)*b~ (1/2) *(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2)+a*cos (x)-b*cos
(x)+(-(a*xcos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a) /sin(x) "2/b"(
1/2))*a”~3%b-6*cos (x)*(-a+b) ~(1/2) *1n(-4*x(-1+cos(x)) *(cos (x)*b~ (1/2) * (- (axco
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s(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)+a*cos (x)-b*cos (x)+(-(a*cos (x) "2-bx*
cos(x)"2-a)/(cos(x)+1)"2)"(1/2)*b~(1/2)+a) /sin(x) "2/b"(1/2) ) *a~2*¥b~2+3*cos(
x)*(—a+b) ~(1/2)*1n(-4* (-1+cos(x) ) *(cos (x)*b~ (1/2) * (- (a*cos (x) "2-bxcos (x) ~2-
a)/(cos(x)+1)"2) "~ (1/2)+a*xcos (x)-bxcos(x)+(-(a*xcos(x) "2-b*cos(x) ~2-a)/(cos(x
)+1)72)"(1/2)*%b"(1/2)+a) /sin(x) "2/~ (1/2) ) *a*b~3) /cos(x) /sin(x) "3/ (- (a*cos(
x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)"(3/2) /b~ (5/2)/(~a+b) ~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

3

beot(x)? + a)? tan(x)? dx
I )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(x)~2)"(3/2)*tan(x)”2,x, algorithm="maxima")
[Out] integrate((b*cot(x)~"2 + a)~(3/2)*tan(x)”2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
3/2
f tam(x)2 (b cot(x)2 + a) / dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2*(a + bxcot(x)~2)~(3/2),x)

[Out] int(tan(x)~2x(a + b*cot(x)~2)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f (a + b cot? (x))E tan? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(x)**2)**(3/2)*tan(x)**2,x)

[Out] Integral((a + b*cot(x)**2)+**(3/2)*tan(x)**2, x)
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331 | (cz + beot*(c + dx))5/2 dx

Optimal. Leaf size=171

Vb cot(c+dx) i
a+bcot(c+dx) | b cot(c + dx) (a +beot?(c + dx)) b(7a — 4b) cot(c + dx)v
8d - 4d B 8d

b (15a2 —20ab + 8b2) tanh ™! [

[Out] -(a-b)~(5/2)*arctan(cot (d*x+c)*(a-b)~(1/2)/(atbxcot(d*x+c)~2)~(1/2))/d-1/4x*
bxcot (d*x+c)* (a+b*cot (d*x+c) ~2) ~(3/2)/d-1/8*(15*%a~2-20*a*xb+8*b~2) *arctanh(c

ot (d*x+c) *b~(1/2)/ (a+b*cot (d*x+c) ~2) ~(1/2))*b~(1/2) /d-1/8*(7T*a-4xb) *b*xcot (d

*x+c) * (a+b*xcot (d*x+c)~2)~(1/2)/d

Rubi [A] time = 0.19, antiderivative size = 171, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 8§, integrand size = 16,

number O WIS — 0,500, Rules used = {3661, 416, 528, 523, 217, 206, 377, 203}

integrand size

Vb (154% - 20ab + 86?) tanh ™' b cotterdn) , an
Ja+beot2(c+dx) ) b cot(c + dx) (a + beot(c + dx)) b(7a — 4b) cot(c + dx)v
8d 4d 8d

Antiderivative was successfully verified.
[In] Int[(a + b*Cot[c + d*x]~2)~(5/2),x]

[Out] -(((a - b)~(5/2)*ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrtl[a + bxCot[c + dxx]~
2]1)/d) - (Sqrt[bl*(15*a”2 - 20%a*b + 8%b~2)*ArcTanh[(Sqrt[b]l*Cot[c + d*x])
/Sqrtla + b*xCot[c + d*x]~2]]1)/(8%d) - ((7*a - 4xb)*b*Cot[c + d*x]*Sqrtl[a +
b*Cot [c + d*x]~2])/(8*d) - (b*Cot[c + d*x]*(a + b*Cot[c + d*x]~2)7(3/2))/(4

*d)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 21*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/8qrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 416

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)"(q - 1))/ (bx(nx(p + q) + 1)),
x] + Dist[1/(bx(nx(p + @) + 1)), Int[(a + b*x"n) p*(c + d*x"n) (q - 2)*Simp
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[ckx(bxcx(n*x(p + q) + 1) - axd) + dx(bxcx(nx(p + 2%q - 1) + 1) - axd*x(n*(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd,
0] && GtQlqg, 1] && NeQ[n*(p + q) + 1, 0] && !'IGtQ[p, 1] && IntBinomialQ[a
, b, ¢, d, n, p, q, x]

Rule 523

Int[((e ) + (f_.)*x(x_)"(n_))/(((a_) + (b_.)*x(x_)"(n_))*Sqrtl(c_) + (d_.)*(x
)7 (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrtc + d*x"nl), x], x] /; FreeQ[{a, b, c, d
, e, £, n}, x]

Rule 528

Int[((a_) + (b_)*x(x_)"(m_ )" (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.)*((e_) + (
f_)x(x_)"(n_)), x_Symbol] :> Simp[(f*x*(a + b*x™n) (p + 1)*(c + d*x"n)~q)/
(bx(n*x(p + g + 1) + 1)), x] + Dist[1/(b*x(n*x(p + q + 1) + 1)), Int[(a + b*x~
n)"px(c + d*x"n)~(q - 1)*Simp[cx(b*e - a*xf + bxexn*x(p + q + 1)) + (dx(b*xe -
axf) + fxnxqx(b*c - a*d) + bxdxexnx(p + q + 1))*x"n, x], x], x] /; FreeQ[{
a, b, ¢, d, e, f, n, p}, x] && GtQlg, 0] && NeQ[n*(p + q + 1) + 1, 0]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, pr, x] & (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
(a+bx2)5/2
Subst f >— dx, x, cot(c + dx)
5/2 1+x:
f(a + beot?(c + dx)) dx = - 7
Va+bx2 (a(4u—b)+(7u—4b)bx2)
32 ,
b cot(c + dx) (a + beot?(c + dx)) /2 Subst (f 142 dx,:
T 4d - 4d

_ (7a—4b)beot(c + dx)va + b cot(c + dx) _ beot(c +dx) (ﬂ + b cot?(c + dx

8d 4d

_ (7a—4b)bcot(c + dx)va + b cot(c + dx) _ beot(c +dx) (a + bcot?(c + dx

8d 4d

_ (7a—4b)bcot(c + dx)va + b cot(c + dx) _ beot(c +dx) (a + b cot?(c + dx

8d 4d

(a-b)" tan™! (MJ Vb (1502 — 20ab + 82) tanh ™

\a+b cot(c+dx)

Vb cot(c-

\a+b c0t2(

d - 8d
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Mathematica [C] time = 1.69, size = 259, normalized size = 1.51

Vb (1542 - 20ab + 8%) log (\/E i+ beot2(c +dx) + bot(c + dx)) + beot(c + dx)ya + beol(c + dx) (9a +

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)~(5/2),x]

[Out] -1/8*(b*Cot[c + d*x]*Sqrt[a + b*xCot[c + d*x]~2]*(9*a - 4*b + 2xb*Cot[c + dx
x]72) - (4*xI)*(a - b)~(5/2)*Log[((-4*I)*(a - I*bxCot[c + dxx] + Sqrt[a - b]
xSqrt[a + b*Cot[c + d*x]~2]))/((a - )~ (7/2)*(I + Cotlc + d*x]))] + (4xI)*(

a - b)~(5/2)*Log[((4xI)*(a + Ixb*Cot[c + d*x] + Sqrtl[a - bl*Sqrt[a + bxCot[

c + dxx]72]))/((a - b)~(7/2)*(-1I + Cotl[c + d*x]))] + Sqrt[bl*(15*xa~2 - 20*a

xb + 8%b~2)*Log[b*Cot[c + d*x] + Sqrt[bl*Sqrt[a + b*Cot[c + d*x]~2]])/d

fricas [B] time = 0.53, size = 1520, normalized size = 8.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(5/2),x, algorithm="fricas")

[Out] [-1/16%(8%(a”2 - 2*a*xb + b™2 - (a2 - 2%axb + b~2)*cos(2*d*x + 2%c))*sqrt(-
a + b)*xlog(-(a - b)*cos(2*d*x + 2xc) + sqrt(-a + b)*sqrt(((a - b)*cos(2*xd*x
+ 2xc) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*xd*x + 2%c) + b)*sin(2xd*x +
2xc) + (15%a”2 - 20*a*b + 8*b~2 - (15%a”2 - 20*a*xb + 8*b~2)*cos(2xd*x + 2*c
))*sqrt(b)*log(((a - 2*b)*cos(2+d*x + 2%c) + 2*sqrt(b)*sqrt(((a - b)*cos(2x*
d*x + 2xc) - a - b)/(cos(2*d*x + 2*c) - 1))*sin(2xd*x + 2*c) - a - 2%b)/(co
s(2xd*x + 2%c) - 1))*sin(2xd*x + 2%c) - 2% (4*b"2%cos(2xd*x + 2xc) - 3*(3*ax
b - 2%xb72)*cos(2*%dxx + 2%c)”2 + 9*axb - 2xb72)*sqrt(((a - b)*cos(2*xd*x + 2%
c) — a - b)/(cos(2xd*x + 2*xc) - 1)))/((d*cos(2*xd*x + 2*c) - d)*sin(2*d*x +
2%c)), 1/16x(16*(a"2 - 2xa*xb + b~2 - (a2 - 2*a*b + b~2)*cos(2xd*x + 2%c))*
sqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*d*x + 2%c) - a - b)/(co
s(2%d*x + 2*%c) - 1))*sin(2*d*x + 2*c)/((a - b)*cos(2*d*x + 2*c) + a — b))x*s
in(2*%d*x + 2xc) - (15%a”2 - 20*axb + 8*b~2 - (15%xa~2 - 20*axb + 8*b~2)*cos(
2xdxx + 2%c))*sqrt(b)*log(((a - 2xb)*cos(2*d*x + 2xc) + 2xsqrt(b)*sqrt(((a
- b)*cos(2*xd*x + 2*c) - a - b)/(cos(2*d*x + 2*c) - 1))*sin(2*d*x + 2*c) - a
- 2%b)/(cos(2%d*x + 2*c) - 1))*sin(2*d*x + 2*xc) + 2x(4xb~2*xcos(2xd*x + 2%*cC
) - 3%x(3*axb - 2xb72)*cos(2xdxx + 2%c)"2 + O9*axb - 2xb~2)*sqrt(((a - b)*cos
(2%d*x + 2%c) - a - b)/(cos(2xd*x + 2*c) - 1)))/((d*cos(2*d*x + 2%c) - d)*s
in(2*d*x + 2%c)), -1/8*x((15%a~2 - 20*a*b + 8*b"2 - (15*xa~2 - 20*a*b + 8*b~2
)*cos (2*d*xx + 2%c))*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*d*x + 2%c)
- a - b)/(cos(2*d*x + 2*c) - 1))*sin(2*d*x + 2%c)/(b*cos(2*xd*x + 2%c) + b)
)*sin(2*d*x + 2*c) + 4x(a”2 - 2%axb + b72 - (a”2 - 2*a*b + b72)*cos(2*dxx +
2xc))*sqrt(-a + b)*log(-(a - b)*cos(2xd*x + 2*c) + sqrt(-a + b)*sqrt(((a -
b)*cos (2*%d*x + 2%c) - a - b)/(cos(2*d*x + 2%c) - 1))*sin(2*d*x + 2*c) + b)
*3in(2*xd*x + 2xc) - (4%b"2xcos(2*d*x + 2xc) - 3*(3*axb - 2*b~2)*cos(2*d*x +
2%c) "2 + 9xaxb - 2xb~2)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x
+ 2xc) - 1)))/((d*xcos(2*d*x + 2*c) - d)*sin(2*d*x + 2xc)), 1/8%(8x(a"2 - 2
xaxb + b72 - (a2 - 2%axb + b~2)*cos(2*d*x + 2%c))*sqrt(a - b)*arctan(-sqrt
(a - b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin
(2xd*x + 2%c)/((a - b)*cos(2xd*x + 2%c) + a - b))*sin(2*d*x + 2xc) - (15%a”
2 - 20*a*xb + 8%b72 - (16*%a”2 - 20*axb + 8*b~2)*cos(2xd*x + 2%c))*sqrt(-b)*a
rctan(sqrt (-b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) -
1)) *sin(2xd*x + 2*c)/(b*cos(2*xd*x + 2xc) + b))*sin(2*xd*x + 2xc) + (4*b~2*co
s(2xd*x + 2%c) - 3*%(3*%axb - 2%b72)*cos(2xd*x + 2%c)”2 + O*xaxb - 2*b”"2)*sqrt
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(((a - b)*cos(2*d*xx + 2*%c) - a — b)/(cos(2xd*xx + 2xc) - 1)))/((d*cos(2*d*x
+ 2%c) - d)*sin(2%d*x + 2%c))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot(d*x+c)~2)7(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(d*x+c))]Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t

o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)U
nable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si

gn: (2*xpi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2*pi/t_nostep/2)Evaluation time: 2Error: Bad Argument Type

maple [B] time = 0.46, size = 462, normalized size = 2.70

b2 (cot? (dx +)) \Ja + b (cof? (dx +¢))  9bacot(dx +c) yJa +b(cof (dx +0)) 15Vb a?In (cot (dx + )
4d - 8d -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+bxcot(d*xx+c)~2)~(5/2),x)

[Out] -1/4/d*b~2xcot (d*x+c) ~3*(a+b*cot (d*x+c)~2) " (1/2)-9/8/d*b*a*cot (d*x+c) * (a+b*
cot (d*x+c)~2)~(1/2)-15/8/d*b~(1/2) *a"2*1n(cot (d*x+c)*b~(1/2)+(a+b*cot (d*x+c
)72)7(1/2))+1/2/d*b~2*xcot (d*x+c) * (atb*cot (d*x+c) ~2) ~(1/2)+5/2/d*b~ (3/2) *ax1

n(cot (d*xx+c)*b~(1/2)+(a+b*cot (d*x+c)~2)~(1/2))-1/d*b~(5/2) *1n(cot (d*x+c)*b~
(1/2)+(a+b*cot (d*x+c)~2)~(1/2))+1/d*b* (b~ 4*(a-b) )~ (1/2)/(a-b) *arctan((a-b) *
b~2/(b~4*(a-b))~(1/2)/(a+b*cot (d*x+c) ~2) ~(1/2) *cot (d*x+c) ) -3/d*a*x (b~ 4* (a-b)

)~ (1/2)/(a-b) *arctan((a-b)*b~2/ (b~ 4*(a-b)) ~(1/2) / (a+b*cot (d*x+c) ~2) " (1/2) *c

ot (d*x+c))+3/d*xa”~2/b*(b~4*(a-b))~(1/2)/(a-b)*arctan((a-b)*b~2/ (b~ 4*(a-b)) ~(
1/2) / (a+bxcot (d*x+c)~2) " (1/2) *cot (d*xx+c))-1/d*a”~ 3% (b~ 4*(a-b))~(1/2)/v"2/(a-
b)*arctan((a-b)*b~2/(b"4*(a-b))~(1/2)/(at+b*cot (d*x+c) ~2) " (1/2) *cot (d*x+c))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

5

f (bcot (dx + ¢ +a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(5/2),x, algorithm="maxima")
[Out] integrate((b*cot(d*x + c)”2 + a)~(5/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
5/2
f(bcot(c + clx)2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*cot(c + d*x)~2)~(5/2),x)
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[Out] int((a + bxcot(c + d*x)~2)"(5/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00
5

f(a +beot? (c + ﬁlx))E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot (d*x+c)**2)**(5/2),%)

[Out] Integral((a + bxcot(c + d*x)**x2)**x(5/2), x)
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332 | (cz + bcot*(c + dx))3/2 dx

Optimal. Leaf size=126

(a _ b)3/2 tan_l [ m cot(c+dx) ] \/E (3[1 _ Zb) tanh_l ( \/E cot(c+dx) )

\Ja+b cot?(c+dx) a+b cot2(c+dx)

_beot(c +dx)a +beot?(c +dx)
2d d 2d

[Out] -(a-b)~(3/2)*arctan(cot(d*x+c)*(a-b)~(1/2)/(atbxcot (d*x+c)~2)~(1/2))/d-1/2x%
(3*a-2xb) *arctanh(cot (d*x+c) *b~(1/2) / (a+b*cot (d*x+c)~2) " (1/2))*b~(1/2)/d-1/
2xb*xcot (d*x+c) * (a+b*cot (d*x+c) ~2)~(1/2)/d

Rubi [A] time = 0.10, antiderivative size = 126, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 16,

number ofules _ ().438, Rules used = {3661, 416, 523, 217, 206, 377, 203}

integrand size

_ Va—b cot(c+dx) -1 Vb cot(c+dx)
(a - b)*? tan™ [—J \/5(351 — 2b) tanh (—)
b CO’[(C + dx)\/a +b Cotz(c + dx) A/ a+b Cotz(c+dx) B \a+b cotz(c+dx)

2d d 2d

Antiderivative was successfully verified.
[In] Int[(a + b*Cot[c + d*x]~2)7(3/2),x]

[Out] -(((a - b)~(8/2)*ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrtl[a + b*Cot[c + d*x]~
2]1)/d) - ((3*a - 2%b)*Sqrt[b]l*ArcTanh[(Sqrt[b]*Cot[c + d*x])/Sqrtla + b*Co
tlc + d*x]~2]])/(2xd) - (b*Cot[c + d*x]*Sqrtla + b*Cot[c + d*x]~2])/(2%d)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1]1)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 416

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)~(q - 1))/ (b*x(nx(p + q) + 1)),
x] + Dist[1/(bx(nx(p + q) + 1)), Int[(a + b*x"n) p*x(c + d*x"n)~(q - 2)*Simp
[cx(b*xcx(n*x(p + q) + 1) - axd) + dx(b*xcx(n*x(p + 2xq - 1) + 1) - axd*(nx(q -
1) + 1))*x"n, x], x], x] /; FreeQl{a, b, c, d, n, p}, x] && NeQ[bxc - axd,
0] && GtQlq, 1] && NeQ[nx(p + q) + 1, 0] && 'IGtQ[p, 1] &% IntBinomialQ[a
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Rule 523
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Int[(Ce ) + (£_D*(x_)" (@ ))/(((a_) + (b_)*(x_)"(a_))*Sqrtl(c_) + (d_.)*(x

)" (m_)]), x_Symbol]

:> Dist[f/b, Int[1/Sqrtl[c + d*x"n], x], x] + Dist[(bx*e

- axf)/b, Int[1/((a + b*x"n)*Sqrtlc + d*x"nl), x], x] /; FreeQ[{a, b, c, d

, e, £, n}, x]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*x(x)1)" (. ))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f 2xx"2), x], x, (cxTan[e + f*x])/ff], x]] /; FreeQ[{a,

b, c, e, £, n, p}, x] & (IntegersQln, p] || I6tQlp, 0] || BqQ[n"2, 41 || E
qQ[n~2, 16])
Rubi steps
(a+bx2)3/2
3/2 Subst f 1122 dx, x, cot(c + dx)
f(a+bcot2(c+dx)) dx = — -

Mathematica [C] time

\

_ _ 2
a(2a-b)+(3a—-2b)bx dx, x, cot(c + dx)

Subst
bcot(c + dx)va + b cot(c + dx) ~ Hos (f

(1+x2)\/a+bx2 )
2d 2d
— b)?Subst | [ ———— dx, x, cot(c +
2d F]
1 cot(c+dx
(a —b)? Subst( —  dx,x, ——
b cot(c + dx)Va + b cot?(c + dx) ~ f 1-(-a+b)x? m

2d d
Va-b cot(c+dx) ) (3(1 _ Zb)\/E tanh_l ( Vb cot(c+dx)

\Ja+b cot?(c+dx) A a+b cot?(c+dx) ] b cot

d 2d

(a —b)*? tan™? (

= 1.38, size = 234, normalized size = 1.86

4i| Va-|

—bcot(c + dx)ya + beot?(c + dx) + i(a — b)*?log| -

41'( Va—b ja+b cot®(c+dx) +a—ib Cot(c+dx))

(a—b)>2(cot(c+dx)+i)

—i(a - b)*?log

2d

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cot[c + d*x]~2)~(3/2),x]

[Out] (-(bxCot[c + d*x]*Sqrtl[a + b*Cot[c + d*x]~2]) + Ix(a - b)~(3/2)*Logl[((-4*I)
*(a - I*b*Cot[c + d*x] + Sqrtla - bl*Sqrtla + b*Cot[c + d*x]~2]))/((a - b)~
(6/2)*%(I + Cotl[c + d*x]))] - Ix(a - b)~(3/2)*Logl[((4*I)*(a + I*b*Cot[c + dx
x] + Sqgrtla - bl*Sqrtla + b*Cotlc + d*x]~2]))/((a - b)~(5/2)*(-I + Cotlc +
d*x]))] + Sqrt[b]*(-3*a + 2xb)*Log[b*Cot[c + d*x] + Sqrt[b]*Sqrt[a + b*Cot[

c + d*x]72]1)/(2%d)
fricas [B]

time = 0.49, size = 1071, normalized size = 8.50

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(3/2),x, algorithm="fricas")

[Out] [-1/4x(2x(a - b)*sqrt(-a + b)*log(-(a - b)*cos(2xd*x + 2*c) - sqrt(-a + b)*
sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x +
2xc) + b)*sin(2*xdxx + 2%c) + (3*a - 2xb)x*sqrt(b)*log(((a - 2xb)*cos(2*d*x
+ 2%c) - 2*sqrt(b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%*c
) - 1))*sin(2*d*x + 2%c) - a - 2*b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x + 2xc
) + 2%(b*cos(2*xd*x + 2%c) + b)*sqrt(((a - b)*cos(2*xd*x + 2*%c) - a - b)/(cos
(2%d*x + 2xc) - 1)))/(d*sin(2*d*x + 2%c)), 1/2x((3*a - 2xb)*sqrt(-b)*arctan
(sqrt(-b)*sqrt(((a - b)*cos(2*d*x + 2*c) - a - b)/(cos(2*d*x + 2%c) - 1))*s
in(2*%d*x + 2xc)/(b*cos(2*d*x + 2%c) + b))*sin(2*dxx + 2%c) - (a - b)*sqrt(-
a + b)*log(-(a - b)*cos(2*d*x + 2xc) - sqrt(-a + b)*sqrt(((a - b)*cos(2*xd*x
+ 2xc) - a - b)/(cos(2xd*x + 2xc) - 1))*sin(2*d*x + 2xc) + b)*sin(2*d*x +
2xc) - (b*cos(2*d*x + 2xc) + b)*sqrt(((a - b)*cos(2xd*x + 2%c) - a - b)/(co
s(2xdxx + 2xc) - 1)))/(d*sin(2xd*x + 2x*c)), -1/4x(4x(a - b)~(3/2)*arctan(-s
grt(a - b)*sqrt(((a - b)*cos(2*d*x + 2*c) - a - b)/(cos(2*d*x + 2%c) - 1))*
sin(2xd*x + 2%c)/((a - b)*cos(2*d*x + 2%c) + a - b))*sin(2*d*x + 2%c) + (3%
a - 2xb)xsqrt(b)*log(((a - 2xb)*cos(2*xd*x + 2*c) - 2*sqrt(b)*sqrt(((a - b)*
cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2%c) - 1))*sin(2*d*x + 2%c) - a - 2%
b)/(cos(2xd*x + 2%c) - 1))*sin(2*xd*x + 2%c) + 2*(b*cos(2*d*x + 2%c) + b)*sq
rt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2*c) - 1)))/(d*sin(2xd*x
+ 2%c)), -1/2%(2%(a - b)~(3/2)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*d*x
+ 2xc) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x + 2xc)/((a - b)*cos(2xd*
X + 2xc) + a - b))*sin(2*d*x + 2*xc) - (3*a - 2%b)*sqrt(-b)*arctan(sqrt(-b)*
sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x +
2%c) /(b*cos(2*d*x + 2%c) + b))*sin(2xd*x + 2xc) + (bxcos(2xd*x + 2%c) + b)
xsqrt (((a - b)*cos(2xd*x + 2*%c) - a - b)/(cos(2xd*x + 2*c) - 1)))/(d*sin(2%

dkxx + 2%c))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ; OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(d*x+c))]Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)Unable t

o check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2%pi/t_nostep/2)Unable to check sign: (2xpi/t_nostep/2)>(-2*pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si

gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%pi/t_noste
p/2)>(-2%pi/t_nostep/2)Evaluation time: 0.71Error: Bad Argument Type

maple [B] time = 0.38, size = 298, normalized size = 2.37

3
b cot (dx + c) \/a +0b (cot2 (dx + c)) 3vb aln (cot dx +c) Vb + \/a +b (co’c2 (dx + c)) ) b2 In (cot (dx -
- - +
2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+bxcot(d*xx+c)~2)~(3/2),x)

[Out] -1/2*b*cot(d*x+c)*(a+bxcot (dxx+c) 2)~(1/2)/d-3/2/d*b"(1/2)*ax1ln(cot (d*x+c)*
b~ (1/2)+(a+b*cot (d*x+c) ~2) " (1/2))+1/d*b~(3/2) *1n(cot (d*x+c)*b~(1/2)+ (a+b*co



150

t(d*x+c)~2)"(1/2))-1/d*(b"4*x(a-b))~(1/2)/(a-b) *arctan((a-b) *b"2/(b~4* (a-b))
~(1/2) / (at+b*xcot (d*x+c) ~2) ~(1/2) *cot (d*x+c) ) +2/d*a/b* (b~ 4* (a-b)) ~(1/2)/(a-b)
xarctan((a-b)*b~2/(b~4x*(a-b)) ~(1/2)/(a+bxcot (d*x+c) ~2) ~(1/2) *cot (d*x+c)) -1/
d*a~2*x(b~4*(a-b))~(1/2)/b"2/(a-b)*arctan((a-b)*b~2/ (b~ 4*(a-b)) ~(1/2)/ (a+b*c
ot (d*x+c) ~2) " (1/2)*cot (d*x+c))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

3

beot (dx + ¢)* +a)? dx
Ik )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(3/2),x, algorithm="maxima")
[Out] integrate((b*cot(d*x + c)”2 + a)~(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
3/2
f(bcot(c + clx)2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*cot(c + d*x)~2)~(3/2),x)

[Out] int((a + b*cot(c + d*x)"2)7(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3

f (a+beot? (c +dx))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atbkcot(dxx+c)**2)*x(3/2),x)

[Out] Integral((a + b*cot(c + d*x)**2)**(3/2), x)
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3.33 f \/a + beot?(c + dx) dx

Optimal. Leaf size=87

a=b tan™ [MJ Vb tanh ™! (M)

\/a+b cot®(c+dx) \a+b cot?(c+dx)

d d

[Out] -arctan(cot(d*x+c)*(a-b)~(1/2)/(a+b*xcot (d*x+c)~2)~(1/2))*(a-b)~(1/2)/d-arct
anh (cot (d*x+c)*b~(1/2)/ (atbxcot (d*x+c)~2)~(1/2))*b~(1/2) /4

Rubi [A] time = 0.05, antiderivative size = 87, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 16,

number of rules _ ) 375, Rules used = {3661, 402, 217, 206, 377, 203}

integrand size

a—btan? [M] \/E tanh_l (M)

\Jat+b cotz(c+dx) \a+b cotz(c+dx)

d - d

Antiderivative was successfully verified.
[In] Int[Sqrtl[a + b*Cot[c + d*x]~2],x]

[Out] -((Sqrt[a - bl*ArcTan[(Sqrt[a - b]*Cot[c + dxx])/Sqrtl[a + bxCot[c + dxx]~2]
1)/d) - (Sqrt([b]*ArcTanh[(Sqrt[b]*Cot[c + d*x])/Sqrtl[a + b*Cot[c + d*x]~2]]
)/d

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] || GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x"2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_)*x(x )" (@ D))" (p_)/((c) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + b*xx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQ[p, 1/2] || EqQ[Denominator[p], 41)

Rule 3661



Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_
With[{ff = FreeFactors[Tan[e + fx*x],
ffxx)™n)"p/(c”2 + ££72%x72), x],

X,

D*x(x_)1)"(m))"(pl),
x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
(cxTan[e + f*x])/ff],
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x_Symbol] :>

x]] /; FreeQ[{a,

b, c, e, f, n, p}, x] & (IntegersQ[n, pl || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 16])
Rubi steps
Subs t( [ 2 iy x, cot(c+dx))
f\/a+bcot2(c+dx) dx = — 7
1
(ﬂ - b) Subst (f (1+x2)—a+m dx, X, COt(C + dX)) b Subst (f \/ajw dx, X, COt(C 4
T d - d
1 cot(c+dx) 1 cot(c+a
(a — b) Subst dx, x, b Subst dx, x,
B f 1-(-a+b)x® \Ja+b Cotz(c+dx) f 1-ba? \a+b cot?
T d - d
~b tan_l Va-b cot(c+dx) \/— b ta I‘Ih_ b cot(c+dx)
\a+b cot(c+dx) \Ja+b cotZ(c+dx)

d

Mathematica [C]

d

time = 0.61, size = 202, normalized size = 2.32

4i(\/a—b \a+b cot?(c+dx) +a+ib cot(c+dx))

4i(\/a—b A/ a+b cot®(c+dx) +a—ib cot(c+dx))

(a—b)32(cot(c+dx)+i)

+ 21'\/5 lo

i|Va-0blog|-

a->blog

(a—b)3/2(cot(c+dx)—i)

2d

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cot[c + d*x]~2],x]

[Out] ((I/2)*(Sqrtla - bl*Log[((-4*I)*(a - Ixb*Cot[c + d*x] + Sqrtl[a - b]*Sqrtla
+ bxCot[c + d*x]~2]))/((a - b)~(3/2)*(I + Cotl[c + d*x]))] - Sqrt[a - bl*Log
[((4*I)*(a + IxbxCot[c + dxx] + Sqrtl[a - bl*Sqrt[a + bxCot[c + d*x]~21))/((

a - b)7(3/2)*x(-I + Cotl[c + d*x]))] + (2%I)*Sqrt[b]l*Logl[b*Cot[c + d*x] + Sqr

t [b]*Sqrt[a + b*Cot[c + d*x]~2]1]1))/d

fricas [B] time = 0.94, size = 703, normalized size = 8.08

(a—2Db) cos

cos(2dx+2c¢)-1

in(2dx+2c)+b) + \/Elog

V=a+blog|- a—b)cos(de+2c)+m\/(abcos2dx+2c)

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2*(sqrt(-a + b)*xlog(-(a - b)*cos(2*d*x + 2xc) + sqrt(-a + b)*sqrt(((a -
b)*cos(2xd*x + 2*%c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2*d*x + 2%c) + b)

+ sqrt(b)*log(((a - 2*b)*cos(2*d*x + 2*xc) + 2*xsqrt(b)*sqrt(((a - b)*cos(2*d

*x + 2%c) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x + 2%c) - a - 2xb)/(cos
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(2%d*x + 2xc) - 1)))/d, -1/2*%(2*sqrt(a - b)*arctan(-sqrt(a - b)xsqrt(((a -
b)*cos(2xd*x + 2*%c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2xd*x + 2*c)/((a -
b)*cos(2%d*x + 2xc) + a - b)) - sqrt(b)*log(((a - 2*b)*cos(2*d*x + 2xc) +
2xsqrt (b) *sqrt (((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2%c) - 1))*s
in(2*%d*x + 2%c) - a - 2xb)/(cos(2xd*x + 2%c) - 1)))/d, 1/2*%(2*sqrt(-b)*arct
an(sqrt(-b)*sqrt(((a - b)*cos(2xd*x + 2%c) - a - b)/(cos(2*xd*x + 2%c) - 1))
xsin(2xd*x + 2*c)/(bxcos(2+d*x + 2*c) + b)) + sqrt(-a + b)*log(-(a - b)*cos
(2*%d*x + 2xc) + sqrt(-a + b)*sqrt(((a - b)*cos(2xd*x + 2%c) - a - b)/(cos(2
xd*x + 2%c) - 1))*sin(2xd*x + 2%c) + b))/d, -(sqrt(a - b)*arctan(-sqrt(a -
b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a - b)/(cos(2xd*x + 2%c) - 1))*sin(2*d*
x + 2xc)/((a - b)*cos(2*d*x + 2%c) + a - b)) - sqrt(-b)*arctan(sqrt(-b)*sqr
t(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2%c) - 1))*sin(2xd*x + 2%

c)/(b*xcos(2xd*x + 2%c) + b)))/d]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(d*x+c))]Unable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable t
o check sign: (2%pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2%
pi/t_nostep/2)>(-2xpi/t_nostep/2)Unable to check sign: (2%pi/t_nostep/2)>(-
2*pi/t_nostep/2)Unable to check sign: (2*pi/t_nostep/2)>(-2%pi/t_nostep/2)U
nable to check sign: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check si
gn: (2*pi/t_nostep/2)>(-2*pi/t_nostep/2)Unable to check sign: (2xpi/t_noste
p/2)>(-2xpi/t_nostep/2)Warning, replacing O by ~ u”, a substitution variabl
e should perhaps be purged.Warning, replacing O by ~ u’, a substitution var
iable should perhaps be purged.Warning, replacing O by ~ u’, a substitution
variable should perhaps be purged.Warning, replacing O by ~ u”, a substitu
tion variable should perhaps be purged.Warning, replacing O by ~ u’, a subs
titution variable should perhaps be purged.Warning, replacing O by ~ u’, a
substitution variable should perhaps be purged.Warning, replacing O by ~ u’
, a substitution variable should perhaps be purged.Warning, replacing 0 by
" u’, a substitution variable should perhaps be purged.Warning, replacing O
by ~ u’, a substitution variable should perhaps be purged.Warning, integra
tion of abs or sign assumes constant sign by intervals (correct if the argu
ment is real):Check [abs(t_nostep)]Warning, need to choose a branch for the
root of a polynomial with parameters. This might be wrong.Non regular valu
e [0] was discarded and replaced randomly by 0=[-92]Warning, need to choose
a branch for the root of a polynomial with parameters. This might be wrong
.Non regular value [0] was discarded and replaced randomly by 0=[4]Warning,
need to choose a branch for the root of a polynomial with parameters. This
might be wrong.Non regular value [0] was discarded and replaced randomly b
y 0=[69]Warning, need to choose a branch for the root of a polynomial with
parameters. This might be wrong.Non regular value [0] was discarded and rep
laced randomly by 0=[-99]Warning, need to choose a branch for the root of a
polynomial with parameters. This might be wrong.Non regular value [0] was
discarded and replaced randomly by 0=[94]Warning, need to choose a branch f
or the root of a polynomial with parameters. This might be wrong.Non regula
r value [0] was discarded and replaced randomly by 0=[-94]Warning, need to
choose a branch for the root of a polynomial with parameters. This might be
wrong.Non regular value [0] was discarded and replaced randomly by 0=[-41]
Warning, need to choose a branch for the root of a polynomial with paramete
rs. This might be wrong.Non regular value [0] was discarded and replaced ra
ndomly by 0=[-81]Precision problem choosing root in common_EXT, current pre
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cision 14Evaluation time: 0.63index.cc index_m operator + Error: Bad Argume
nt Value

maple [B] time = 0.42, size = 170, normalized size = 1.95

Vbi(a-b t (a=b)b? cot(dx+c) EYPE—n
\/E In (COt (@x +c) \/E i \/a +b (COtZ (dx + C)) ) ¢ ) are an( b*(a-b) a+b(Cot2(dx+c)) am
— N . )

d db(a-Db)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cot(d*x+c)~2)~(1/2),x)

[Out] -1/d*b~(1/2)*1n(cot (d*x+c)*b~ (1/2)+(a+b*cot (d*x+c)~2)~(1/2))+1/d*(b~4*(a-b)
)~ (1/2)/b/(a-b) *arctan((a-b)*b~2/ (b~ 4*(a-b)) ~(1/2) / (a+b*cot (d*x+c) ~2) ~(1/2)

*cot (d*x+c))-1/d*ax(b~4*(a-b)) "~ (1/2)/b"2/(a-b)*arctan((a-b) *b"2/ (b~ 4*(a-b))
~(1/2)/(a+bxcot (d*x+c) ~2) ~(1/2) *cot (d*x+c))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cot(d*x+c)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det
ails)Is b-a positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f\/bcot(c+dx)2+a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcot(c + d*x)~2)"(1/2),x)
[Out] int((a + b*cot(c + d*x)~2)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/a +beot? (¢ + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cot (d*x+c)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*cot(c + d*x)**2), x)
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338 [—————x

\/ a+b cot?(c+dx)

Optimal. Leaf size=47

a+b cotz(c+dx)

tan_l ( Va-b cot(c+dx) )

dva-1>b
[Out] -arctan(cot(d*x+c)*(a-b)~(1/2)/(atb*xcot (d*x+c)~2)~(1/2))/d/(a-b)~(1/2)

Rubi [A] time = 0.03, antiderivative size = 47, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 16,

number of rules _ ),188, Rules used = {3661, 377, 203}

integrand size

tan_l ( Va-b cot(c+dx) J

\a+b cot(c+dx)
dVa-b

Antiderivative was successfully verified.
[In] Int[1/Sqrtl[a + b*Cotl[c + d*x]~2],x]

[Out] -(ArcTan[(Sqrtla - b]*Cot[c + d*x])/Sqrtl[a + b*Cot[c + d*x]~2]]/(Sqrtla - b
1%d))

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]1)/@Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + b*(
ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
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1
Subst f(l-i-xz)—a-i-m dx, X, COt(C + dX)

1
f \/a + beot?(c + dx) d

. cot(c+dx)
S b t —_— dx/ xl N
ubs f 1—(~a+b)x? a+b cot?(c+dx)

d
tan‘l( Va-b cot(c+dx) ]
Va-bd

Mathematica [B] time = 0.41, size = 111, normalized size = 2.36

2 (a-b) c0t2(6+dx)
b cot“(c+dx 1l V™
cot(c + dx)w/L) +1 tanh ™ | —2—
a bcot2(c+dx)
V=t

_ 2
d _M Va +bcot?(c + dx)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + bxCot[c + dxx]~2],x]

[Out] -((ArcTanh[Sqrt[-(((a - b)*Cot[c + dxx]~2)/a)]/Sqrt[1 + (bxCot[c + dxx]"2)/
al]l*Cot[c + d*xx]*Sqrt[1 + (b*Cot[c + d*x]~2)/al)/(d*Sqrt[-(((a - b)*Cot[c +
d*x]~2)/a)]*Sqrt[a + bxCot[c + d*x]"2]))

fricas [B] time = 0.48, size = 239, normalized size = 5.09

cos(2dx+2c)-1

V=a+blog (—2 (4% —2ab + 1?) cos (2dx +2¢)* ~2((a - b) cos (2dx +2¢) ~ b)V=a +b \/ (tDcoedr29 0

4(a-Db)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bxcot(d*x+c)~2)~(1/2),x, algorithm="fricas")

[Out] [-1/4*sqrt(-a + b)*log(-2*(a”2 - 2xaxb + b~2)*cos(2*d*x + 2*c)~2 - 2x((a -
b)*cos(2xd*x + 2*c) - b)*sqrt(-a + b)*sqrt(((a - b)*cos(2*d*x + 2xc) - a -
b)/(cos(2xd*x + 2%c) - 1))*sin(2%d*x + 2%c) + a2 - 2*%b”2 + 4*(axb - b72)*c
os(2xd*x + 2*c))/((a - b)*d), -1/2*xarctan(-sqrt(a - b)*sqrt(((a - b)*cos(2x*

d*x + 2%c) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*xd*x + 2xc)/((a - b)*cos(2

xd*x + 2%c) - b))/(sqrt(a - b)*d)]

giac [B] time = 4.94, size = 88, normalized size = 1.87

\/E tan ldx+1c 2— btan 1lex+lc 4+4atam 1dx+lc 2—tham ldx+1c 2+b+\/l_7
2 2 2 2 2 2 2 2

2Va-b
Va-bd

Verification of antiderivative is not currently implemented for this CAS.

2 arctan| —
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[In] integrate(1/(a+bxcot(d*x+c)~2)~(1/2),x, algorithm="giac")

[Out] 2*arctan(-1/2*(sqrt(b)*tan(1/2*xd*x + 1/2%c)~2 - sqrt(bxtan(1/2*xd*x + 1/2%c)
4 + 4xaxtan(1/2xd*xx + 1/2xc)”2 - 2%bxtan(1/2*d*x + 1/2%c)”2 + b) + sqrt(b)

)/sqrt(a - b))/(sqrt(a - b)*d)

maple [A] time = 0.39, size = 68, normalized size = 1.45

(a—b)b? cot(dx+c)

Vb4 (a - b) arctan
Vb4(a=b) fa+D(cot?(dx+c))

- db2(a-b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cot(d*x+c)~2)~(1/2),x)
[Out] -1/d*x(b"4*x(a-b))~(1/2)/b"2/(a-b)*arctan((a-b)*b~2/(b"4x*x(a-b))~(1/2)/(a+tb*xco
t (d*x+c) "2) 7 (1/2) *cot (d*x+c))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bxcot(d*x+c)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h
elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det

ails)Is b-a positive or negative?

mupad [B] time = 0.85, size = 41, normalized size = 0.87

atan [ cot(c+d x) Va-b ]

b cot(c+d x)2+11

dVa->b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcot(c + d*x)~2)~(1/2),x)
[Out] -atan((cot(c + d*x)*(a - b)~"(1/2))/(a + bxcot(c + d*x)~2)"(1/2))/(d*x(a - b)
~(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1

dx
f \/a + b cot? (¢ + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(dxx+c)**2)*x(1/2),%)

[Out] Integral(1l/sqrt(a + b*cot(c + d*x)**2), x)
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335  [—o dx

(a+b cot? (c+clx))3/2

Optimal. Leaf size=85

tan_l ( Va-b cot(c+dx) ]

b cot(c + dx) \Ja+b cot?(c+dx)

ada-ba+beolc+dg  da-b>~?

[Out] -arctan(cot(d*x+c)*(a-b)~(1/2)/(a+b*cot (d*x+c)~2)~(1/2))/(a-b)~(3/2)/d+b*co
t (d*x+c)/a/(a-b)/d/ (a+b*cot (d*x+c)~2) " (1/2)

Rubi [A] time = 0.06, antiderivative size = 85, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 16,
number of rules _ ) 250, Rules used = {3661, 382, 377, 203}

integrand size

tan_l ( Va-b cot(c+dx) ]

b cot(c + dx) \Ja+b cot(c+dx)

ad@a-ba+beolc+dg  da—b>?

Antiderivative was successfully verified.
[In] Int[(a + b*Cotl[c + d*x]~2)~(-3/2),x]

[Out] -(ArcTan[(Sqrtla - b]*Cot[c + d*x])/Sqrtl[a + b*Cot[c + d*x]~2]]/((a - b)~(3
/2)*d)) + (b*Cot[c + d*x])/(ax(a - b)*d*Sqrtl[a + bxCot[c + d*x]~2])

Rule 203

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 382

Int[((a_) + (b_)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]

:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/ (a*nx(p + 1)*(b*c -

axd)), x] + Dist[(b*c + n*(p + 1) x(bxc - a*xd))/(a*nx(p + 1)*(b*xc - a*xd)), I
nt[(a + bxx"n) " (p + 1)*(c + d*x"n)"q, x], x] /; FreeQ[{a, b, c, d, n, q}, x
] && NeQ[b*c - axd, 0] && EqQIn*(p + q + 2) + 1, 0] && (LtQ[p, -11 |l !'LtQ
[q, -1]) && NeQ[p, -1]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*(x)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] & (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
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Subst ( ) ;)3/2 dx, x, cot(c + dx))

(1+x2)(a+bx2

1
f dx = —
(a +beoti(c +dx)™” d

1
b cot(c + dx) Subst (f () Varoa? dx, x, cot(c + dx))

) a(a — b)da + bcot?(c + dx) (a—b)yd

cot(c+dx) ]

Subst f ﬁ ax, x, ——=—
b cot(c + dx) ~(a+b)x A/ a+b cot?(c+dx)

B a(a — b)da + bcot?(c + dx) (a-b)d
tan_l [ Va-b cot(c+dx) ]
Ja+b cot?(c+dx) b cot(c + dx)
(a —b)32d a(a — b)d\/a + b cot?(c + dx)
Mathematica [C] time = 3.64, size = 231, normalized size = 2.72
) 2end 15a(3a tan®(c
cos?(c + dx) cot(c + dx) | 4(a — b)? cos?(c + dx) (a tan?(c + dx) + b) oF; (2, 2; ; P )Coz (et x)) -

15a3d(a — b)ya + bcot?(c + dx)

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxCot[c + dxx]~2)~(-3/2),x]

[Out] -1/15%(Cos[c + d*x]~2*Cot[c + d*x]*(4*(a - b) 2*Cos[c + d*x] 2xHypergeometr
ic2F1[2, 2, 7/2, ((a - b)*Cos[c + d*x]~72)/al*(b + axTan[c + d*x]~2) - (15*a
*x(2xb + 3*axTan[c + d*x] 2)*(ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/allx*(b +
axTan[c + d*x]~2) - axSec[c + d*x]~2+Sqrt[((a - b)*Cos[c + dxx] 4*(b + ax*Ta

nlc + d*x]72))/a"2]))/Sqrt[((a - b)*Cos[c + d*x] 4*(b + a*Tan[c + d*x]~2))/
a~2]))/(a"3*(a - b)*d*Sqrt[a + bxCot[c + dxx]~2])

fricas [B] time = 0.62, size = 526, normalized size = 6.19

(a2 +ab - (az - ab) cos (2dx + 2c))\/—a + b log (—2 (112 —2ab+ bz) cos (2dx + 2c)2 +2((a—Db)cos (24d.
B 4((a4—3a3b+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cot(d*x+c)~2)7(3/2),x, algorithm="fricas")

[Out] [-1/4x((a"2 + a*xb - (a”2 - ax*b)*cos(2*d*x + 2xc))*sqrt(-a + b)*log(-2x(a~2
- 2xa*xb + b72)*cos(2xd*x + 2%c)”2 + 2x((a - b)*cos(2*d*x + 2xc) - b)*sqrt(-
a + b)*sqrt(((a - b)*cos(2*d*x + 2*c) - a - b)/(cos(2xd*x + 2*c) - 1))*sin(
2%dxx + 2%c) + a”2 - 2%b72 + 4x(axb - b72)*cos(2xd*x + 2%c)) + 4*(axb - b72
)*sqrt (((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x

+ 2xc))/((a”4 - 3*a”3*%b + 3*a”2*b"2 - a*b”~3)*d*cos(2*d*x + 2xc) - (274 - a
“3%b - a"2*%b"2 + ax*b”3)*d), 1/2x((a"2 + axb - (a"2 - axb)*cos(2xd*x + 2%*c))
xsqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(c
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08 (2*d*x + 2*c) - 1))*sin(2+d*x + 2*c)/((a - b)*cos(2*d*x + 2*c) - b)) - 2%
(axb - b™2)*sqrt(((a - b)*cos(2xd*xx + 2%c) - a - b)/(cos(2*xdxx + 2%c) - 1))
*3in(2*xd*x + 2xc))/((a"4 - 3*a”3*b + 3*a"2*b”2 - a*xb~3)*d*cos(2*xd*x + 2%*c)

- (2”4 - a”3%b - a”2%b”2 + a*xb~3)*d)]

giac [B] time = 10.14, size = 348, normalized size = 4.09

2
(uzbsgn(tan(% dx+% c))—Z abzsgn(tan(% dx+% c))+b35gn(tan(% dx+% c))) tan(% dx+% C) ~ uzhsgn(tan(% dx+% C))—Z abzsgn(tan(% dx+% c))+b35gn(tan(% dx+% C))
a4-3a3b+3 a2b2-ab3 a4-3a3b+3 a2b2—ab3

ptan(L dve L o) +4atan(d vl o) —2btan(Ldxsl ) +b
anzxzc aanzxzc anzxzc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)~(3/2),x, algorithm="giac")

[Out] -(((a"2*b*sgn(tan(1l/2*d*x + 1/2%c)) - 2*axb”™2xsgn(tan(1l/2*d*x + 1/2%c)) + b
“3*sgn(tan(1/2*xd*x + 1/2%c)))*tan(1/2xd*x + 1/2xc)~2/(a"4 - 3*%a~3*b + 3*a~2

*b~"2 - a*b”3) - (a"2xb*sgn(tan(1/2*xd*x + 1/2%c)) - 2*axb~2*sgn(tan(1/2xd*x

+ 1/2%c)) + b~ 3xsgn(tan(1l/2*d*x + 1/2%c)))/(a"4 - 3*%a"3xb + 3*%a”2xb"2 - a*b
~3))/sqrt(b*tan(1/2*d*x + 1/2%c)”4 + 4*xaxtan(1/2*d*x + 1/2%c)”2 - 2*xbxtan(1
/2%d*xx + 1/2%c)”2 + b) + sqrt(b)*sgn(tan(1/2xd*x + 1/2%c))/(a”2 - axb) - 2%
arctan(-1/2*x(sqrt(b)*tan(1/2*xd*x + 1/2*%c)”2 - sqrt(b*tan(l/2*d*x + 1/2xc)~4

+ 4dxaxtan(1/2*d*x + 1/2%c)”2 - 2*xbxtan(1/2*xd*x + 1/2*c)”2 + b) + sqrt(b))/
sqrt(a - b))/ ((a*sgn(tan(1/2*d*xx + 1/2*c)) - bxsgn(tan(1/2*dxx + 1/2%c)))*s
grt(a - b)))/d

maple [A] time = 0.36, size = 104, normalized size = 1.22

_h)2
b (a - D) arctan (a—=b)b* cot(dx+c)

bcot (dx + c) VbA(a-b) yJa+b(cot?(dx+c))
- 2
a(a~b)dya+b (ot (dx +c)) d(a—b2 02

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cot(d*x+c)~2)~(3/2),x)

[Out] b*xcot(d*x+c)/a/(a-b)/d/(atb*xcot (d*x+c)~2)~(1/2)-1/d/(a-b) " 2x(b~4*(a-b)) " (1/
2) /b~ 2xarctan((a-b)*b~2/ (b~ 4*x(a-b)) " (1/2)/(atb*cot (d*x+c)~2) " (1/2) *cot (d*x+
c))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)7(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det
ails)Is b-a positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f( L =75 dx

bcot(c+dx)2+a) !



Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b*cot(c + d*x)~2)"(3/2),x)
[Out] int(1/(a + b*cot(c + d*x)~2)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

W

(a+bcot? (c +dx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cot (d*x+c)**2)**(3/2),x)

[Out] Integral((a + b*cot(c + d*x)**2)**x(-3/2), x)
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1
336 | = dx
(a+b cot? (c+dx))
Optimal. Leaf size=135
tan_l ( Va-b cot(c+dx) )
b(5a — 2b) cot(c + dx) N b cot(c + dx) \Ja+b cot?(c+dx)

3a2d(a - b)>\a + b cot?(c + dx) 3ad(a - b) (a +beot?(c + alx))a/2 d(a —b)>

[Out] -arctan(cot(d*x+c)*(a-b)~(1/2)/(a+b*xcot (d*x+c)~2)~(1/2))/(a-b)~(5/2)/d+1/3x*
bxcot (d*x+c) /a/(a-b)/d/ (a+bxcot (d*xx+c) ~2) ~(3/2)+1/3*%(5*a-2*b) *bxcot (d*x+c) /
a~2/(a-b)~2/d/ (a+bxcot (d*x+c)~2)~(1/2)

Rubi [A] time = 0.11, antiderivative size = 135, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 16,

number of rules _ ) 375, Rules used = {3661, 414, 527, 12, 377, 203}

integrand size

tan_l ( Va-b cot(c+dx) )

\a+b cot(c+dx)

b(5a — 2b) cot(c + dx) N b cot(c + dx)
d(a — b)>?

3a2d(a — b)2ya + b cot?(c + dx) 3ad(a - b) (a + beot?(c + alx))a/2

Antiderivative was successfully verified.
[In] Int[(a + bxCotl[c + d*x]~2)"(-5/2),x]

[Out] -(ArcTan[(Sqrt[a - b]*Cot[c + dxx])/Sqrtla + b*Cot[c + d*x]~2]]1/((a - b)~(5
/2)*d)) + (bxCot[c + d*x])/(3*ax(a - b)*d*(a + b*Cot[c + d*x]~2)7(3/2)) + (
(bxa - 2*b)*b*Cot[c + d*x])/(3*a"2x(a - b)~2xd*Sqrt[a + b*Cot[c + d*x]~2])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/bl && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))~ (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 414

Int[((a ) + (b_)*(x )" (0 )~ (pI)*x((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]
:> =Simp[(b*x*(a + b*x™n)~(p + *(c + d*x"n)"(q + 1))/(a*nx(p + 1)*(b*c -
axd)), x] + Dist[1/(a*n*x(p + 1)*(b*c - axd)), Int[(a + b*x™n) " (p + 1) *(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - axd) + dxbx(n*x(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[b*c - a*xd, 0] && LtQ[p, -1]
& '( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -11) && IntBinomialQ[a, b, c,
d, n, p, q, xJ

Rule 527
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Int[((a_) + (b_)*(x_)"(_))~(p)*((c_) + (d_)*(x_)"(m_))"(q_.)*x((e ) + (£
_I)*(x_ )" (n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + b*xx™n) (p + 1)*(c +
d*x"n)~(q + 1))/ (a*n*(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*x(b*c - axd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + )*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, g}, x] && LtQ[p, -1]

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tan[(e_.) + (£_)*(x)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + b*(
ffxx)"n)p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 16])

Rubi steps

Subst ( f !

f - dx = — (1+32)(a+D22)
( 2

a+bcot?(c + dx))5/ d

dx, x, cot(c + dx))

5/2

3a—2b-2bx?
Subst dx, x, cot(c + dx)
~ b cot(c + dx) (f (1422) (a+b22)
- 32 _
3a(a - b)d (a + beot(c + dv))” 3a(a - b)d
Subst
) b cot(c + dx) . (Ba-2bbcot(c+dx) Hbs
- 3/2 -
Ba(a - b)d (a + beot(c +dx) " 3a2(a—bdya +bcof(c + d)
Subst
B b cot(c + dx) N (5a — 2b)b cot(c + dx) Hbs
3a(a - b)d (a + beot?(c + dx))s/2 3a2(a — b)2da + b cot?(c + dx)
Subst
B b cot(c + dx) N (5a — 2b)b cot(c + dx) _
3a(a - b)d (a + beot?(c + dx))a/2 3a2(a — b)2dva + b cot?(c + dx)
tan_l [ Va-b cot(c+dx) ]
_ \Ja+b cot?(c+dx) b COt(C + dx) N (5(1 - Zb)l

(a = b)*d 3a(a - b)d (a + beot?(c +dv)) " 3a2(a - bydv:

Mathematica [C] time = 7.94, size = 367, normalized size = 2.72

9 (a-b) cos?(c+dx)

2
cot(c + dx) | 24(a - b)? cos(c + dx) (a tan?(c + dx) + b) " 5F, (2, 2,21,%;

) + 24(a — b)® cos?(

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*Cot[c + d*x]~2)~(-5/2),x]
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[Out] -1/315*%(Cot[c + d*x]~5*(24*(a - b) 3*Cos[c + d*x] 2xHypergeometricPFQ[{2, 2
, 2}, {1, 9/2}, ((a - b)*Cos[c + d*x]~2)/al*x(b + axTan[c + d*x]~2)72 + 24x(

a - b)~"3*Cos[c + d*x] 2*xHypergeometric2F1[2, 2, 9/2, ((a - b)*Cos[c + d*x]~
2)/a]l*(3%b~2 + T*axb*Tan[c + d*x]~2 + 4%a”2*Tan[c + d*x]~4) - (35*a*x(8*b~2

+ 20*a*bxTan[c + d*x]~2 + 15%a~2*Tan[c + d*x]~4)*(-3*%ArcSin[Sqrt[((a - b)*C

os[c + d*x]~2)/all*(b + a*Tan[c + d*x]~2)72 + axSec[c + dxx]~2*Sqrt[((a - b
)*Cos[c + d*x]~4*(b + a*Tan[c + d*x]~2))/a"2]*(4*b + ax(-1 + 3*Tan[c + d*x]
~2))))/Sqrt[((a - b)*Cos[c + d*x] 4*x(b + axTan[c + d*x]~2))/a"2]))/(a"5*(a

- b)"2xd*(1 + Cot[c + d*x]~2)*Sqrt[a + b*Cot[c + d*x]~2]*(1 + (b*Cot[c + dx*
x]72)/a))

fricas [B] time = 0.68, size = 898, normalized size = 6.65

3 (a4 +2a%b + a?b? + (a4 -2a%h + azbz) cos (2dx +2¢)* -2 (a4 —~ azbz) cos (2dx + 2c))\/—a +b log (—2 (a

12 ((a7 — 546

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cot(d*x+c)~2)~(5/2),x, algorithm="fricas")

[Out] [-1/12*x(3*(a”™4 + 2*a"3*b + a~2%b”"2 + (a”4 - 2*a~3*b + a~2*b~2)*cos(2xd*x +
2%c)”"2 - 2x(a”4 - a”2*%b"2)*cos(2*d*xx + 2xc))*sqrt(-a + b)xlog(-2x(a”2 - 2xa
*b + b~2)*cos(2*d*x + 2xc)”2 - 2*((a - b)*cos(2xd*x + 2%c) - b)*sqrt(-a + b
)*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2xc) - 1))*sin(2*d*x
+ 2%c) + a”2 - 2*xb"2 + 4x(axb - b"2)*cos(2xd*xx + 2%c)) - 8*%(3*a"3*b - 2*xa”
2%b~2 - 2*%a*b”3 + b~4 - (3*%a"3%b - 7*a"2*b"2 + 5xaxb”3 - b~4)*cos(2xd*x + 2
xc))*sqrt(((a - b)*cos(2*d*x + 2xc) - a - b)/(cos(2*d*x + 2%c) - 1))*sin(2%
dxx + 2%c))/((a”7 - 5*xa~6*b + 10*%a”~b*xb~2 — 10*a”~4xb~3 + 5*%a”~3*b"4 - a~2*b”5
Yxd*xcos (2*%d*x + 2*c)”2 — 2x(a”7 - 3*a"6*b + 2*%a"bxb"2 + 2*¥a~4xb”3 - 3*a”~3*b
4 + a”2*%b”5)*d*cos(2xd*x + 2%c) + (a"7 - a"6xb - 2*%a~5*%b"2 + 2*a"4*b"3 + a
“3%b"4 - a”2*b”5)*d), -1/6%(3x(a"4 + 2*a”3*b + a"2%b"2 + (a”4 - 2*a"3*b + a
“2*%b"2) *cos(2*xd*x + 2xc)”2 - 2%(a”4 - a”2%b”"2)*cos(2xd*x + 2%c))*sqrt(a - b
)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*d*x + 2%c) - a - b)/(cos(2*d*x +
2%c) - 1))*sin(2*xd*x + 2*c)/((a - b)*cos(2*xd*x + 2*xc) - b)) - 4*(3*a"3*b -
2%a"2%b"2 - 2*%a*b”3 + b~4 - (3*a"3*b - 7*a"2*%b"2 + 5xaxb~3 - b74)*cos(2xd*x
+ 2%c))*sqrt(((a - b)*cos(2xd*x + 2*%c) - a - b)/(cos(2xd*x + 2%c) - 1))*si
n(2*%d*x + 2%c))/((a”7 - 5*xa”6%b + 10*a~5*xb~2 - 10%a~4*b~3 + 5%xa~3*b~4 - a~2
*b75) *d*cos (2xd*x + 2*xc)"2 - 2%(a”7 - 3*a"6xb + 2*xa~5*%b"2 + 2*a"4*b"3 - 3*a
“3*%b~4 + a”2*b”5)*d*cos(2*xd*x + 2%c) + (a7 - a"6xb - 2*¥a~5*%b"2 + 2*a”"4*b”3
+ a”3%b"4 - a"2xb~5)*d)]

giac [B] time = 13.77, size = 1341, normalized size = 9.93

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cot(d*x+c)~2)~(5/2),x, algorithm="giac")

[Out] -1/3*((5*a*xb - 2*b~2)*sgn(tan(1/2*d*x + 1/2*c))/(a~4*sqrt(b) - 2*a~3*b~(3/2
) + a”2xb~(5/2)) + ((((5*a~9*b~2*sgn(tan(1/2*d*x + 1/2%c)) - 42xa"8*b~3*sgn
(tan(1/2*%d*x + 1/2%c)) + 156*a”7xb~4*sgn(tan(1/2*d*x + 1/2%c)) - 336*a~6*b~
Bksgn(tan(1/2xd*x + 1/2%c)) + 462xa”5xb~6*sgn(tan(1/2xd*x + 1/2xc)) - 420%a
“4xb”7*sgn(tan(1/2*xd*x + 1/2%c)) + 252*%a~3*b"8*sgn(tan(1/2*d*x + 1/2%c)) -
96*a”~2xb~9*sgn(tan(1/2*d*x + 1/2%c)) + 21*xaxb~10*sgn(tan(1/2xd*x + 1/2%c))

- 2xb~11*sgn(tan(1/2xd*x + 1/2xc)))*tan(1l/2xd*x + 1/2xc)~2/(a"12 - 10*a~11x%

b + 45%a”10*%b"2 - 120%a”9*b"3 + 210*%a"8*b"4 - 252%a”7*b"5 + 210*a"6x%b"6 - 1
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20%a”~5%b~7 + 45*%a~4%b”"8 - 10*%a~3*b”"9 + a~2+b"10) + 3*(8*a~10xb*sgn(tan(1/2%
dxx + 1/2%c)) - 73*a”9%b~2*xsgn(tan(1l/2xd*x + 1/2%c)) + 298*a~8xb~3*sgn(tan(
1/2%d*x + 1/2%c)) - 716*a”7*b"4xsgn(tan(1l/2*d*x + 1/2%c)) + 1120*%a~6*b~b*sg
n(tan(1/2*xd*x + 1/2%c)) - 1190%a”5*b~6xsgn(tan(1/2*d*x + 1/2xc)) + 868xa~4x
b~ 7*sgn(tan(1/2xd*x + 1/2%c)) - 428%a~3*b~8*sgn(tan(1/2xd*x + 1/2%c)) + 136
*a"2xb"9*sgn (tan(1/2xd*x + 1/2%xc)) - 26*a*xb~10*sgn(tan(1l/2*d*x + 1/2%c)) +
2xb~11xsgn(tan(1/2*d*x + 1/2%c)))/(a~12 - 10*a~11%b + 45%a~10*b~2 - 120*a”~9
*b"3 + 210*%a”8*b"4 - 252%a”7*b"5 + 210*%a”"6xb"6 - 120*%a"5xb"7 + 45%a"4*b"8 -
10%a~3*%b~9 + a”2*%b~10))*tan(1l/2*d*x + 1/2%c)”2 - 3*(8*a~10*b*sgn(tan(1/2xd
xx + 1/2%c)) - 73*a”9*%b~2*sgn(tan(1/2xd*x + 1/2%c)) + 298*%a~8*b~3*sgn(tan(1
/2%d*x + 1/2%c)) - T16*a”~7+b~4xsgn(tan(l/2*d*x + 1/2%c)) + 1120*a”6*b~5*sgn
(tan(1/2*%d*x + 1/2%c)) - 1190%a”b*b~6*sgn(tan(1l/2xd*x + 1/2xc)) + 868xa~4x*Db
“Txsgn(tan(1/2*d*x + 1/2%c)) - 428+*a”3*%b"8xsgn(tan(1l/2*d*x + 1/2%c)) + 136%
a"2xb"9*xsgn(tan(1/2*d*xx + 1/2%c)) - 2b5*xaxb~10*sgn(tan(1/2xd*x + 1/2%c)) + 2
xb~11*sgn(tan(1/2xd*x + 1/2%c)))/(a”12 - 10*a”11*b + 45*%a~10%xb~2 - 120*a~9%
b~3 + 210%a"8%b~4 - 252%a”7*b"5 + 210*%a"6%b"6 — 120*%a”~5%b”7 + 45*%a~4%b"8 -
10%a~3*b~9 + a~2*xb~10))*tan(1l/2*d*x + 1/2%c)~2 - (5*xa”~9*b~2*xsgn(tan(1/2*d*x
+ 1/2xc)) - 42*a”8*b~3xsgn(tan(1/2*d*x + 1/2%c)) + 156*a”7*b"4*xsgn(tan(1/2
xd*x + 1/2xc)) - 336%a”6*xb~bksgn(tan(1/2xd*x + 1/2%c)) + 462*xa~b*xb~6*sgn(ta
n(1/2xd*x + 1/2%c)) - 420*a~4*xb~7*sgn(tan(1/2xd*x + 1/2%c)) + 252%a~3%b~8*s
gn(tan(1/2*d*x + 1/2%c)) - 96*%a~2*b"9*sgn(tan(1/2*xd*x + 1/2%c)) + 21xa*xb~10
xsgn(tan(1/2*d*x + 1/2%c)) - 2xb~11l*sgn(tan(1/2xd*x + 1/2%xc)))/(a"12 - 10*a
“11xb + 45%a”10%b"2 - 120*%a”9*b~3 + 210*a”"8xb"4 - 252*%a”~7*b"5 + 210*a"6*b”6
- 120%a”5*b~7 + 45%a~4*xb~8 - 10*a”3xb~9 + a”2xb~10))/(bxtan(1/2*d*x + 1/2%
c)”4 + 4dxaxtan(1/2*d*x + 1/2%c)”2 - 2xbxtan(1/2%d*x + 1/2%c)”2 + b)~(3/2) -
6xarctan(-1/2*(sqrt(b) *tan(1/2xd*x + 1/2xc)~2 - sqrt(bxtan(1l/2*d*x + 1/2*c
)74 + 4dxaxtan(1/2*xdxx + 1/2%c)”2 - 2xb*xtan(1/2xd*x + 1/2xc)”2 + b) + sqrt(b
))/sqrt(a - b))/ ((a~2*sgn(tan(1/2xd*x + 1/2xc)) - 2*axb*sgn(tan(1/2*d*x + 1
/2%c)) + b72xsgn(tan(1l/2*d*x + 1/2%c)))*sqrt(a - b)))/d

maple [A] time = 0.38, size = 176, normalized size = 1.30

b cot (dx + c) N b cot (dx + ¢) N 2b cot (dx + ¢)

d(a- Dby a\/a +b (cot2 (dx + c)) 3a(a-b)d (a Iy (c0t2 (dx + c)))g 3d(a-"b) az\/a +b (cot2 (dx + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cot(d*x+c)~2)~(5/2),x)

[Out] 1/d*b/(a-b) "2xcot (d*x+c)/a/(a+b*cot (d*x+c)~2)~(1/2)+1/3*b*cot (d*x+c)/a/(a-b
)/d/ (a+b*cot (d*x+c) ~2) ~(3/2)+2/3/d*b/ (a-b) /a~2*cot (d*x+c) / (a+b*cot (d*x+c) "2

)~ (1/2)-1/d/(a-b) "3*(b~4x(a-b) )~ (1/2) /b~ 2*arctan((a-b)*b~2/ (b~ 4*x(a-b)) ~(1/2

)/ (a+b*cot (d*x+c) ~2) " (1/2) *cot (d*x+c))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot(d*x+c)~2)7(5/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det
ails)Is b-a positive or negative?

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f( ! = dx

bcot(c+dx)2+a)/




Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b*cot(c + d*x)~2)"(5/2),x)
[Out] int(1/(a + b*cot(c + d*x)~2)"(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
dx

16,

(a+bcot? (c +dx))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cot (d*x+c)**2)**(5/2),x)

[Out] Integral((a + b*cot(c + d*x)**2)**x(-5/2), x)

166
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1

3.37 772 dx
(a+b cot? (c+dx))
Optimal. Leaf size=190
b(9a — 4b) cot(c + dx) b (3342 — 26ab + 8b?) cot(c + dx) N b cot(c + dx)

3/2

15a2d(a — b)? (a + beot?(c + dx)) 153d(a — b)*\a + b cot?(c + dx) 5ad(a - b) (a + beot?(c + dx))

[Out] -arctan(cot(d*x+c)*(a-b) " (1/2)/(a+bxcot (d*x+c)~2)"(1/2))/(a-b)~(7/2)/d+1/5%
bxcot (d*x+c) /a/(a-b) /d/ (a+b*cot (d*xx+c) ~2) ~(5/2)+1/15*%(9*a—4x*b) *b*xcot (d*x+c)
/a~2/(a-b)~2/d/ (a+b*cot (d*x+c) ~2) " (3/2)+1/15*%b* (33*xa~2-26*a*xb+8*b~2) *cot (d*
x+c)/a”~3/(a-b)~3/d/ (at+b*cot (d*x+c)~2)~(1/2)

Rubi [A] time = 0.19, antiderivative size = 190, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 16,

number of rules _ ) 375, Rules used = {3661, 414, 527, 12, 377, 203}

integrand size

72

b (334 - 26ab + 8b2) cot(c + dx) . b(9a — 4b) cot(c + dx) . b cot(c + dx)
3/2
15a3d(a - b)3a + beot(c + dx)  1542d(a - b)>? (a+bcot?(c + dx)) ” Sad(a-b) (a+bcot?(c + dx))

Antiderivative was successfully verified.
[In] Int[(a + bxCotlc + d*x]~2)"(-7/2),x]

[Out] -(ArcTan[(Sqrt[a - b]*Cot[c + d*x])/Sqrtl[a + bxCot[c + d*x]~2]1/((a - b)~(7
/2)*d)) + (bxCot[c + d*x])/(b*a*x(a - b)*d*(a + bxCot[c + d*x]~2)7(5/2)) + (

(9%a - 4x%b)*b*Cot[c + d*x])/(15*a"2%(a - b) "2*d*(a + bxCot[c + d*x]~2)7(3/2

)) + (b*x(33*%a”2 - 26%axb + 8%b"2)*Cot[c + d*x])/(15*a"3*(a - b)~3*d*Sqrt[a

+ bxCot[c + d*x]72])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]1)/@Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0])

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 414

Int[((a_) + (b_.)*x(x_)"(n_ )" (p)*((c_) + (d_.)*(x_)"(n_))"(q ), x_Symbol]
:> =Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*nx(p + 1)*(b*c -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - axd)), Int[(a + b*xx™n) (p + L)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - axd) + dxbx(n*x(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, c, d, n, g}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1]
&& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[q, -1]) && IntBinomialQ[a, b, c,

7



168
d, n, p, q, x]

Rule 527

Int[((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_)*(x_)"(n_))"(q_.)*((e ) + (f
_I)*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - axf)*x*x(a + b*xx™n) (p + 1)*(c +
d*x"n)~(q + 1))/(a*n*x(b*c - a*d)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*x(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, £, n, g}, x] && LtQ[p, -1]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + fx*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + £f£72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

Subst ( [ ———5 dx, x, cot(c + dx))

f : dez— W
(

a+ bcot?(c + dx))7/ d

5a—4b—4bx?
Subst| | ———— = dx, x, cot(c + dx
) b cot(c + dx) ) (f (1422)(a+022) ™ e
5a(a — b)d (a + beot?(c + dx))S/2 5a(a - b)d
Subst
B b cot(c + dx) (9a — 4b)b cot(c + dx)
- 5/2 32
5a(a - b)d (a + beot?(c +dv))"~ 150%(a - b2d (a + beof(c + dv))
_ b cot(c + dx) (9a — 4b)b cot(c + dx) b (331
5a(a - b)d (a + beot(c +dx) 150%(a—by2d (a + beoti(c +dv) 150
_ b cot(c + dx) (9a — 4b)b cot(c + dx) b (331
5a(a - b)d (a + beot?(c + dx))S/2 15a2(a - b)%d (a + beot?(c + dx))g’/2 15a3(
) b cot(c + dx) (9a — 4b)b cot(c + dx) b(33
5a(a — b)d (a + beot?(c + alx))S/2 15a2(a — b)%d (a + beot?(c + dx))g/2 15a3(

tan_l [ Va-b cot(c+dx) ]

\Ja+b Cotz(c+dx)

b cot(c + dx)

(9(1 - 4b)b<

(a - b)’2d 5a(a — b)d (a + bcot?(c + dx))5/2

Mathematica [C] time = 14.68, size = 2553, normalized size = 13.44

Result too large to show

Warning: Unable to verify antiderivative.

150%(a - b)2d (a +
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[In] Integrate[(a + bxCot[c + dxx]~2)~(-7/2),x]

[Out] -1/4725%(Cot[c + dxx]*(-33075*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/al]l + (9
9225*%(a - b)*ArcSin[Sqrt[((a - b)*Cos[c + dxx]~2)/a]lx*Cosl[c + d*xx]"2)/a - (
99225*(a - b)~2*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/al]l*Cos[c + dxx]~4)/a~
2 + (33075%(a - b)~3xArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cos[c + d*x]~
6)/a~3 - (66150*bxArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/all*Cot[c + d*x]~2)/
a + (198450*(a - b)*b*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/a]l*Cos[c + d*x]
“2xCot[c + d*x]~2)/a"2 + (66150*(a - b) "3*b*ArcSin[Sqrt[((a - b)*Cos[c + dx*
x]72)/all*Cos[c + d*xx]~6*Cot[c + d*x]~2)/a"4 - (52920%b~2*ArcSin[Sqrt[((a -
b)*Cos[c + d*xx]~2)/a]l*Cot[c + dxx]~4)/a"2 + (1568760*(a - b)*b~2*ArcSin[Sq
rt[((a - b)*Cos[c + d*x]~2)/a]l*Cos[c + dxx]~2*Cot[c + d*x]~4)/a~3 - (15876
0x(a - b)~2xb~2xArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/a]l*Cos[c + d*x] 4*Cot
[c + d*x]"4)/a"4 + (52920%(a - b)~3*b~2*ArcSin[Sqrt[((a - b)*Cos[c + d*x]"2
)/all*Cos[c + d*x] 6*%Cot[c + d*x]~4)/a"5 - (15120*b~3*ArcSin[Sqrt[((a - b)*
Cos[c + d*x]~2)/all*Cot[c + d*x]~6)/a"3 + (45360*(a - b)*b~3*ArcSin[Sqrt [((
a - b)*xCos[c + d*x]~2)/al]l*Cos[c + d*x]~2*Cot[c + d*x]~6)/a~4 - (45360%(a -
b) “2xb~3*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/a]l*Cos[c + d*x]~4*Cot[c + d
*xx]76)/a”5 + (15120*%(a - b) " 3*b~3*ArcSin[Sqrt[((a - b)*Cos[c + d*x]~2)/allx*
Cos[c + d*x]~6*Cot[c + d*x]~6)/a~6 - 771756%(((a - b)*Cos[c + d*x]~2)/a)~(3/
2)*Sqrt [(Cos[c + d*x]"2x(b + axTan[c + dxx]~2))/a] + 50715%x(((a - b)*Cos[c
+ d*x]"2)/a)~(5/2)*Sqrt[(Cos[c + d*x]~2*(b + a*Tan[c + d*x]~2))/al - (15435
0xbx(((a - b)*Cos[c + d*x]~2)/a)~(3/2)*Cot[c + d*xx]~2*xSqrt[(Cosl[c + d*x]~2x
(b + axTan[c + d*x]~2))/al)/a + (101430%b*x(((a - b)*Cos[c + d*x]~2)/a)~(5/2
)*¥Cot [c + d*x]~2+Sqrt[(Cos[c + d*x]"2x(b + axTan[c + d*x]~2))/al)/a - (1234
80*xb~2*(((a - b)*Cos[c + d*x]~2)/a)”(3/2)*Cot[c + d*xx] 4*Sqrt[(Cos[c + dx*x]
2% (b + axTan[c + d*x]"2))/al)/a"2 + (81144xb~2x(((a - b)*Cos[c + d*x]~2)/a
)~ (6/2)*Cot [c + d*x]~4*Sqrt[(Cos[c + d*x]~2*(b + a*Tan[c + d*x]~2))/al)/a~2
- (35280*%b~3*(((a - b)*Cos[c + d*x]~2)/a)~(3/2)*Cot[c + dxx] 6*Sqrt[(Cosl[c
+ dxx]"2%(b + a*Tan[c + d*x]72))/al)/a"3 + (23184xb~3*(((a - b)*Cos[c + dx
x]172)/a)~(6/2)*Cot [c + d*x]"6*%Sqrt[(Cos[c + d*x] 2*(b + axTan[c + d*x]~2))/
al])/a~3 + 1420%(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Hypergeometric2F1[2, 2, 1
1/2, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2*(b + a*Tan[c + d*x]~2
))/al + (3540%b*x(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c + d*x] 2*Hypergeom
etric2F1[2, 2, 11/2, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cosl[c + d*x] 2%(b +
axTan[c + d*x]~2))/al)/a + (3000%b~2%(((a - b)*Cos[c + dxx]~2)/a)~(9/2)*Cot
[c + d*x] 4xHypergeometric2F1[2, 2, 11/2, ((a - b)*Cos[c + d*x]~2)/al*Sqrtl[
(Cos[c + d*x]~2*(b + axTan[c + d*x]~2))/al)/a"2 + (880*b~3*(((a - b)*Cos[c
+ dxx]72)/a) " (9/2)*Cot [c + d*x] 6*xHypergeometric2F1[2, 2, 11/2, ((a - b)*Co
slc + dxx]72)/al*Sqrt[(Cos[c + d*x]~2x(b + a*Tan[c + d*x]~2))/al)/a"3 + 600
*(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*HypergeometricPFQ[{2, 2, 2}, {1, 11/2},
((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x] 2%(b + axTan[c + d*x]~2))/a
1 + (1680*b*(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c + d*x] 2xHypergeometri
cPFQ[{2, 2, 2}, {1, 11/2}, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2
*(b + axTan[c + d*x]~2))/al)/a + (1560*%b~2x(((a - b)*Cos[c + dxx]~2)/a)~(9/
2)*Cot [c + dxx] 4xHypergeometricPFQ[{2, 2, 2}, {1, 11/2}, ((a - b)*Cos[c +
d*x]~2) /al*Sqrt [(Cos[c + d*x]~2x(b + ax*Tan[c + d*x]~2))/al)/a"2 + (480%b~3*
(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Cot[c + d*x] 6xHypergeometricPFQ[{2, 2,
2}, {1, 11/2}, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2*(b + axTan[
c + d*x]~2))/al)/a"3 + 80*x(((a - b)*Cos[c + d*x]~2)/a)~(9/2)*Hypergeometric
PFQ[{2, 2, 2, 2}, {1, 1, 11/2}, ((a - b)*Cos[c + d*x]~2)/al*Sqrt[(Cos[c + d
*x] 2% (b + axTan[c + d*x]72))/a]l + (240%b*(((a - b)*Cos[c + d*x]~2)/a)~(9/2
)*Cot [c + d*x] 2xHypergeometricPFQ[{2, 2, 2, 2}, {1, 1, 11/2}, ((a - b)*Cos
[c + d*x]~2)/al*Sqrt[(Cos[c + d*x]~2*(b + axTan[c + d*x]~2))/al)/a + (240%b
~2x(((a - b)*Cos[c + dxx]172)/a)~(9/2)*Cot[c + dxx] 4xHypergeometricPFQ[{2,
2, 2, 2}, {1, 1, 11/2}, ((a - b)*Cos[c + dx*x]~2)/al*Sqrt[(Cos[c + d*x] 2*(b
+ a*Tan[c + d*x]~2))/al)/a"2 + (80*b~3*(((a - b)*Cos[c + d*xx]~2)/a)~(9/2)*
Cot[c + d*x]~6xHypergeometricPFQ[{2, 2, 2, 2}, {1, 1, 11/2}, ((a - b)*Cos[c
+ d*x]~2)/al*Sqrt [(Cos[c + d*x]~2x(b + axTan[c + dxx]~2))/al)/a~3 + 33075%
Sqrt[((a - b)*Cos[c + d*x]~4*x(b + axTan[c + d*x]~2))/a"2] + (66150*b*Cot[c
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+ d*x] "2xSqrt[((a - b)*Cos[c + d*x] 4x(b + axTan[c + d*x]~2))/a"2])/a + (52
920*%b~2xCot [c + dxx]~4xSqrt[((a - b)*Cos[c + d*x] 4*(b + a*Tan[c + d*x]~2))
/a~2])/a"2 + (15120%b"3*Cot[c + d*x]"6*Sqrt[((a - b)*Cos[c + dxx] 4x(b + a*
Tan[c + d*x]~2))/a"2])/a"3 - (198450*(a - b) " 2*b*ArcSin[Sqrt[((a - b)*Cosl[c

+ d*x]72)/al]l)/(a”3*(Tan[c + d*x] + Tan[c + d*x]73)72)))/(a"3*d*(((a - b)*
Coslc + d*x]72)/a)~(7/2)*x(1 + Cotlc + d*x]~2)*Sqrtla + b*Cot[c + d*x]~2]*(1

+ (b*Cot[c + d*x]~2)/a) " 2xSqrt[(Cos[c + d*x]~2*(b + a*Tan[c + d*x]~2))/al)

fricas [B] time = 0.63, size = 1452, normalized size = 7.64

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cot(d*x+c)~2)~(7/2),x, algorithm="fricas")

[Out] [-1/60*(15%(a"6 + 3*a~b*b + 3*a~4*b"2 + a~3%b~3 - (a”6 - 3*a~bxb + 3*xa~4xb~
2 - a~3*%b”"3)*cos(2*d*x + 2%c)”3 + 3*x(a”6 - a~5*b - a"4*xb"2 + a~3*b~3)*cos(2
xd*x + 2%c)”2 - 3x(a”6 + a”b*b - a"4xb”2 - a~3*b”3)*cos(2xd*x + 2%c))*sqrt(
-a + b)*xlog(-2*x(a”2 - 2xa*b + b~2)*cos(2xd*x + 2*c)~2 + 2x((a - b)*cos(2*dx*
X + 2%c) - b)xsqrt(-a + b)*sqrt(((a - b)*cos(2*xd*x + 2%c) - a - b)/(cos(2*d
*x + 2%xc) - 1))*sin(2xd*x + 2%c) + a”2 - 2*xb”2 + 4x(axb - b~2)*cos(2xd*x +
2%c)) + 4*x(45*%a”bxb - 15%xa~4%b”2 - 47*a”3*b”3 + 11*xa~2%b~4 + 14*a*b”™5 - 8*b
“6 + (45%a”bxb - 165*%a”4xb"2 + 233*a~3*%b”"3 - 159*%a~2*%b"4 + 5d*xaxb”5 - 8*b”6
Yxcos (2%d*x + 2%c)”2 - 2%x(45xa~5%b - 90*a"4*b”2 + 27*a"3*b"3 + 44*a"2*%b"4 -
34*axb~5 + 8*b~6)*cos(2*d*x + 2*xc))*sqrt(((a - b)*cos(2xd*x + 2%c) - a - b
)/ (cos(2*d*x + 2*c) - 1))*sin(2xd*x + 2*c))/((a”10 - 7*a~9*b + 21*a~8*b~2 -
35*%a”7*b"3 + 35*xa~6xb"4 - 21*%a”5*b”5 + 7*a"4*b"6 - a~3*b~7)*d*cos(2*xd*xx +
2%c)"3 - 3*x(a”10 — 5*%a”9%b + 9*%a~8*b"2 - 5xa~7*b"3 - 5*xa~6*%b"4 + 9*a~5xb”5
- 5%a"4*b”6 + a"3*b"7)*dxcos (2*d*x + 2*c)”2 + 3*x(a”10 - 3*%a"9*b + a"8*xb"2 +
5%¥a”7*b"3 - b*a~6*b~4 - a~5%b”5 + 3*a"4*xb"6 - a~3*%b"7)*d*cos(2*xd*x + 2%c)
- (2710 - a"9%b - 3*%a"8*b"2 + 3%a"7*b"3 + 3*xa"6*b"4 - 3*a~5*%b”5 - a"4*xb"6 +
a~3*b”7)*d), 1/30%(15%(a”6 + 3*a~b*b + 3*a~4*b"2 + a~3*%b~3 - (a”6 - 3*a~bx
b + 3*%a~4%b"2 - a"3*b"3)*cos(2*d*x + 2*c)~3 + 3*%(a"6 - a"b5xb - a"4xb"2 + a”
3*b7"3) *cos (2xd*xx + 2%c)”2 - 3*%(a”6 + a"bxb - a~4%b"2 - a"3*b"3)*cos(2xdxx +
2xc))*sqrt(a - b)xarctan(-sqrt(a - b)*sqrt(((a - b)*cos(2xd*x + 2*c) - a -
b)/(cos(2xd*x + 2%c) - 1))*sin(2*d*x + 2*c)/((a - b)*cos(2xd*x + 2%c) - b)
) - 2x(45%a”bxb - 15%a”4*b~2 - 47*a"3*b"3 + 11*xa”"2*b"4 + 14*axb”5 - 8*xb"6 +
(45%a~5*b - 165*a”4*b~2 + 233*%a~3*%b~3 - 159*a”2*b"4 + B54xaxb~5 - 8*b~6)*co
s(2%d*x + 2%c)”2 — 2x(45%a~5%b - 90*a"4*b”2 + 27*a"3%b"3 + 44*a”2*b"4 - 34x*
a*b”5 + 8%b76)*cos(2xdxx + 2%c))*sqrt(((a - b)*cos(2xd*x + 2xc) - a - b)/(c
0s(2xd*x + 2%c) - 1))*sin(2*xd*x + 2*c))/((a”10 - 7*a"9*b + 21*a~8*b~2 - 35x%
a~7*b~3 + 35%a"6xb"4 - 21xa"5%b"5 + T*a"4*b"6 - a~3*b”"7)*d*cos(2*d*x + 2%c)
~3 - 3*%(a”10 - 5*%a”9%b + 9*%a”"8*b"2 - 5xa”7*b~3 - b*xa"6xb~4 + 9*xa~5xb"5 - 5%
a~4*¥b”6 + a”"3*b”7)*dxcos(2*d*x + 2%c)”2 + 3*(a”10 - 3*%a"9*b + a"8*b”"2 + b5*xa
“7T#b"3 - 5*a"6*b"4 - a~5%b”5 + 3*a"4*b"6 - a~3*b”~7)*d*cos(2*d*x + 2*c) - (a
“10 - a”9%*b - 3*%xa"8%b72 + 3*%a"7*b"3 + 3*xa"6xb"4 - 3*%a”"5*xb”5 - a”4*%b"6 + a”3
*b~7)*d) ]

giac [B] time = 31.53, size = 3719, normalized size = 19.57

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bxcot(d*x+c)~2)~(7/2),x, algorithm="giac")

[Out] -1/15*%((33*a"2xb - 26*a*b™2 + 8*b~3)*sgn(tan(1/2xd*x + 1/2xc))/(a"6*sqrt(b)
- 3*%a”5*b7(3/2) + 3*a”4*b”(5/2) - a”3*b~(7/2)) - 30*arctan(-1/2*(sqrt(b)*t
an(1/2xd*x + 1/2%c)”2 - sqrt(bxtan(1l/2*d*x + 1/2%c)”4 + 4xaxtan(1/2*xd*x + 1
/2%c)”2 - 2*%bxtan(1/2*d*x + 1/2*%c)”2 + b) + sqrt(b))/sqrt(a - b))/((a"3*sgn
(tan(1/2*%d*x + 1/2%c)) - 3*a~2*xbxsgn(tan(1l/2xd*x + 1/2xc)) + 3*axb~2*sgn(ta
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n(1/2xd*x + 1/2%c)) - b~ 3xsgn(tan(l/2*d*x + 1/2%c)))*sqrt(a - b)) + ((((((3
3%a~20*%b"3xsgn(tan(1/2*d*x + 1/2%c)) - 620%a~19xb~4*sgn(tan(1/2*xd*x + 1/2%c
)) + 5525%a”18%b"b*sgn(tan(1/2xd*x + 1/2%c)) - 31050%a”17*xb~6*sgn(tan(1/2xd
xx + 1/2%c)) + 123420%a~16*b~7*xsgn(tan(1l/2*d*xx + 1/2%c)) - 368832*a”~15%xb~8x
sgn(tan(1/2*xd*x + 1/2%c)) + 859860*a~14*b~9*sgn(tan(1/2*d*x + 1/2%c)) - 160
1400%a~13*b~10*sgn(tan(1/2*xd*x + 1/2%c)) + 2419950*a~12xb~11*sgn(tan(1/2xd*
X + 1/2%c)) - 2996760*a~11*b~12*sgn(tan(1/2*d*x + 1/2%c)) + 3058198*a”~10%*b~
13*%sgn(tan(1/2xd*x + 1/2%c)) - 2576860%a”9*b~14*sgn(tan(1/2xd*x + 1/2%c)) +
1790100*a”8*b~15*%sgn(tan(1/2*d*x + 1/2%c)) - 1020000*a~7*b~16*sgn (tan(1/2x%
dxx + 1/2%c)) + 472260*%a"6*xb"17*sgn(tan(1/2*d*x + 1/2%c)) - 175032%a”5%b~18
xsgn(tan(1/2*d*xx + 1/2%c)) + 50745%a~4*b~19xsgn(tan(1/2*d*x + 1/2*c)) - 111
00*a~3*%b~20*sgn(tan(1/2xd*x + 1/2%c)) + 1725*%a”2*xb~21*sgn(tan(1l/2xd*x + 1/2
*xCc)) - 170%axb”22xsgn(tan(1/2*d*x + 1/2%c)) + 8xb~23xsgn(tan(1l/2*d*x + 1/2%
c)))xtan(1/2*xd*x + 1/2%c)~2/(a"24 - 21*a~23*%b + 210%a”22%b~"2 - 1330*a”21%b~
3 + 5985*%a”20*b"4 - 20349*a”19%b”5 + 54264*a”18xb"6 - 116280*a”17*b”~7 + 203
490%a”16%b"8 — 293930*%a”15%b~9 + 352716*a~14*b~10 - 352716*%a~13*b"11 + 2939
30*%a”"12%b"12 - 203490*a~11%b"13 + 116280*a”10*b"14 - 54264*a"9xb~15 + 20349
*a"8xb~16 - 5985%a”7*b"17 + 1330*a”"6xb~18 - 210*%a"5*%b"19 + 21*%a~4*b"20 - a”
3*b~21) + 5x(60*%a~21%b"2xsgn(tan(1/2*d*xx + 1/2%c)) - 1165*xa~20*b~3*sgn(tan(
1/2*%d*x + 1/2%c)) + 10752*xa~19*b"4*sgn(tan(1/2*xd*x + 1/2%c)) - 62729*a”18*Db
“bxsgn(tan(1/2*xd*x + 1/2%c)) + 259530*a~17*b~6*sgn(tan(1/2*xd*x + 1/2%c)) -
809676*a”~16%b~7*xsgn(tan(1/2xd*x + 1/2xc)) + 1977168*a~15*%b~8*sgn(tan(1/2*dx*
X + 1/2%c)) - 3871716%a~14xb~9*sgn(tan(1/2*d*x + 1/2%c)) + 6178752*%a~13*b~1
Oxsgn(tan(1l/2*d*xx + 1/2%c)) - 8121750%a”12*b~11xsgn(tan(1/2*d*x + 1/2%c)) +
8850608*a~11*b~12xsgn(tan(1/2*d*x + 1/2%c)) - 8020974*a”10*b~13*sgn(tan(1/
2xd*x + 1/2%c)) + 6045676*a~9*b~14*sgn(tan(1/2*d*x + 1/2xc)) - 3778692%a~8x
b~ 16*sgn(tan(1/2*d*xx + 1/2%c)) + 1946160*a”7+b~16*sgn(tan(1/2xd*x + 1/2xc))
- 817428*a~6xb~17*sgn(tan(1/2*d*x + 1/2%c)) + 275604*a~5*b~18*sgn(tan(1/2x%
dxx + 1/2%c)) - 72837*a"4xb~19xsgn(tan(1/2*d*x + 1/2%c)) + 14544+*a”3%b~20%s
gn(tan(1/2*d*x + 1/2%c)) - 2065%a”2xb~21*sgn(tan(1/2xd*x + 1/2%c)) + 186%ax
b~22*sgn(tan(1/2*xd*x + 1/2%c)) - 8%b~23*sgn(tan(l/2*d*x + 1/2xc)))/(a"24 -
21%a"23%b + 210*%a"22xb"2 - 1330*%a"21*b"3 + 5985*a~20*%b"4 - 20349%a~19*b"5 +
54264*a"18*xb"6 - 116280*a”17*b~7 + 203490*a”16*b"8 - 293930*a~15%b"9 + 352
716xa~14%xb~10 - 352716*%a”13*b~11 + 293930*a”12%b~12 - 203490*a"11%xb"13 + 11
6280*a”~10*b"14 - 54264*a~9*b~15 + 20349*%a”8*b~16 - 5985*a”7*b~17 + 1330*a”6
*b~18 - 210*%a”b*b~19 + 21*a~4%b"20 - a~3*b"21))*tan(1/2*d*x + 1/2%c)”2 + 10
*x(72xa~22+b*xsgn(tan(1/2xd*x + 1/2xc)) - 1458%a~21%b"2xsgn(tan(1/2*d*x + 1/2
*xc)) + 14067*a~20%b~3*sgn(tan(1/2*xd*x + 1/2%c)) - 86018*a~19*b~4x*sgn(tan(1/
2xd*x + 1/2%c)) + 374075%a”18*b " 5*xsgn(tan(1/2xd*x + 1/2%c)) - 1230570%a”17*
b~6*sgn(tan(1/2xd*x + 1/2xc)) + 3179748%a~16%b " 7*sgn(tan(1/2*d*x + 1/2%c))
- 6614904*a”15%b~8*sgn(tan(1/2xd*x + 1/2xc)) + 11265084*a”~14xb~9*sgn(tan(1/
2xd*x + 1/2%c)) - 15882420%a~13*b~10*sgn(tan(1/2*xd*x + 1/2%c)) + 18674058%a
~12xb~11*sgn(tan(1/2xd*x + 1/2%c)) - 18386316*a~11xb~12*sgn(tan(1/2*d*x + 1
/2%c)) + 15180490*a~10%b~13*sgn(tan(1/2*d*x + 1/2%c)) - 10497364*a~9*b~14x*s
gn(tan(1/2*d*x + 1/2%c)) + 6055740%a~8xb~16xsgn(tan(1/2*d*x + 1/2%c)) - 289
3944xa~7xb~16*sgn(tan(1/2*xd*x + 1/2%c)) + 1133220*%a~6*b~17*sgn(tan(1/2*d*x
+ 1/2%c)) - 357786*%a~5*xb~18*sgn(tan(1/2*d*x + 1/2%c)) + 88923*%a~4*b~19*sgn (
tan(1/2*d*xx + 1/2%c)) - 16770*%a~3*b"20*sgn(tan(1/2*d*x + 1/2%c)) + 2259%a~2
*b~21xsgn(tan(1/2xd*x + 1/2%c)) - 194xaxb~22+sgn(tan(1/2*d*x + 1/2%c)) + 8%
b~ 23*sgn(tan(1/2*xd*x + 1/2%c)))/(a”24 - 21*%a~23%b + 210*%a~22%b”"2 - 1330*a"2
1xb~3 + 5985*%a~20*b"4 - 20349%a”19%b"5 + 54264*a~18%b"6 - 116280*%a~17*b~7 +
203490*%a”16xb"8 - 293930*a”15%b"9 + 352716*%a”~14*xb~10 - 352716*a”13*b"11 +
293930*%a"12%b712 - 203490*a"11%b"13 + 116280*a”10*%b"14 - 54264*a”9*b"15 + 2
0349*a"8%b~16 - 5985*%a”~7*b"17 + 1330*a”6*b~18 - 210*a"5*xb~19 + 21*a”~4xb~20
- a"3*b721))*tan(1/2xd*x + 1/2%c)”2 - 10*(72*a"22*b*sgn(tan(1/2*xd*x + 1/2%c
)) - 1458%a”21%b~2*sgn(tan(1/2xd*x + 1/2%c)) + 14067+*a”20*b~3*sgn(tan(1/2xd
*x + 1/2%c)) - 86018*a~19*b~4*sgn(tan(1/2*xd*x + 1/2%c)) + 374075%a~18%b"5%s
gn(tan(1/2*d*x + 1/2%c)) - 1230570%a”17*b~6*sgn(tan(1/2xd*x + 1/2xc)) + 317
9748%a~16*b~7*xsgn(tan(1/2xd*x + 1/2*%c)) - 6614904*a~15%xb~8*sgn(tan(1/2*xd*x
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+ 1/2%c)) + 11265084*a~14*b~9*sgn(tan(1/2xd*x + 1/2%xc)) - 15882420*a~13*b~1
Oxsgn(tan(1/2xd*x + 1/2%xc)) + 18674058*a~12xb~11*xsgn(tan(1l/2xd*x + 1/2%c))
- 18386316*a~11*b~12*sgn(tan(1/2xd*x + 1/2xc)) + 15180490*a~10*b~13*sgn(tan
(1/2*%d*x + 1/2%c)) - 10497364*a”9*b~14*sgn(tan(1/2xd*x + 1/2%c)) + 6055740%
a~8xb~156*sgn(tan(1/2xd*x + 1/2xc)) - 2893944*a~7*b~16*sgn(tan(1/2*d*x + 1/2
xCc)) + 1133220*%a~6*b~17xsgn(tan(1/2*d*x + 1/2%c)) - 357786*a~5*xb~18*sgn(tan
(1/2%d*x + 1/2%c)) + 88923*a~4*b~19*sgn(tan(1l/2xd*x + 1/2%c)) - 16770%a~3%*Db
"20*sgn(tan(1/2xd*x + 1/2%c)) + 2259%a”2xb~21*sgn(tan(1l/2xd*x + 1/2%c)) - 1
94*axb~22*sgn(tan(1/2+d*x + 1/2%c)) + 8%b~23*sgn(tan(1/2xd*x + 1/2xc)))/(a”
24 - 21%a”23%b + 210%a"22xb"2 - 1330*%a”21%b"3 + 5985%a”20%b"4 - 20349*a”19x%
b~5 + 54264*%a”18*%b"6 - 116280*a”17*b”~7 + 203490*a”16*b"8 - 293930*a”15*b~9
+ 352716*%a"14%b"10 - 352716*%a"13*b"11 + 293930*a~12%b"12 - 203490*a"11%b"13
+ 116280*%a~10*%b"14 - 54264*a”9*b~15 + 20349*a"8*b~16 - 5985*%a”~7*b~17 + 133
O0*a”6xb~18 - 210*a”bxb~19 + 21xa"4*b~20 - a”3xb~21))*tan(1/2xd*x + 1/2x%c) "2
- 5% (60*a”21*b"2*sgn(tan(1/2*xd*x + 1/2%c)) - 1165*a~20*b~3*sgn(tan(1/2*d*x
+ 1/2%c)) + 10752*a”19*%b~4*sgn(tan(1/2xd*x + 1/2%c)) - 62729*a”18*b~5*sgn(
tan(1/2*d*x + 1/2%c)) + 259530*a~17xb~6*sgn(tan(l/2*d*x + 1/2%c)) - 809676%
a”~16xb~7*xsgn(tan(1/2xd*x + 1/2%c)) + 1977168%a”15%b~8*sgn(tan(1/2*d*x + 1/2
xc)) - 3871716%a~14%b"9*sgn(tan(1/2*d*x + 1/2%c)) + 6178752%a”13*b~10*sgn (t
an(1/2xd*x + 1/2%c)) - 8121750*a”12*b~11xsgn(tan(1/2*d*x + 1/2*c)) + 885060
8*a~11%b"12xsgn(tan(1/2*d*x + 1/2%c)) - 8020974*a~10*b~13*sgn(tan(1/2*d*x +
1/2%c)) + 6045676*a”~9*b~14*sgn(tan(1/2xd*x + 1/2xc)) - 3778692*a~8*b~15*sg
n(tan(1/2xd*x + 1/2%c)) + 1946160*a~7*b~16*sgn(tan(1/2*xd*x + 1/2%c)) - 8174
28%a”~6*b”"17*sgn(tan(1/2xd*x + 1/2xc)) + 275604*a”5xb~18*sgn(tan(1/2*xd*x + 1
/2%c)) - T72837*xa"4*b~19*sgn(tan(1/2*d*x + 1/2%c)) + 14544*%a~3*b~20*sgn(tan(
1/2*%d*xx + 1/2%c)) - 2065*a”2xb~21*sgn(tan(1/2xd*x + 1/2xc)) + 186%a*b~22%sg
n(tan(1/2*xd*x + 1/2%c)) - 8%b~23*sgn(tan(l/2*d*x + 1/2xc)))/(a"24 - 21*a”23
*b + 210%a”22%b72 - 1330*%a"21%b~3 + 5985%a"20%b"4 - 20349%a”19*b"5 + 54264x*
a~18*xb"6 - 116280*%a”17*b~7 + 203490*%a~16*b"8 - 293930*a”15%b~9 + 352716%*a"1
4xb~10 - 352716%a”13*b~11 + 293930*a”12%b~12 - 203490*a~11%b~13 + 116280*a”
10xb~14 - 54264+*a”9*b~15 + 20349*%a”"8xb~16 - 5985*a”7*b~17 + 1330*a~6xb~18 -
210*%a~5*b~19 + 21*a”4%b"20 - a~3*b”21))*tan(1/2*d*x + 1/2%c)”2 - (33*a”~20%
b~3xsgn(tan(1/2*d*x + 1/2%c)) - 620%*a~19%b~4*sgn(tan(1l/2xd*x + 1/2%c)) + 55
26%a”18*b"b*sgn(tan(1/2*xd*x + 1/2%c)) - 31050*a~17*b~6*sgn(tan(1/2*d*x + 1/
2%c)) + 123420%a”16*b~7*sgn(tan(1/2*dxx + 1/2%c)) - 368832*a”~15*%b~8*sgn(tan
(1/2*%d*x + 1/2%c)) + 859860*a~14*b~9*sgn(tan(1/2*d*x + 1/2%c)) - 1601400*a”
13*xb~10*sgn(tan(1/2xd*x + 1/2%c)) + 2419950*%a~12%b~11*sgn(tan(1l/2*d*x + 1/2
xC)) - 2996760*a~11%b~12*sgn(tan(1/2*d*x + 1/2%c)) + 3058198*a~10*b~13*sgn (
tan(1/2*d*xx + 1/2%c)) - 2576860*a”9*b~14*sgn(tan(1/2*xd*x + 1/2%c)) + 179010
O*a~8%b~16*sgn(tan(1/2*xd*x + 1/2%c)) - 1020000*a”7+*b~16*sgn(tan(1l/2*d*x + 1
/2%c)) + 472260*%a~6xb"17*sgn(tan(1/2*d*x + 1/2%c)) - 175032*a”5*b~18*sgn(ta
n(1/2xd*x + 1/2%c)) + 50745*a"4xb~19*sgn(tan(1/2xd*x + 1/2xc)) - 11100*a”3*
b~20*sgn(tan(1/2*xd*x + 1/2%c)) + 1725*a”~2+b~21*sgn(tan(1l/2xd*x + 1/2%c)) -
170%a*b~22*sgn(tan(1/2*xd*x + 1/2%c)) + 8%b~23*sgn(tan(1/2*d*x + 1/2*c)))/(a
T24 - 21%a”23%b + 210*%a"22%b"2 - 1330%a"21%b"3 + 5985*%a"20*%b"4 - 20349*a"19
*b”5 + 54264*a”18*b"6 - 116280*a”17*b~7 + 203490*a~16*b"8 - 293930*a”15%b~9
+ 352716*%a"14%b710 - 352716*a"13*b"11 + 293930*a”~12%b~12 - 203490*a”11%b~1
3 + 116280*%a"10%xb"14 - 54264*a”~9*b~15 + 20349*a"8*b"16 - 5985*a~7*b~17 + 13
30*%a~6*xb~18 - 210%a”5*b~19 + 21%a~4*b~20 - a~3*b~21))/(b*tan(l/2xd*x + 1/2%
c)”4 + 4dxaxtan(1/2*d*x + 1/2%c)”2 - 2xbxtan(1/2%d*x + 1/2%c)”2 + b)~(5/2))/
d

maple [A] time = 0.38, size = 284, normalized size = 1.49

b cot (dx + c) N 4b cot (dx + c) N 8b cot (dx + ¢)

5a(a - b)d (a+b(cot? (dx + c)))g 15d (a - b) a? (a + b (cot? (dx + c)))g 15d (a - b) a3\/a +b(cot? (dx + c))

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(a+b*cot(d*x+c)~2)~(7/2),x)

[Out] 1/5*b*cot(d*x+c)/a/(a-b)/d/(a+b*xcot (d*x+c)~2)~(5/2)+4/15/d*b/(a-b)/a~2*cot(
d*x+c)/ (a+b*cot (dxx+c) ~2) " (3/2)+8/15/dx*b/ (a-b) /a~3*cot (d*x+c) / (a+b*cot (d*x+
c)~2)~(1/2)+1/d*b/(a-b) “3*cot (d*x+c) /a/ (a+b*cot (d*x+c) ~2)~(1/2)+1/3/d*b/(a-

b) “2*xcot (d*x+c) /a/ (a+b*cot (d*x+c) ~2) ~(3/2)+2/3/d*b/ (a-b) "2/a"2*xcot (d*xx+c) / (
a+bxcot (d*x+c)~2)~(1/2)-1/d/(a-b) "4*x(b~4*x(a-b))~(1/2) /b~ 2*arctan((a-b)*b~2/
(b~4%*(a-b)) "~ (1/2)/(a+b*cot (d*x+c)~2) " (1/2) *cot (d*x+c))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bxcot(d*x+c)~2)~(7/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det
ails)Is b-a positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.01
1

dx
72
(bcot(c+dx)2+a) !

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcot(c + d*xx)~2)"(7/2),x)
[Out] int(1/(a + b*cot(c + d*x)"2)"(7/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

1

dx

N

(a +bcot? (c + dx))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cot (d*x+c)**2)**(7/2),x)
[Out] Integral((a + bxcot(c + d*x)**2)**x(-7/2), x)
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3.38 f (1 — cotz(x))g/2 dx

Optimal. Leaf size=54

% cot(x)4/1 — cot?(x) — 2V2 tan™! (MJ + g sin”!(cot(x))

1 — cot?(x)

[Out] 5/2*arcsin(cot(x))-2*arctan(cot(x)*2°(1/2)/(1-cot(x)"2)"(1/2))*2~(1/2)+1/2x%
cot(x)*x(1-cot(x)"2)"(1/2)

Rubi [A] time = 0.05, antiderivative size = 54, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 12,

number 0L 1S _ 0,500, Rules used = {3661, 416, 523, 216, 377, 203}

% cot(x)4/1 — cot?(x) — 22 tan™! (M) + ; sin~!(cot(x))

1 — cot?(x)

integrand size

Antiderivative was successfully verified.
[In] Int[(1 - Cot[x]"2)7~(3/2),x]

[Out] (5%ArcSin[Cot[x]])/2 - 2xSqrt[2]*ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cot[x]~2]
1 + (Cot[x]*Sqrt[1 - Cot[x]"2])/2

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/bl && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))~ (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 416

Int[((a_) + (b_)*(x_D)"(m D))" (p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]

:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)~(q - 1))/ (bx(nx(p + q) + 1)),

x] + Dist[1/(b*x(n*x(p + q) + 1)), Int[(a + b*x"n) p*(c + d*x"n)~(q - 2)*Simp
[c*(b*c*(n*(p + q) + 1) - axd) + d*(b*c*(n*(p + 2%q - 1) + 1) - a*d*(n*(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd,
0] & GtQlq, 1] && NeQnx(p + @) + 1, 0] & !IGtQlp, 1] && IntBinomialQ[a
, b, ¢c,d, n, p, q, xJ

Rule 523

Int[((e_) + (£_D*(x_)"(_))/(((a_) + (b_.)*(x_)"(n_))*Sqrt[(c_) + (d_.)*(x
)~ (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrtl[c + d*x"n]), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 3661
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Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ff*x) n) p/(c”2 + ££72*%x72), x], x, (c*Tanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, c, e, £, n, p}, x] && (IntegersQ[n, p] || IGtQ[p, 0] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

3/2
dx, x, cot(x)J

f (1 - cotz(x)) — Subst [ f
== cot(x)wll — cot?(x) — = Subst [ f \/1_32 5; ) dx, x, cot(x)]
x% (1+x
= %cot(x)wll —cot?(x) + = Subst (f N dx, x, cot x)) 4 Subst [f ﬂ (

cot(x)

= ; sin!(cot(x)) + % cot(x)4/1 — cot?(x) — 4 Subst ( f Too2 dx, x, m)
= g sin”}(cot(x)) — 2V2 tan™ (MJ + > cot(x)4/1 — cot?(x)

1 — cot?(x)

Mathematica [B] time = 0.39, size = 123, normalized size = 2.28

(1 - cotz(x)) sec2(2x) (—— sin(4x) — 42 sin®(x)v/cos(2x) log( 2 cos(x) + \/cos(2x)) + sin®(x)y/— co

N =

Antiderivative was successfully verified.

[In] Integrate[(1 - Cot[x]~2)~(3/2),x]

[Out] ((1 - Cot[x]~2)~(3/2)*Sec[2*x]~2*(ArcTan[Cos[x]/Sqrt[-Cos[2*x]]]*Sqrt[-Cos[
2*xx]]1*Sin[x] "3 + 4*ArcTanh[Cos[x]/Sqrt[Cos[2*x]]]*Sqrt[Cos[2*x]]*Sin[x]~3 -
4xSqrt [2] *Sqrt [Cos [2*x] ] *Log [Sqrt [2] *Cos [x] + Sqrt[Cos[2*x]]]*Sin[x]~3 - S
in[4%*x]/4))/2

fricas [B] time = 1.08, size = 110, normalized size = 2.04

s S B VB[22 o
442 arctan cos@ ol sin (2 x) + V2 O (cos (2x) +1) -5 arctan T sin (2
2 sin (2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/2%(4*sqrt(2)*arctan(sqrt(cos(2*x)/(cos(2*x) - 1))*sin(2*x)/(cos(2*x) + 1)
)*sin(2*x) + sqrt(2)*sqrt(cos(2*x)/(cos(2*x) - 1))*(cos(2*x) + 1) - bxarcta
n(sqrt(2)*sqrt(cos(2*x)/(cos(2*x) - 1))*sin(2*x)/(cos(2*x) + 1))*sin(2*x))/
sin(2*x)
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giac [B] time = 0.28, size = 257, normalized size = 4.76

(evzerae)

cos(x)2

cos(x) N ( V2 =2 cosf

COs!

B 4(V2/-2 cos(x)> +1 - V2) " (ﬁm

cos(x)

5 tsgn (cos(x)) — 4 V2 nisgn (cos(x)) + 2 arctan

e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)~(3/2),x, algorithm="giac")

[Out] 1/4*(5*pi*sgn(cos(x)) - 4*xsqrt(2)*(pix*sgn(cos(x)) + 2*arctan(-1/4*((sqrt(2)
xsqrt (-2*cos(x)72 + 1) - sqrt(2))~2/cos(x)"2 - 4)*cos(x)/(sqrt(2)*sqrt(-2*c
0s(x)72 + 1) - sqrt(2)))) + 4*sqrt(2)*x((sqrt(2)*sqrt(-2*cos(x)"2 + 1) - sqr
t(2))/cos(x) - 4*cos(x)/(sqrt(2)*sqrt(-2*cos(x)~2 + 1) - sqrt(2)))/(((sqrt(
2)*sqrt (-2xcos(x)”"2 + 1) - sqrt(2))/cos(x) - 4xcos(x)/(sqrt(2)*sqrt(-2*cos(
x)72 + 1) - sqrt(2)))72 + 8) + 10xarctan(-1/4*sqrt(2)*((sqrt(2)*sqrt(-2*cos
(x)72 + 1) - sqrt(2))72/cos(x)"2 - 4)*cos(x)/(sqrt(2)*sqrt(-2*cos(x)"2 + 1)
- sqrt(2))))*sgn(sin(x))

maple [A] time = 0.23, size = 51, normalized size = 0.94

cot(x)4/1 — (cotz(x)) N 5 arcsin (cot(x)) 4 2V3 arctan V2 A1 - (cotz(x)) cot(x)

2 2 -1 + cot?(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1-cot(x)~2)"(3/2),x)

[Out] 1/2*cot(x)*(1-cot(x)~2)~(1/2)+5/2*arcsin(cot(x))+2%27(1/2)*arctan(2”(1/2)*(
1-cot(x)~2)"(1/2)/(-1+cot (x) ~2) *cot (x))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3

| (- cottxp +1)? ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)7(3/2),x, algorithm="maxima")
[Out] integrate((-cot(x)~2 + 1)7(3/2), x)

mupad [B] time = 0.84, size = 104, normalized size = 1.93

2 V2 (~1+cot(x) 1i) 1i 2 .. V2 (1+cot(x) 1i) 1i
5 asi t cot(x) 4/1 — cot(x) —4/1 — cot(x)” 1i —_——+
asin (cot) V2 In| —2 v 11442 In| —2
2 2 cot(x) — i cot(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1 - cot(x)"2)"(3/2),x)

[Out] (5*asin(cot(x)))/2 + (cot(x)*(1 - cot(x)"2)7(1/2))/2 - 27(1/2)*Log(((27(1/2
Yx(cot(x)*1i - 1)*1i)/2 - (1 - cot(x)”"2)"(1/2)*1i)/(cot(x) - 1i))*1i + 2°(1
/2)*Log(((27(1/2)*x(cot (x)*1i + 1)*1i)/2 + (1 - cot(x)~2)~(1/2)*1i)/(cot(x)

+ 1i))*1i



sympy [F] time = 0.00, size = 0, normalized size = 0.00

1-cot?(x))? dx
K )

W

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)**2)**(3/2),x)
[Out] Integral((1 - cot(x)**2)**(3/2), x)
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339  [1-coti(x)dx

Optimal. Leaf size=32

sin”(cot(x)) — V2 tan”! [M)

1 — cot?(x)

[Out] arcsin(cot(x))-arctan(cot(x)*2~(1/2)/(1-cot(x)"2)"(1/2))*2~(1/2)

Rubi [A] time = 0.03, antiderivative size = 32, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 12,

number of rules _ ) 417, Rules used = {3661, 402, 216, 377, 203}

V2 cot(x) )

1 — cot?(x)

integrand size

sin~!(cot(x)) — V2 tan™? (

Antiderivative was successfully verified.

[In] Int[Sqrt[1 - Cot[x]"2],x]

[Out] ArcSin[Cot[x]] - Sqrt[2]*ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cot[x]"2]]
Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 |l GtQ[b, 01)

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tla]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_.)*x(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + b*xx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - a*xd, 0] &&
GtQlp, 0] && (EqQ[p, 1/2] || EqQ[Denominator[p], 41)

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
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f \/1 — cot?(x) dx = —Subst ( f 11_;;2 dx, x, cot(x)J

=- [2 Subst [ f \/1——x21 (1 " xz) dx, x, cot(x))) + Subst ( f - 1_ = dx, x, cot(x))

1 t
= sin"!(cot(x)) — 2 Subst ( f ——dx,x, co—(x)]
1+2x 1 — cot?(x)

V2 cot(x) J

1 — cot?(x)

= sin"!(cot(x)) — V2 tan™! (

Mathematica [A] time = 0.07, size = 62, normalized size = 1.94

sin(x) V1 - cot*(x) («ﬁ log (V2 cos(x) + V/cos(2x) ) - tanh ™" ( - ))

cos(2x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 - Cot[x]~2],x]

[Out] (Sqrt[1 - Cot[x]~2]*(-ArcTanh[Cos[x]/Sqrt[Cos[2*x]]] + Sqrt[2]*Log[Sqrt[2]*
Cos[x] + Sqrt[Cos[2*x]]1]1)*Sin[x])/Sqrt[Cos[2*x]]

fricas [B] time = 0.41, size = 68, normalized size = 2.12

cos2x) . cos(2x) .
\/E cos(2x)-1 S (2 x) \/5 cos(2x)-1 S (2 X)
arctan — arctan
cos(2x)+1 cos(2x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] sqrt(2)*arctan(sqrt(cos(2*x)/(cos(2*x) - 1))*sin(2*x)/(cos(2*x) + 1)) - arc
tan(sqrt (2) *sqrt(cos(2*x) /(cos(2*x) - 1))*sin(2*x)/(cos(2*x) + 1))

giac [C] time = 0.26, size = 170, normalized size = 5.31

_% (71 — V27 - 22 arctan (—%i \/E) + 2 arctan (—i))sgn (sin(x))+% nisgn (cos(x)) — V2 nisgn (cos(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2%(pi - sqrt(2)*pi - 2xsqrt(2)*arctan(-1/2xI*sqrt(2)) + 2*arctan(-I))x*sg
n(sin(x)) + 1/2x(pixsgn(cos(x)) - sqrt(2)*(pixsgn(cos(x)) + 2*arctan(-1/4x*(
(sqrt(2)*sqrt(-2xcos(x)"2 + 1) - sqrt(2))72/cos(x)72 - 4)*cos(x)/(sqrt(2)*s
grt(-2*cos(x)"2 + 1) - sqrt(2)))) + 2*arctan(-1/4*sqrt(2)*((sqrt(2)*sqrt(-2
*xcos(x)72 + 1) - sqrt(2))"2/cos(x)”"2 - 4)*cos(x)/(sqrt(2)*sqrt(-2*cos(x)"2

+ 1) - sqrt(2))))*sgn(sin(x))
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maple [A] time = 0.23, size = 34, normalized size = 1.06

V2 \J1- (cotz(x)) cot(x)

~1 + cot?(x)

arcsin (cot(x)) + V2 arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1-cot(x)~2)~(1/2),x)

[Out] arcsin(cot(x))+27(1/2)*arctan(2”(1/2)*(1-cot(x)~2)~(1/2)/(-1+cot(x)~2)*cot(
x))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: RuntimeError >> ECL says: Error executing code in Maxima:
sign: argument cannot be imaginary; found %i

mupad [B] time = 0.96, size = 88, normalized size = 2.75

\/5(—1+cot(x)li)1i_ 1—cot 21. \ﬁ(1+cot(x)1i)1i+ 1—cot 21.
\/E In — 4/ 1—cot(x) 1] 1i \/Eln(—z y1-cot(x)” 1i 1i

cot(x)—i cot(x)+1i

asin (cot(x)) — 5 + >

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1 - cot(x)"2)"(1/2),x)

[Out] asin(cot(x)) - (27(1/2)*log(((2"(1/2)*(cot(x)*1i - 1)*1i)/2 - (1 - cot(x)"2
) (1/2)*1i)/(cot(x) - 1i))*1i)/2 + (27(1/2)*1og(((27(1/2)*(cot(x)*x1i + 1)*1
i)/2 + (1 - cot(x)72)7(1/2)*1i)/(cot(x) + 1i))*1i)/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/l — cot? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cot(x)**2)**(1/2),x)
[Out] Integral(sqrt(l - cot(x)**2), x)
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340 [ ————dx

\ /1—c0t2(x)

Optimal. Leaf size=28

tan_l V2 cot(x)
V1 —Cotz(x)
V2

[Out] -1/2*arctan(cot(x)*27(1/2)/(1-cot(x)~2)"(1/2))*2"(1/2)

Rubi [A] time = 0.02, antiderivative size = 28, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rales _ ). 250, Rules used = {3661, 377, 203}

tan_l V2 cot(x)
\J1—cot?(x)
V2

integrand size

Antiderivative was successfully verified.

[In] Int([1/Sqrt[1 - Cot[x]~2],x]

[Out] -(ArcTan[(Sqrt[2]*Cot[x])/Sqrt[1 - Cot[x]~2]]/Sqrt([2])
Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 21*Rt([b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tan[(e_.) + (f_.)*x(x_)1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx(
ffxx)"n)p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rubi steps

1 1
—————dx = —Subst f dx, x, cot(x)
f 1 — cot?(x) [ V1 - x2 (1 + xz) ]
1 t
< s [ ot 2]
1+2x 1 — cot?(x)

tan_l V2 cot(x)
\J1-cot?(x)
V2
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Mathematica [A] time = 0.06, size = 42, normalized size = 1.50

Vcos(2x) csc(x)log (\/§ cos(x) + \/cos(2x))
V2 = 2 cot?(x)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[1 - Cot[x]~2],x]
[Out] -((Sqrt[Cos[2*x]]*Csc[x]*Log[Sqrt[2]*Cos[x] + Sqrt[Cos[2*x]]])/Sqrt[2 - 2*C

ot [x]72])
time = 0.44, size = 56, normalized size = 2.00

fricas [B]
2 .
V2 (2 V2 cos 2x) + V2 ) C;:(Sz(x;? T sin (2x)
— V2 arctan 3
4 4 (cos (2x)" +cos (2 x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*arctan(1/4*sqrt(2)*(2*sqrt(2)*cos(2*x) + sqrt(2))*sqrt(cos(2*x)
/(cos(2xx) - 1))*sin(2*x)/(cos(2*x)~2 + cos(2*x)))

time = 0.21, size = 34, normalized size = 1.21

1, . , _ V2 arcsin (\/E cos(x))
5 V2 log (z V2 + 1) sgn (sin(x)) — 2 5gn (5In()

giac [C]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cot(x)~2)~(1/2),x, algorithm="giac")
[Out] -1/2%I*sqrt(2)*log(I*sqrt(2) + I)*sgn(sin(x)) - 1/2xsqrt(2)*arcsin(sqrt(2)=*

cos(x))/sgn(sin(x))

time = 0.26, size = 31, normalized size = 1.11

V2 A /1—(cot2(x)) cot(x) ]

\/E arctan [ -1 +cot2(x)
2

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cot(x)~2)"(1/2),x)
[Out] 1/2*27(1/2)*arctan(2”(1/2)*(1-cot(x)"2)~(1/2)/(-1+cot(x)~2)*cot(x))

maxima [B] time = 0.51, size = 90, normalized size = 3.21

1 .1
1 V2 arctan ((cos 4 x)2 + sin (4 x)2 +2cos(4x)+ 1)4 sin (E arctan (sin (4 x) , cos (4 x) + 1)) + sin (2x), (cos

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cot(x)~2)~(1/2),x, algorithm="maxima")

[Out] 1/4*sqrt(2)*arctan2((cos(4*x)”2 + sin(4*x)”2 + 2xcos(4*x) + 1)7(1/4)*sin(1/
2%arctan2(sin(4x*x), cos(4*x) + 1)) + sin(2*x), (cos(4*x)"2 + sin(4*x)"2 + 2
xcos(4*x) + 1)7(1/4)*cos(1/2*xarctan2(sin(4*x), cos(4*x) + 1)) + cos(2%*x))
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mupad [B] time = 0.63, size = 85, normalized size = 3.04

V2 (l+CL2)t(x) Wi /1—cot(x)2 1

V2 (-1+cot(x) 1i) 1i /1—cot(x)2 1
2 : i
V2 In prerEw )11 V2 In cot(0)+1i li
— +
4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1 - cot(x)~2)~(1/2),x)

[Out] (27(1/2)*1log(((27(1/2)*x(cot(x)*1i + 1)*1i)/2 + (1 - cot(x)~2)"(1/2)*1i)/(co
t(x) + 1i))*1i)/4 - (27(1/2)*1og(((27(1/2)*(cot(x)*1i - 1)*1i)/2 - (1 - cot
(x)72)7(1/2)*1i) /(cot(x) - 1i))*1i)/4

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
_—————— |
f\/l—cotz(x) :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cot(x)**2)*x(1/2),x)

[Out] Integral(1l/sqrt(1l - cot(x)**2), x)
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341 [(-1+cof() dx

Optimal. Leaf size=61

1 5 _ cot(x) 4 V2 cot(x)
—= cot(x)yfcot?(x) =1 + = t nhl(——)—Z\/Et h 1(——)
> cot(x)4/cot“(x) + > a o2t -1 an o) 1

[Out] 5/2*arctanh(cot(x)/(-1+cot(x)"2)~(1/2))-2*xarctanh(cot(x)*2"(1/2)/(-1+cot(x)
~2)7(1/2))*27(1/2)-1/2%cot (x) *(-1+cot (x)~2)~(1/2)

Rubi [A] time = 0.04, antiderivative size = 61, normalized size of antiderivative

= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 10,
number of rules _ ) 600, Rules used = {3661, 416, 523, 217, 206, 377)

integrand size
1 5 _ cot(x) L V2 cot(x)
—Z cot(x)y/cot?(x) - 1 —tnhl(—)—zx/itnhl(—)
2 ottty i 2 | Veot?(x) =1 | Veot?(x) =1

Antiderivative was successfully verified.
[In] Int[(-1 + Cot[x172)7(3/2),x]

[Out] (5*%ArcTanh([Cot[x]/Sqrt[-1 + Cot[x]~2]]1)/2 - 2xSqrt[2]*ArcTanh[(Sqrt[2]*Cot[
x])/8qrt[-1 + Cot[x]~2]] - (Cot[x]*Sqrt[-1 + Cot[x]~2])/2

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, O]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))~ (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 416

Int[((a_) + (b_)*(x_D)"(m D))" (p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]

:> Simp[(d*x*(a + b*x™n) " (p + 1)*(c + d*x™n)~(q - 1))/ (bx(nx(p + q) + 1)),

x] + Dist[1/(b*x(n*x(p + q) + 1)), Int[(a + b*x"n) p*(c + d*x"n)~(q - 2)*Simp
[c*(b*c*(n*(p + q) + 1) - axd) + d*(b*c*(n*(p + 2%q - 1) + 1) - a*d*(n*(q -
1) + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - axd,
0] & GtQlq, 1] && NeQnx(p + @) + 1, 0] & !IGtQlp, 1] && IntBinomialQ[a
, b, ¢c,d, n, p, q, xJ

Rule 523

Int[((e_) + (£_D*(x_)"(_))/(((a_) + (b_.)*(x_)"(n_))*Sqrt[(c_) + (d_.)*(x
)~ (n_)]1), x_Symbol] :> Dist[f/b, Int[1/Sqrtlc + d*x"n], x], x] + Dist[(bxe
- axf)/b, Int[1/((a + b*x"n)*Sqrtl[c + d*x"n]), x], x] /; FreeQ[{a, b, c, d
, e, T, n}, x]

Rule 3661
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Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + b*(
ff*x) n) p/(c”2 + ££72*%x72), x], x, (c*Tanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps

132
f (—1 + co’cz(x))B/2 dx = —Subst f (—1+—x) dx, x, cot(x)
1+ x? "

3 — 5x?

Ve (1+122)

)
= —% cot(x)y/-1 + cot?(x) + gSubst ( f ﬁ dx, x, cot(x)) — 4 Subst [ f \/—__1
1 [ 5 1 cot(x)
= _E cot(x)4/—-1 + COtz(X) + E Subst (f m dx, x, m) — 4 Subst (f

tanh ™ (%) ~ 22 tanh™ [%) - % cot(x)+/—1 + cot?(
-1 + cot“(x -1+ co

1 1
=-3 cot(x)+/—1 + cot?(x) — > Subst [ f dx, x, cot(x)]

N O1

Mathematica [A] time = 0.12, size = 121, normalized size = 1.98

% (cotz(x) - 1)3/2 sec?(2x) (—% sin(4x) — 42 sin®(x)+/cos(2x) log (\/E cos(x) + +/cos(2x) ) + sin®(x)+/— co

Antiderivative was successfully verified.

[In] Integrate[(-1 + Cot[x]172)7(3/2),x]

[Out] ((-1 + Cot[x]~2)~(3/2)*Sec[2xx] 2% (ArcTan[Cos[x]/Sqrt[-Cos[2*x]]]*Sqrt[-Cos
[2¥x]]*Sin[x] "3 + 4*ArcTanh[Cos[x]/Sqrt[Cos[2*x]]]*Sqrt[Cos[2*x]]*Sin[x]~3

- 4xSqrt [2] *Sqrt [Cos [2*x] ] *Log[Sqrt [2] *Cos[x] + Sqrt[Cos[2*x]]]*Sin[x]~3 -
Sin[4*x]/4))/2

fricas [B] time = 0.52, size = 170, normalized size = 2.79

V2
(cos(2x)+1) +5 log| —

cos(2x)
cos(2x)-1

cos(2x) . .
442 log (2 ~ os@n T sin(2x) — 2 cos (2x) —1) sin (2 x) — 242, [-

4 sin (2 x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/4%(4*sqrt(2)*log(2*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2%x) - 2*cos(2*x) -
1)*sin(2%x) - 2*sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*(cos(2*x) + 1) + bx
log((sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2*x) + cos(2xx) + 1)/(cos(2

xx) + 1))*sin(2*x) - 5*log((sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2+*x)

- cos(2xx) - 1)/(cos(2*x) + 1))*sin(2%x))/sin(2%x)

giac [B] time = 0.66, size = 179, normalized size = 2.93

442 (3 (\/E cos(x) — /2 cos(x)2 -1 )2 - 1)
V2 cos(x) = /2 cos(x)2 -1 )4 -6 (\/E cos(x) — /2 cos(x)

i 42 log ((\/5 cos(x) — V2 cos(x)? -1 )2) - (
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)7(3/2),x, algorithm="giac")

[Out] 1/4%(4*sqrt(2)*log((sqrt(2)*cos(x) - sqrt(2*cos(x)”2 - 1))72) - 4xsqrt(2)*(
3x(sqrt(2)*cos(x) - sqrt(2*cos(x)”2 - 1))72 - 1)/((sqrt(2)*cos(x) - sqrt(2*
cos(x)72 - 1))74 - 6x(sqrt(2)*cos(x) - sqrt(2*cos(x)”2 - 1))72 + 1) + bx*log

(abs (2% (sqrt(2)*cos(x) - sqrt(2*cos(x)”2 - 1))72 - 4xsqrt(2) - 6)/abs(2x(sq
rt(2)*cos(x) - sqrt(2*cos(x)"2 - 1))72 + 4xsqrt(2) - 6)))*sgn(sin(x))

maple [A] time = 0.22, size = 48, normalized size = 0.79

= 2
cot(x) /_12 T co2(x) . 5In (cot(x) + /-1 + cot (x)) —2arctanh( cot(x)V2 ] v

2 —1 + cot?(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+cot(x)~2)"(3/2),x%)

[Out] -1/2*cot(x)*(-1+cot(x)~2)~(1/2)+5/2*x1n(cot(x)+(-1+cot(x)~2)"(1/2))-2*arctan
h(cot(x)*2~(1/2)/(-1+cot(x)"2)~(1/2))*2~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3

[ (cott? ~1)? ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)7(3/2),x, algorithm="maxima")
[Out] integrate((cot(x)"2 - 1)7(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02
3/2
f (cot(x)2 - 1) ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((cot(x)"2 - 1)7(3/2),x)
[Out] int((cot(x)"2 - 1)7(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (cot2 (x) —1)E dx

Verification of antiderivative is not currently implemented for this CAS.

W

[In] integrate((-1+cot(x)**2)*x(3/2),x)
[Out] Integral((cot(x)**2 - 1)**(3/2), x)
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3.42 f \/ —1 + cot?(x) dx

Optimal. Leaf size=42

2 h—l( V2 cot(x) J_t h_l( cot(x) )
o Veot?(x) -1 . Veot?(x) - 1

[Out] -arctanh(cot(x)/(-1+cot(x)~2)"(1/2))+arctanh(cot(x)*27(1/2)/(-1+cot(x)~2)"(
1/2))*27(1/2)

Rubi [A] time = 0.03, antiderivative size = 42, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 10,

number of rules _ ) 500, Rules used = {3661, 402, 217, 206, 377)

\/Etnh"l( V2 cot(x) )—t h"l( cot(x) )

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrt[-1 + Cot[x]~2],x]

[Out] -ArcTanh[Cot[x]/Sqrt[-1 + Cot[x]~2]] + Sqrt[2]*ArcTanh[(Sqrt[2]*Cot[x])/Sqr
t[-1 + Cot[x]"2]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rule 377

Int[((a_) + (b_)*x(x_D)"(m_))~(p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx™n)"(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_)*(x )"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(b*c - a*d)/d, Int[(a + b*x"2) " (p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tan[(e_.) + (£_)*(x )1)"(n_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + fx*x], x]}, Dist[(c*ff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + f£f72xx"2), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rubi steps
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Vo1l + 2
f -1 + cot2(x) dx = — Subst 1—” dx, x, cot(x)]
ZSbtf ! dx, x, cot(x) Sbt(f LI t(x))
= 2Subs x, x, cot(x) | — Subs ———dx,x,co
V-1 +x2 (1+x2) V-1 +x2
1 cot(x) ) ( cot(x) )
= 2 Subst f —dx, x, Subst _—
1-2x V-1 + cot?(x) 1- \/ ~1 + cot?(x)

_ h_l( cot(x) ) V3 nh_l( V2 cot(x) ]
fan V-1 + cot?(x) rvet v-1 + cot?(x)

Mathematica [A] time = 0.04, size = 60, normalized size = 1.43

sm(x)W V2 2 log 2cos(x)+\/m —tanh ! (@
Veos(2x)

cos(2x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 + Cot[x]~2],x]

[Out] (Sqrt[-1 + Cot[x]~2]*(-ArcTanh[Cos[x]/Sqrt[Cos[2*x]]] + Sqrt[2]*Log[Sqrt[2]
*xCos [x] + Sqrt[Cos[2*x]]])*Sin[x])/Sqrt[Cos[2*x]]

fricas [B] time = 1.56, size = 123, normalized size = 2.93

cos(2x) .

1 V21 5 cos(2x) . (2x) -2 201 1 1 V2 " oos@1 sin(2x) + cos(2x) +1 )
- | COsteX) o) - Ao1l-L 1
2 °8 cos (2x) -1 > €0 2 %8 cos (2x) +1 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/2%sqrt(2)*log(-2*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2*x) - 2*xcos(2%x) - 1
) - 1/2*%log((sqrt(2)*sqrt(-cos(2*x)/(cos(2%x) - 1))*sin(2*x) + cos(2*x) + 1

)/ (cos(2%x) + 1)) + 1/2x1log((sqrt(2)*sqrt(-cos(2*x)/(cos(2*x) - 1))*sin(2xx

) - cos(2xx) - 1)/(cos(2*x) + 1))

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)7(1/2),x, algorithm="giac")
[Out] Timed out

maple [A] time = 0.23, size = 35, normalized size = 0.83

—In (cot(x) +4/-1+ cot?(x) ) + arctanh (M] V2

—1 + cot?(x)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+cot(x)~2)~(1/2),x%)
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[Out] -1n(cot(x)+(-1+cot(x)~2)~(1/2))+arctanh(cot (x)*2~(1/2)/(-1+cot(x)"2)~(1/2))

*27(1/2)
maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: RuntimeError >> ECL says: Error executing code in Maxima:

sign: argument cannot be imaginary; found %i

time = 0.43, size = 34, normalized size = 0.81

V2 atanh % —1In (cot(x) + \/c:ot(x)2 -1 )
cot(x)2 -1

Verification of antiderivative is not currently implemented for this CAS.

mupad [B]

[In] int((cot(x)"2 - 1)7(1/2),%)
[Out] 27(1/2)*atanh((27(1/2)*cot(x))/(cot(x)"2 - 1)7(1/2)) - log(cot(x) + (cot(x)

"2 - 1)7(1/2))
time = 0.00, size = 0, normalized size = 0.00

f oot (x) -1 dx

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate((-1+cot(x)**2)**(1/2),x)

[Out] Integral(sqrt(cot(x)**2 - 1), x)
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343 [ ————dx

\J-1+cot?(x)

Optimal. Leaf size=26

tanh ™ V2 cot()
\ cot? (x)-1
V2

[Out] -1/2*arctanh(cot(x)*27(1/2)/(-1+cot(x)"2)"(1/2))*2~(1/2)

Rubi [A] time = 0.02, antiderivative size = 26, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 10,

number 911U — 0.300, Rules used = {3661, 377, 206)

tanh ™’ V2 cot()
V cot? (x)-1
V2

integrand size

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 + Cot[x]~2],x]

[Out] -(ArcTanh[(Sqrt[2]*Cot[x])/Sqrt[-1 + Cot[x]~2]]1/Sqrt[2])
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 3661

Int[((a_) + (b_.)*((c_.)*tan[(e_.) + (f_.)*x(x_)1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tanl[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx(
ffxx)"n)"p/(c”2 + f£f72xx72), x], x, (cxTanl[e + f*x])/ff], x]1] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 16]1)

Rubi steps

1 1
——————dx=-5ub dx, x,
f V-1 + cot?(x) § uest [f V-1 +x2 (1 + xz) o cot(x)]

Sub t( f ! dx, x cotx) )
= —oubs 7y
1-2x2 V-1 + cot?(x)

tanh ™ _V2cotl)
\ —1+cot2(x)
V2
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Mathematica [A] time = 0.03, size = 45, normalized size = 1.73

vcos(2x) csc(x) log (\/5 cos(x) + \/cos(Zx))
V2 yeot(x) - 1

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[-1 + Cot[x]~2],x]

[Out] -((Sqrt[Cos[2*x]]*Csc[x]*Log[Sqrt[2]*Cos[x] + Sqrt[Cos[2*x]]])/(Sqrt[2]*Sqr
t[-1 + Cot[x]"2]))

fricas [B] time = 0.52, size = 60, normalized size = 2.31

l\/Elog[Z\/E(Z\/E cos (2x) + \/E) _L(Zx) sin(2x) - 8 cos(2x)2—8 cos(2x)—1
8 cos(2x) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/8*sqrt(2)*log(2*sqrt(2)*(2xsqrt(2)*cos(2*x) + sqrt(2))*sqrt(-cos(2*x)/(co
s(2xx) - 1))*sin(2*x) - 8*cos(2*x)~2 - 8*cos(2*x) - 1)

giac [B] time = 4.07, size = 45, normalized size = 1.73

V2 log (l—\/i cos(x) + /2 cos(x)? -1 |)

2 sgn (sin(x))

_% V2 log (\/E - 1) sgn (sin(x)) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2x*sqrt(2)*log(sqrt(2) - 1)x*sgn(sin(x)) + 1/2*sqrt(2)*log(abs(-sqrt(2)*co
s(x) + sqrt(2*cos(x)"2 - 1)))/sgn(sin(x))

maple [A] time = 0.25, size = 21, normalized size = 0.81

arctanh (—wt(x)ﬁ ) \/E

\/—1+cot2(x)

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1+cot(x)~2)~(1/2),x)
[Out] -1/2*arctanh(cot(x)*2~(1/2)/(-1+cot(x)~2)~(1/2))*2~(1/2)

maxima [B]  time = 0.50, size = 143, normalized size = 5.50

1 1
3 V2 [2 arsinh(1) + log [COS (2 x)2 + sin (2 x)2 + \/ cos (4 x)2 + sin (4 x)2 +2cos(4x)+1 (COS (E arctan |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] -1/8*sqrt(2)*(2*xarcsinh(1l) + log(cos(2*x)~2 + sin(2%x)~2 + sqrt(cos(4*x)~2
+ sin(4*x)~2 + 2xcos(4*x) + 1)*(cos(1/2*arctan2(sin(4*x), cos(4*xx) + 1))72
+ sin(1/2*arctan2(sin(4*x), cos(4*x) + 1))72) + 2x(cos(4*x)"2 + sin(4x*x)~2
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+ 2xcos(4*xx) + 1)~ (1/4)*(cos(2*x)*cos(1/2*arctan2(sin(4*x), cos(4*xx) + 1))
+ sin(2*x)*sin(1/2*arctan2(sin(4*x), cos(4*x) + 1)))))

mupad [B] time = 0.50, size = 20, normalized size = 0.77

\/5 atanh [—\/z cotl) ]

co’r(x)2 -1

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cot(x)"2 - 1)7(1/2),x)
[Out] -(27(1/2)*atanh((2"(1/2)*cot(x))/(cot(x)"2 - 1)~(1/2)))/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
—d
f \eot? (x) -1 i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cot(x)**2)**(1/2),x)
[Out] Integral(1l/sqrt(cot(x)**2 - 1), x)
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3
3.44 [y

\Ja+b cot?(x)

Optimal. Leaf size=52

tanh_l \Ja+b cot®(x)
\a + b cot?(x)

Va-b
b a->b

[Out] -arctanh((a+bxcot(x)~2)~(1/2)/(a-b)~(1/2))/(a-b)~(1/2)-(a+b*xcot(x)~2)"(1/2)
/b

Rubi [A] time = 0.10, antiderivative size = 52, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 17,

number of rules _ ) 94, Rules used = {3670, 446, 80, 63, 208}

¢ h_l (\I{Hb cot?(x) J
an —_—

integrand size

va + beot?(x) a-b
b Va-b

Antiderivative was successfully verified.
[In] Int[Cot[x]~3/Sqrtl[a + b*Cot[x]~2],x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]l/Sqrtla - b]) - Sqrtl[a + b*Cot[x
1721/b

Rule 63

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 80

Int[((a_.) + (b_)*(x_))*((c_.) + (d_D)*x D))" (n_)*((e_.) + (f_)*(x_))"(p
.), x_Symbol] :> Simp[(b*(c + d*x)"(n + 1)*(e + f*xx)"(p + 1))/(d*f*(n + p
2)), x] + Dist[(a*xd*f*(n + p + 2) - bx(dxex(n + 1) + cxf*x(p + 1)))/(d*fx*(
+p + 2)), Int[(c + d*x)"nx(e + £xx)7p, x], x] /; FreeQ[{a, b, c, 4, e, £
, n, pr, x] & NeQ[n + p + 2, 0]

B + 1

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_)*((a_) + (b_)*(x_)"(m_)) " (p_.)*((c_) + (d_)*x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)"q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
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x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£ 2xx"2), x], x, (cxTan[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

3

f cot() dx = —Subst f a
\a + b cot?(x) (1 + xz) Va + bx?

dx, x, cot(x)]

1 X 5
- (E Subst (f i+ x)m dx, x, cot (x)]]

\a + bcot?(x) .\ ESubst (f 1
b 2 (1 +x)Va +bx

Subst| [ ;2 dx,x,\a+b cotz(x))
va + bcot*(x) .\ -7+

dx, x, cot? (x))

b b
R ( a+b cot?(x) ]
a-b \ﬁ;;z;;;iag
_ r _ ;

Mathematica [A] time = 0.14, size = 52, normalized size = 1.00

b tanh_l \a+b cot? (%)
b > Va-b
a+ocot(x) +
v (x) =

b
Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3/Sqrtla + bxCot[x]~2],x]

[Out] -(((b*ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl])/Sqrt[a - b] + Sqrtla + b*C
ot[x]72])/b)

fricas [B] time = 0.66, size = 284, normalized size = 5.46

\/a—bblog(—Z(az —2ab + 1) cos (2x)* - 242 + b2 + 2 ((a — b) cos (2x)” - (2a - b) cos (2x) +a)\/a—b\ﬁ
4(ab - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(at+b*cot(x)~2)7(1/2),x, algorithm="fricas")

[Out] [1/4x(sqrt(a - b)*bxlog(-2+(a”2 - 2*axb + b~2)*cos(2*x)"2 - 2%¥a"2 + b™2 + 2
x((a - b)*cos(2*x)72 - (2*a - b)*cos(2*x) + a)*sqrt(a - b)*sqrt(((a - b)*co
s(2*%x) - a - b)/(cos(2*x) - 1)) + 4x(a”2 - axb)*cos(2*x)) - 4x(a - b)*sqrt(

((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(a*xb - b~2), -1/2*(sqrt(-a + b)
xb*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*(co
s(2xx) - 1)/((a - b)xcos(2*x) - a)) + 2*(a - b)xsqrt(((a - b)*cos(2xx) - a

- b)/(cos(2%x) - 1)))/(axb - b~2)]
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giac [B] time =4.91, size = 127, normalized size = 2.44

log (|2 (\/a — b cos(x)? — y/acos(x)* — bcos(x)* — 2 acos(x)? + bcos(x)? + a )\/a -b-2a+ b|)
- +

2vVa-b Va->b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(a+b*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2x%log(abs(2*(sqrt(a - b)*cos(x)~2 - sqrt(axcos(x)”4 - bxcos(x)"4 - 2xax*c
0s(x)72 + b*xcos(x)”2 + a))*sqrt(a - b) - 2*a + b))/sqrt(a - b) + 1/(sqrt(a
- b)*cos(x)”2 - sqrt(a*xcos(x)”4 - b*cos(x)"4 - 2*axcos(x)”2 + bxcos(x)"2 +

a) - sqrt(a - b))
time = 0.21, size = 44, normalized size = 0.85
a+b(cot2(x))
a+b (cotz(x)) arctan V-a+b

+
b V-a+b

Verification of antiderivative is not currently implemented for this CAS.

maple [A]

[In] int(cot(x)~3/(at+b*cot(x)"2)"(1/2),x)
[Out] -(at+b*cot(x)~2)~(1/2)/b+1/(-a+b)~(1/2)*arctan((a+b*cot(x)~2)~(1/2)/(-a+b)~(
1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(a+b*cot(x)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h
elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume?” for more

details)Is 4*a-4*b positive or negative?

mupad [B] time = 1.21, size = 44, normalized size = 0.85

b Cot(x)2+a ]

tanh [ Y20
Jbeot@P+a 0 ( =

- b Va-b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(a + b*cot(x)~2)"(1/2),x)
[Out] - (a + b*xcot(x)"2)~(1/2)/b - atanh((a + bxcot(x)"2)"(1/2)/(a - b)~(1/2))/(a
- b)~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot? (x)
f dx
\a + beot? (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(atb*cot(x)**2)**(1/2),x%)

[Out] Integral(cot(x)**3/sqrt(a + bxcot(x)**2), x)
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2
3.45 f cotrn) dx

\Ja+b cot?(x)

Optimal. Leaf size=64

tan_l [ Va-b cot(x) ) tanh_l [ Vb cot(x) )

\Ja+b cot?(x) \Ja+b cot(x)

Va-b Vb

[Out] arctan(cot(x)*(a-b)~(1/2)/(a+b*cot(x)~2)"(1/2))/(a-b)~(1/2)-arctanh(cot (x)*
b~ (1/2) / (a+b*cot (x)"2)"(1/2)) /b~ (1/2)

Rubi [A] time = 0.09, antiderivative size = 64, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 17,

number of rules _ ) 353, Rules used = {3670, 483, 217, 206, 377, 203}

tan_l Va-b cot(x) tanh_l Vb cot(x)
\Ja+b cot(x) \Ja+b cot(x)
Va-b \/E

Antiderivative was successfully verified.

integrand size

[In] Int[Cot[x]~2/Sqrtla + b*Cot[x]~2],x]

[Out] ArcTan[(Sqrt[a - b]*Cot[x])/Sqrtl[a + b*Cot[x]~2]]/Sqrt[a - b] - ArcTanh[(Sq
rt [b]*Cot [x])/Sqrt[a + b*Cot[x]~2]]/Sqrt [b]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + bxx~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, O]

Rule 377

Int[((a_) + (b_.)*(x_)"(n_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 483

Int[((Ce_.)*(x_)) " (m_)*x((c_) + (d_)*(x_)"(m_))"(q_.))/((a_) + (b_.)*(x_)"(
n_)), x_Symbol] :> Dist[e”n/b, Int[(e*x)”"(m - n)*(c + d*x"n)"q, x], x] - Di
st[(a*e"n) /b, Int[((exx)"(m - n)*(c + d*x"n)"q)/(a + b*x"n), x], x] /; Free
Ql{a, b, ¢, d, e, m, qf, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && LeQ[n, m,
2xn - 1] && IntBinomialQ[a, b, ¢, d, e, m, n, -1, q, x]
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Rule 3670

Int[((d_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*xD1)"(m_))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x) n)"p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

2

cot?(x) x
dx = —Subst f
f va + beot?(x) (1 + xz) Va + bx2

dx, x, cot(x))

1

1
= —Subst f —dx,x, cot(x)) + Subst f
Va + bx? (1+x2) Va + bx?

dx, x, cot(x)

Subst f L dx, x cot») J+ Subst [ f L dx, x cot
= - 7 Ay u 7 Ay
1—bx? va + bcot?(x) 1-(-a+b)x? a+be
tan_l ( Va-b cot(x) ] tanh_l ( Vb cot(x) )

a+b cot?(x) Ja+b cot?(x)
Va-b \/E

Mathematica [B] time = 0.27, size = 158, normalized size = 2.47

sin(x)\/cscz(x)((b —a)cos(2x) +a +b) (\/a — b tanh™ ( V2 Vb cost) ) —v=b tanh™* ( V2 Va—b cost) ))

(a—b) cos(2x)—a-b (a—b) cos(2x)—a-b

V=bVa-b+\(a=D)cos(2x)—a-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~2/Sqrtl[a + bxCot[x]~2],x]

[Out] ((-(Sqrt[-b]*ArcTanh[(Sqrt[2]*Sqrt[a - bl*Cos[x])/Sqrt[-a - b + (a - b)*Cos
[2¥x]]1]) + Sqrt[a - b]*ArcTanh[(Sqrt[2]*Sqrt[-bl*Cos[x])/Sqrt[-a - b + (a -
b)*Cos [2*x]]])*Sqrt[(a + b + (-a + b)*Cos[2*x])*Csc[x] 2] *Sin[x])/(Sqrt[a

- bl*Sqrt[-b]*Sqrt[-a - b + (a - b)*Cos[2*x]])

fricas [B] time = 0.64, size = 588, normalized size = 9.19

(a—2b) cos(2 x)+2

cos(2x)

\/—a+ blog( (@—Db)cos(2x) + V—a+ b M 'n(2x)+b)—(a—b)«/510g

2 (ab - 1?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(a+b*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [-1/2*%(sqrt(-a + b)*bxlog(-(a - b)*cos(2*x) + sqrt(-a + b)*sqrt(((a - b)*co
s(2xx) - a - b)/(cos(2*x) - 1))*sin(2*x) + b) - (a - b)*sqrt(b)*log(((a - 2
xb)*cos(2%x) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2xx) - 1))*si
n(2*x) - a - 2%b)/(cos(2*x) - 1)))/(a*xb - b~2), 1/2x(2x(a - b)*sqrt(-b)*arc
tan(sqrt(-b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/(b*co
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s(2xx) + b)) - sqrt(-a + b)*bxlog(-(a - b)*cos(2*x) + sqrt(-a + b)x*sqrt(((a

- b)xcos(2xx) - a - b)/(cos(2xx) - 1))*sin(2*x) + b))/(axb - b~2), 1/2*%(2%
sqrt(a - b)*b*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x)
- 1))*sin(2*x)/((a - b)*cos(2*x) + a - b)) + (a - b)*sqrt(b)*log(((a - 2*b
)*cos(2*xx) + 2*sqrt(b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(
2%x) - a - 2%b)/(cos(2*x) - 1)))/(a*b - b72), (sqrt(a - b)*bxarctan(-sqrt(a
- b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*cos
(2%x) + a - b)) + (a - b)*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a - b)*cos(2*x) -
a - b)/(cos(2%x) - 1))*sin(2x*x)/(b*cos(2*x) + b)))/(axb - b~2)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(at+b*cot(x)~2)7(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(t_nostep))]Discontinuities at zeroes of sin(t_nostep) were not checkedWarn

ing, integration of abs or sign assumes constant sign by intervals (correct

if the argument is real):Check [abs(t_nostep)]Error: Bad Argument Type

maple [A] time = 0.19, size = 80, normalized size = 1.25

(a—b)b“ cot(x)
(cot(x)fb +1/a+b cot?(x)) ) Vbt (a-b) a“ta“[m \/ﬁ)

b2 (a—b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(a+b*cot(x)~2)~(1/2),x)

[Out] -1n(cot(x)*b~(1/2)+(a+b*cot(x)~2)~(1/2))/b~(1/2)+(b~4*x(a-b))~(1/2)/b"2/(a-b
Y*arctan((a-b)*b~2/(b"4x(a-b)) " (1/2)/(atb*xcot(x)~2) " (1/2)*cot(x))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f cot(x)?
\/b cot(x)? + a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(a+b*cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(cot(x)~2/sqrt(b*cot(x)"2 + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f co’c(x)2
\/D co’c(x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(cot(x)~2/(a + bxcot(x)~2)"(1/2),x)
[Out] int(cot(x)~2/(a + b*cot(x)"2)"(1/2), x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f cot? (x) 0
\a + beot? (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (x)**2/(atb*cot (x)**2)**(1/2),x)

[Out] Integral(cot(x)**2/sqrt(a + b*cot(x)**2), x)

199
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346 [ XYy

\Ja+b cot?(x)

Optimal. Leaf size=33

Va-b
Va->b

[Out] arctanh((a+b*xcot(x)~2)"(1/2)/(a-b)~(1/2))/(a-b)~(1/2)

tanh_l (\/a+b cot?(x) ]

Rubi [A] time = 0.06, antiderivative size = 33, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 15,

numberofrules _ 4 767, Rules used = {3670, 444, 63, 208}

integrand size

tanh ™! (
Va->b

Antiderivative was successfully verified.

a+b cot?(x)
a-b

[In] Int[Cot[x]/Sqrt[a + b*Cot[x]~2],x]
[Out] ArcTanh([Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]l/Sqrtl[a - b]
Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int [(x_)"(m_.)*((a_) + (b_.)*x(x_)"(n_)) (p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*x(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - axd, 0] && EqQ[m - n +
1, 0]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*x(x 01D~ D))" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£72%x72), x], x, (cxTan[e + f*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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cot(x) X
- S b d V4 7
f Va+ bcotz(x ubst [f (1 + x2) Va + bx? o COt(X)]
dx, x, cotz(x)))

1 1
—|=Sub
(2 " st(f(l + x)Va + bx

Subst ( f % dx, x, \a + b cot?(x) )
1

2
AN

b

tanh_l [\1a+b COtz(X) ]

a-b

Va-b

Mathematica [A] time = 0.01, size = 33, normalized size = 1.00

¢ nh_l (\/zﬁb cot?(x) ]
a —_—

a-b

Va-b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/Sqrtla + b*Cot[x]~2],x]
[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtl[a - bl]/Sqrtl[a - b]

fricas [B] time = 0.52, size = 127, normalized size = 3.85

m (a—b) cos(2 x)—a—

cos(2x)-1

[( V—a+b -
log (_\/QT (a- bc)(:;sz(Z;C)la b (cos (2x) —1) — (a — b) cos (2 x) + a) a + b arctan 2

2Va-b a->b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2%log(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*(cos(
2xx) - 1) - (a - b)*cos(2*x) + a)/sqrt(a - b), sqrt(-a + b)*arctan(-sqrt(-a
+ b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))/(a - b))/(a - b)]

giac [B] time = 0.56, size = 70, normalized size = 2.12

log |2 Va —b cos(x)? — yJa cos(x)* — b cos(x)* — 2 a cos(x)? + b cos(x)? + a )\/a -b-2a+ b|

2vVa-b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2*log(abs(2*(sqrt(a - b)*cos(x)~2 - sqrt(a*cos(x)”4 - bxcos(x)~4 - 2%ax*co
s(x)72 + bxcos(x)"2 + a))*sqrt(a - b) - 2*a + b))/sqrt(a - b)
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maple [A] time = 0.15, size = 29, normalized size = 0.88

u+b(cot2(x))
arctan W

V—a+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(at+b*cot(x)~2)~(1/2),x)
[Out] -1/(-a+b)~(1/2)*arctan((a+b*xcot(x)~2)~(1/2)/(-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~2)7(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
'assume' command before evaluation *may* h

dditional constraints; using the
'assume (4*xa-4*b>0) ', see “assume?” for more

elp (example of legal syntax is
details)Is 4*a-4*b positive or negative?

time = 0.96, size = 27, normalized size = 0.82

b cot(x)2+a )

a-b

Va-b

Verification of antiderivative is not currently implemented for this CAS.

mupad [B]

atanh [

[In] int(cot(x)/(a + bxcot(x)~2)~(1/2),x)
[Out] atanh((a + bxcot(x)~2)"(1/2)/(a - b)~(1/2))/(a - b)~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot (x
i
a+ bcot? (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)**2)**(1/2),x)

[Out] Integral(cot(x)/sqrt(a + b*cot(x)**2), x)
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347 [0y

\Ja+b cot?(x)

Optimal. Leaf size=60

; nh_l (\/zﬁb cot?(x) ] ¢ h_l (\/a+b cot?(x) ]
a _— an

\/E a-b
\a Ya-b
[Out] arctanh((a+b*cot(x)~2)"(1/2)/a~(1/2))/a"~(1/2)-arctanh((a+b*xcot(x)~2)~(1/2)/
(a-b)~(1/2))/(a-b)~(1/2)

Rubi [A] time = 0.09, antiderivative size = 60, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 15,

number of rules _ ), 333, Rules used = {3670, 446, 86, 63, 208}

tanh_l (\/a+b cotz(x) ] tanh_l (\/a+b Cotz(x) ]

integrand size

Va a-b
\/E - Va-b

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrtla + b*Cot[x]~2],x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrt[al]/Sqrtl[al - ArcTanh[Sqrt[a + b*Cot[x]"2
1/Sqrtla - bl]l/Sqrtla - bl

Rule 63

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 86

Int[(Ce_.) + (£_)*(x_))"(p)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Dist[b/(b*xc - axd), Int[(e + f*x)"p/(a + bxx), x], x] - Distl[d
/(bxc - axd), Int[(e + f*x)7p/(c + d*x), x], x] /; FreeQ[{a, b, ¢, d, e, £,
p}, x] && !IntegerQ[p]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*x_D"(m_ )" (p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*xx 01" (@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
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f~2xx"2), x], x, (cxTanl[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pY, x] && (I1GtQlp, 0] || EqQln, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps

tan(x) 1
dx = —Sub dx, x,
fm e St[fx(1+x2)\/a+bx2 ”COt(x)]
_ (1 1 2
- (2 Subst (f rova e o (x)]]

1 1 1 1
= —| = Subst f —dx,x, cotz(x))) + = Subst ( f dx, x, cotz(x))
(2 ( xVa + bx 2 (1+x)Va + bx
Subst ( f al 5 dx,x,Va+b cotz(x)] Subst ( f al = dx,x,Na+b cotz(x)]

A A
= - +
b b
_ a+b cot?(x) 1 \Ja+b cot®(x)
nh | Y—= h | ——
ta ( NG ] tan =

Va ) Va-b

Mathematica [A] time = 0.05, size = 60, normalized size = 1.00

_ a+b cot?(x) 1 a+b cot?(x)
nh | Y—2| tanh![X——
ta ( NG ] an —

Va ) Va-b

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrtl[a + b*Cot[x]~2],x]

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtlal]l/Sqrtl[al - ArcTanh[Sqrt[a + bxCot[x]~2
1/Sqrtla - bl]/Sqrt[a - b]

fricas [A] time = 0.70, size = 419, normalized size = 6.98

2
(2a-b) tan(x)2-2 Va—b | T2 an ()24
tan(x)

tan(x)2+1

(a - b)+/a log (2 atan(x)?> +2+/a %X:;b tan(x)? + b) +Va-balog

2 (az — ab)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(a+b*cot(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2x((a - b)*sqrt(a)*log(2*a*xtan(x)~2 + 2*xsqrt(a)*sqrt((axtan(x)”2 + b)/ta
n(x)"2)*tan(x)"2 + b) + sqrt(a - b)*axlog(((2*xa - b)*tan(x)”~2 - 2xsqrt(a -
b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x)"2 + b)/(tan(x)"2 + 1)))/(a"2 - ax

b), -1/2x(2*axsqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((axtan(x)”2 + b)/tan(x
)"2)/(a - b)) - (a - b)*sqrt(a)*log(2xaxtan(x)”2 + 2*sqrt(a)*sqrt((a*xtan(x)

2 + b)/tan(x)"2)*tan(x)”"2 + b))/(a"2 - a*xb), -1/2x(2xsqrt(-a)*(a - b)*arct
an(sqrt(-a)*sqrt((a*xtan(x)~2 + b)/tan(x)~2)/a) - sqrt(a - b)*axlog(((2*a -
b)*tan(x) "2 - 2xsqrt(a - b)*sqrt((axtan(x)”2 + b)/tan(x) " 2)*tan(x)”"2 + b)/(
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tan(x)”2 + 1)))/(a”2 - axb), -(sqrt(-a)*(a - b)*arctan(sqrt(-a)*sqrt((a*xtan
(x)72 + b)/tan(x)"2)/a) + a*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((a*xtan(x
)72 + b)/tan(x)"2)/(a - b)))/(a"2 - a*b)]

giac [B] time = 0.38, size = 140, normalized size = 2.33

Va-b cos(x)?—/a cos(x)% b cos(x)4-2 a cos(x)2+b cos(x)2+a
arctan (— - \/(i—u )_log (|—2 (\/a — b cos(x)? — \/a cos(x)* — b cos(s
v-a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(1/2),x, algorithm="giac")

[Out] -arctan(-(sqrt(a - b)*cos(x)~2 - sqrt(a*xcos(x)”4 - b*cos(x)"4 - 2*axcos(x)”
2 + b*cos(x)"2 + a))/sqrt(-a))/sqrt(-a) - 1/2*log(abs(-2x(sqrt(a - b)*cos(x

)72 - sqrt(a*xcos(x)”4 - bxcos(x)"4 - 2*axcos(x)”2 + b*xcos(x)"2 + a))*(a - b

) + (2%a - b)*sqrt(a - b)))/sqrt(a - b)

maple [C] time = 0.75, size = 376, normalized size = 6.27

(cos(x)+1)b (cos(x)+1)b

2\/— \/cos(x )Va Va-b- va Va—b —a cos(x)+b cos(x)+a \/_ Z(COS(X)\/E Va—b—+fa Na-b+acos(x)-b COS(X)—ﬂ) EﬂiptiCPi (-1+co

11(cosz(x))—b(cos2

~1+cos2(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(at+b*cot(x)~2)~(1/2),x)

[Out] 2*27(1/2)*((cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2) -a*cos(x)+b*xcos(x
)+a)/(cos(x)+1) /b))~ (1/2)* (2% (cos (x)*a~ (1/2)*(a-b) " (1/2)-a~ (1/2)*(a-b) " (1/2
)+axcos(x)-b*cos(x)-a)/(cos(x)+1)/b)~(1/2)*(E1llipticPi((-1+cos(x))*((2*xa~ (1
/2)*(a-b) ~(1/2)-2%a+b) /b)~(1/2)/sin(x) ,1/(2*a~(1/2)*(a-b) ~(1/2)-2*a+b) *b, (-

(2%a~ (1/2)*(a-b) ~(1/2)+2*xa-b) /b) ~(1/2) / ((2*a~ (1/2)*(a-b) ~(1/2) -2*a+b) /b) ~ (1
/2))-EllipticPi((-1+cos(x))*((2*a~(1/2)*(a-b)~(1/2)-2%a+b)/b)~(1/2)/sin(x),
-1/(2xa~(1/2)*(a-b) ~(1/2)-2*a+b) *xb, (-(2*¥a~ (1/2)*(a-b) " (1/2)+2*a-b) /b) ~(1/2)
/((2*%a~ (1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2)) ) *sin(x)/((a*cos(x) "2-b*cos(x) "2-a

)/ (~1+cos(x)72))~(1/2)/(-1+cos(x))/((2*a~ (1/2)*(a-b) " (1/2)-2*a+b) /b) ~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f tan(x)
/b cot(x)? + a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(at+b*cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(tan(x)/sqrt(b*cot(x)~2 + a), x)

mupad [B] time = 0.51, size = 93, normalized size = 1.55

a+ 2+Va-b _[|a+ b 5 2a _[|a+ b 5 a+ b 5
a tanh tan(x) tan(x) _ tan(x) a tanh tan(x)
Va-b b ba-b Va

Va-b Va

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(tan(x)/(a + b*xcot(x)~2)"(1/2),x)

[Out] atanh((a + b/tan(x)"2)"(1/2)/(a - b)~(1/2) + (2x(a - b)~(1/2)*(a + b/tan(x)
~2)7(1/2))/b - (2xax(a + b/tan(x)”2)7(1/2))/(bx(a - b)~(1/2)))/(a - b)~(1/2
) + atanh((a + b/tan(x)"2)~(1/2)/a~(1/2))/a~(1/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tan (x)
f dx
\a + b cot? (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)**2)**(1/2),x)

[Out] Integral(tan(x)/sqrt(a + b*cot(x)**2), x)
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tan? (x)

f \Ja+b cot?(x)

Optimal. Leaf size=54

3.48 dx

tan_l ( \/ﬂ cot(x) ]
\Ja+b cot?(x) tan(x)va + b CO’[Z(X)
+
Va-b a

[Out] arctan(cot(x)*(a-b)~(1/2)/(a+b*xcot(x)~2)"(1/2))/(a-b)~(1/2)+(a+bxcot(x)"2)"
(1/2)*tan(x)/a

Rubi [A] time = 0.09, antiderivative size = 54, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 17,

number of rules _ ) 94, Rules used = {3670, 480, 12, 377, 203}

integrand size

tan_l ( Va-b cot(x) ]
\Ja+b cot?(x) tan(x)va + b cot?(x)
+
Va-b a

Antiderivative was successfully verified.

[In] Int[Tan[x]~2/Sqrtl[a + b*Cot[x]~2],x]

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtl[a + bxCot[x]~2]]/Sqrtla - b] + (Sqrtla + b
*Cot [x] "2]*Tan[x])/a

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 || GtQlb, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 480

Int[(Ce_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)
)~(q_ ), x_Symbol] :> Simp[((exx)~(m + 1)*(a + b*x"n)~(p + 1)*(c + d*x"n)"(q
+ 1))/(axcxex(m + 1)), x] - Dist[1/(a*cxe™n*(m + 1)), Int[(exx)"(m + n)x*(a
+ b*x"n) "p*(c + d*x"n) “g*Simp[(bxc + a*xd)*(m + n + 1) + n*x(b*c*xp + axd*xq)
+ bxdx(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, p, q
}, x] && NeQ[b*c - ax*d, 0] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b
, ¢, d, e, m, n, p, q, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*xx 01" (@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
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f~2xx"2), x], x, (cxTanl[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pY, x] && (I1GtQlp, 0] || EqQln, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps

dx, x, cot( x)]

f tan’ () — Subst f
Va + bcotz(x x2 (1 + x2) Va + bx?

_Na+ b cot?(x) tan(x Subst ( (1+22) Va+bx? dx o cot(x))
B a
bcot?(x) t

_ Yatbeotw) tan() | o bst T ot

a 1 + x2 Va + bx?

a + b cot?(x) tan(x ( cot(x) )

= +Subst| | ——————dx,x,

a ( 1-(-a+by? Va + bcot(x)

tan_l Va-b cot(x) ]
\/a+bc0t2 (x) N \/a +b COtZ(X) tan(x)

Va-b a

Mathematica [C] time = 1.57, size = 134, normalized size = 2.48

— 2
3a(a+2b COtZ(x)) sin_l[ (a-b) ZOS (x)]

\/ (a-b) sin? (x) cos2(x) a-+b cot?(x))

a2
3a2v/a + b cot?(x)

5 (a=b) cos
a

sin?(x) tan(x) (bcof(x) + 1) + 4(a — b) cos?(x) (a +b cotz(x)) >F; (2 2; -

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[x]~2/Sqrtl[a + bxCot[x]~2],x]

[Out] ((1 + (b*Cot[x]~2)/a)*Sin[x]~2*%(4*(a - b)*Cos[x]~2*(a + b*Cot[x]~2)*Hyperge
ometric2F1[2, 2, 5/2, ((a - b)*Cos[x]~2)/a] + (3*axArcSin[Sqrt[((a - b)*Cos
[x]~2)/all*(a + 2xb*Cot[x]~2))/Sqrt[((a - b)*Cos[x] 2*(a + b*Cot[x]~2)*Sin[
x]72)/a"2])*Tan[x])/(3*xa~2*xSqrt[a + b*Cot[x]~2])

fricas [A] time = 1.11, size = 229, normalized size = 4.24

a tan(x)2+b

2% tan(x)%-2 (3 a?-4 ab) tan(x)2+a2—8 ab+8 b2 +4 (a tan(x)3—(a—2 b) tan(x)) V-a+b p—e 2 tan(;
av-a+b log B tan(x)4+2 tan(x)2+1 —4(a-Db) tan(

4 (a2 — ab)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(at+b*cot(x)”2)7(1/2),x, algorithm="fricas")

[Out] [-1/4x(axsqrt(-a + b)xlog(-(a"2xtan(x)~4 - 2%(3*a”2 - 4xaxb)*tan(x)"2 + a~2
- 8%axb + 8*b~2 + 4x(axtan(x)”3 - (a - 2*b)*tan(x))*sqrt(-a + b)x*sqrt((a*xt
an(x)~2 + b)/tan(x)"2))/(tan(x)"4 + 2xtan(x)”"2 + 1)) - 4x(a - b)*sqrt((a*ta
n(x)"2 + b)/tan(x)"2)*tan(x))/(a”2 - axb), 1/2*(sqrt(a - b)*axarctan(2*sqrt
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(a - b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x)/(a*xtan(x)"2 - a + 2xb)) + 2%
(a - b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x))/(a”2 - axb)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(a+b*cot(x)~2)7(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(t_nostep))]Discontinuities at zeroes of sin(t_nostep) were not checkedWarn

ing, integration of abs or sign assumes constant sign by intervals (correct

if the argument is real):Check [abs(t_nostep)]Error: Bad Argument Type

maple [B] time = 0.82, size = 328, normalized size = 6.07

a(cos?(x))-b(cos?(x))- cos2 X cos2 x))-a
sin(x)((cosz(x)) \/— (cos?w))-blcos?)-a In (4 cos(x)V-a+b \/ ®) ®) — 4a cos(x) + 4b cos

(cos(x)+1)2 (cos x)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(at+b*cot(x)"2)"(1/2),x)

[Out] -sin(x)*(cos(x) 2% (-(a*cos(x) " 2-b*xcos(x)"2-a)/(cos(x)+1)"2)"(1/2)*1n(4*cos(
x)*(—a+b) ~(1/2) *(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2)-4*a*cos(x)+
4xb*xcos (x)+4* (—a+b) " (1/2) *(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2)) *
a-cos(x) "2x(-a+b) "~ (1/2)*a+cos(x) "2*x(-a+b) " (1/2) *b+cos (x) * (- (a*xcos(x) “2-b*co
s(x)"2-a)/(cos(x)+1)"2) " (1/2)*1n(4*cos (x) *(-a+b) ~(1/2)* (- (a*cos (x) "2-b*cos (
x)"2-a)/(cos(x)+1)72) " (1/2) -4*a*xcos (x)+4xb*cos (x)+4* (-a+b) "~ (1/2) * (- (axcos (x

) "2-b*cos(x) "2-a)/(cos(x)+1)7"2)~(1/2)) *a+(-a+b) " (1/2)*a)/cos (x)/((a*cos(x)”™
2-b*cos(x)"2-a)/(-1+cos(x)"2)) " (1/2)/(-1+cos(x)"2) /a/(-a+b) ~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f tan(x)?
\/b cot(x)? + a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(a+b*cot(x)~2)~(1/2),x, algorithm="maxima"
[Out] integrate(tan(x)~2/sqrt(b*cot(x)"2 + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02
tan(x)2

f \/bco’c(x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(tan(x)~2/(a + bxcot(x)~2)"(1/2),x)
[Out] int(tan(x)~2/(a + b*cot(x)"2)"(1/2), x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f tan? (x)
\a + beot? (x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)**2/(atb*cot (x)**2)**x(1/2),x)

[Out] Integral(tan(x)**2/sqrt(a + b*xcot(x)**2), x)

210
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3
3.49 O dx

(a+b cot? (x))3/

Optimal. Leaf size=59

a a-b
ba-ba+bool@  (@-b>~?

[Out] -arctanh((a+b*xcot(x)~2)~(1/2)/(a-b)~(1/2))/(a-b)~(3/2)+a/(a-b)/b/(a+b*cot(x
)"2)7(1/2)

Rubi [A] time = 0.11, antiderivative size = 59, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 17,

number of rules _ ) 294, Rules used = {3670, 446, 78, 63, 208}

integrand size
_1 | \a+boot?(x)
|25

a a-b
b(a — b)va + b cot?(x) ) (a - b)¥2

Antiderivative was successfully verified.

tanh_l (‘/u+b cotz(x) ]

[In] Int[Cot[x]~3/(a + bxCotl[x]~2)"(3/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]l/(a - b)~(3/2)) + a/((a - b)*bxS
grtla + b*Cot[x]~2])

Rule 63

Int[((a_.) + (b_)*x))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x " (p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*xx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(n_.)*((e_.) + (f_.)*(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x)~(n + D)*x(e + f*x)"(p + 1))/(
fx(p + 1)*(cxf - d*e)), x] - Dist[(a*xd*f*x(n + p + 2) - b*x(d*ex(n + 1) + cx*f
x(p + 1))/ (£x(p + 1)x(c*f - dxe)), Int[(c + d*x)"nx(e + fxx)~(p + 1), x],

x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Int
egerQ[p] || !'(IntegerQ[n] || !'(EqQle, 0] || '(EqQlc, 0] |l LtQ[p, nl))))

Rule 208

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*&x_)"(m_ )" (p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)7q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670
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Int[((d_.)*tan[(e_.) + (£_)*(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))~(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c"2 + £
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]1] /; FreeQ[{a, b, c, d, e, f, m, n
» Py, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps

3

cot3(x) _ X
f ( & dx = — Subst [ f TR dx, x, cot(x)]

a + bcot?(x)
_ |1 * 2
=— (E Subst (f (ESs dx, x, cot (x)))

1 2
_ 4 . Subst ( f PIRWewved dx, x, cot (x))
(a — b)b\Ja + bcot2(x) 2(a - D)
Subst ( [——dx,x,\a+b cotz(x)J

2 4
a X
1_5.'.7

a
= +
(a — b)bya + b cot?(x) (a—-D)b
¢ h_l [ﬂa+b Cotz(x) J
an Ea——

a-b a

(a-b)32 " (a — b)bya + b cot?(x)

Mathematica [A] time = 0.21, size = 59, normalized size = 1.00

tanh_l (1/a+b cot?(x) ]

a a-b
ba-bya+bool@  (@-b>"?

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3/(a + b*Cot[x]72)7(3/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bl]l/(a - b)~(3/2)) + a/((a - b)*b*S

grtla + b*Cot[x]~2])

fricas [B] time = 0.45, size = 385, normalized size = 6.53

cos(2x)-1

(ab + b2 — (ab — 1) cos (2x))Va — b log (—\/a —p [@DeosCO b (s (2 x) —1) - (a - b) cos (2 %) + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atbxcot(x)~2)~(3/2),x, algorithm="fricas")

2 (a3b - a2b? - ab3 + b* — (a3 — 32262 + 3 ab® - b*) cos (2x)

[Out] [-1/2*((axb + b"2 - (axb - b~2)*cos(2*x))*sqrt(a - b)*log(-sqrt(a - b)*sqrt

(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2x
x) +a) - 2x(a”2 - a*xb - (2”2 - a*b)*cos(2*xx))*sqrt(((a - b)*cos(2*x) - a -
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b)/(cos(2xx) - 1)))/(a"3*b - a”2*b"2 - a*b™3 + b™4 - (a”3*b - 3*a”2*xb"2 +
3*axb~3 - b74)*cos(2xx)), -((axb + b™2 - (a*b - b~2)*cos(2*x))*sqrt(-a + b)
*xarctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))/(a -
b)) - (272 - axb - (2”2 - axb)*cos(2*x))*sqrt(((a - b)*cos(2*x) - a - b)/(c
0s(2%x) - 1)))/(a"3%b - a™2*b”2 - a*b”3 + b74 - (a"3xb - 3*a”2xb”2 + 3*axb”
3 - b74)*cos(2*x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Unable to divide, perhaps due to rounding er
rorihh{hhl [hhh{2, (1,21 %hhr+h%kh{-2, [0,3]1%%%},01 : [1,0,%h%{-1, [1,01%%hI+hnh{1,

0, 1% hhI T %hk » (21 hhtod+hhh{hhth{4, [2,2] %hlhh+%th{-4, [1,31%h%Y , (11 A% +%hh{hnm{ [
hhi{2, [2,2)%%%},0] : [1,0,%%%{-1, [1,01%hhI+%h%{1, [0, 11 %%%} 1 %%k}, [0 %hh} / Whhi
hhte{1, 12,01 %%ht+0%h{-2, [1,11%hnkI+hhe{1, [0, 2] %%k} , (21 hhhd+hhth{hn{ Uihn{2, [2,0
1RRRY+hhh{-2, [1,11%%%},01 - [1,0, %%%{-1, [1,00 %%k +hhh{1, [0, L1%%AIT%AY , (11 %A%}

+ohh Uhhh{l, [3,01%hted+Ulti{-1, [2,1)%h%}, [0J%%%} Error: Bad Argument Value

maple [A] time = 0.17, size = 68, normalized size = 1.15

a+b(cot2(x))
V-a+b

1 1
+ +
byJa+b(cot?(x))  (a—b)Ja+b(cot(v)) (@a-b)V-a+b

Verification of antiderivative is not currently implemented for this CAS.

arctan (

[In] int(cot(x)~3/(at+b*xcot(x)~2)"(3/2),x%)

[Out] 1/b/(a+b*cot(x)~2)~(1/2)+1/(a-b)/(a+b*cot(x)"2)"(1/2)+1/(a-b)/(-a+b)~(1/2)*
arctan((a+b*cot(x)~2)~(1/2)/(-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)~(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume?  for more
details)Is 4*a-4*b positive or negative?

mupad [B] time = 1.92, size = 52, normalized size = 0.88

atanh [ Vb cot(x)2+a )

a a-b

(a b- bz) \Jbeot(x)? +a (a~b)"*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(a + b*cot(x)"2)"(3/2),x)
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[Out] a/((axb - b~2)*(a + bxcot(x)~"2)~(1/2)) - atanh((a + bxcot(x)"2)~(1/2)/(a -
b)~(1/2))/(a - b)~(3/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot® (x)

dx

W

(a+bcot? (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(atb*cot (x)**2)**(3/2),x)

[Out] Integral(cot(x)**3/(a + bxcot(x)**2)**(3/2), x)
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cot? (x)

3.50 dx

(a+b cot? (x))3/2

Optimal. Leaf size=59

tan_l [ Va-b cot(x) )

\Ja+bcot?(x) _ cot(x)
(a - b)¥2 (a - b)\a + bcot?(x)

[Out] arctan(cot(x)*(a-b)~(1/2)/(at+b*cot(x)~2)~(1/2))/(a-b)~(3/2)-cot(x)/(a-b)/(a
+b*xcot (x)~2)~(1/2)

Rubi [A] time = 0.10, antiderivative size = 59, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 17,

number of rules _ ) 235, Rules used = {3670, 471, 377, 203}

tan'l [ Va-b cot(x) )

\Ja+b cot®(x) _ cot(x)
(a-Db)32 (a - b)\a + beot?(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Cot[x]"2/(a + bxCotl[x]~2)"(3/2),x]

[Out] ArcTan[(Sqrtla - bl*Cot[x])/Sqrtla + bxCot[x]1"2]]1/(a - b)~(3/2) - Cot[x]/((
a - b)*Sqrt[a + bxCot[x]~2])

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 471

Int[((e_.)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_))~(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(e”(n - 1)*(exx)"(m - n + 1)*x(a + b*xx™n) (p + 1)
x(c + d*x™n)"(q + 1))/ (nx(bxc - axd)*(p + 1)), x] - Dist[e"n/(n*(b*c - ax*d)
*(p + 1)), Int[(exx)"(m - n)*(a + bxx™n) " (p + 1)*(c + d*x"n) g*Simp[cx(m -
n+ 1) + d¥(m + nx(p + q + 1) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e,
qt, x] && NeQ[b*c - axd, 0] && IGtQ[n, O] && LtQ[p, -1] && GeQ[n, m - n +
1] && GtQ[m - n + 1, 0] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, X]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*xD1)" ()~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)"n)"p)/(c”2 + £
f~2xx~2), x], x, (cxTanl[e + f*xx])/ff]l, x1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pt, x] & (IGtQlp, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))
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Rubi steps

2

cot?(x) _ X
f ( )3/2 dx = —Subst [f (1 N x2) (a N bx2)3/2 dx, x, COt(x))

a + b cot?(x)

1
COt(x) Subst (f (1+xz)—a+m dx, X, COt(x))

) _(a—b)\/a+bcot2(x) ' a-b

1 cot(x)
_ cot(x) .\ Subst [f 1~(-a+b)? o ,/a+bcot2(x)]
(a - b)ya +beot?(x) a-b
tan-1 ( Va-b cot(x) J
m cot(x)
@=b2  (a-b)ya+ beot(x)

Mathematica [B] time = 0.73, size = 137, normalized size = 2.32

(a-b) cotz(x)
[ | (a-b) cot? L E—
(b — a) cot(x) bCOth(x) +1 + % csc(x) sec(x)((a — b) cos(2x) —a — b) —w tanh ™ ﬁ
b cof (x)_"_1
2
(a —b)2ya + beot’(x) 4/ bco; ® 41

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~2/(a + bx*Cot[x]~2)~(3/2),x]

[Out] ((-a + b)*Cot[x]*Sqrt[1 + (bxCot[x]~2)/a]l + (ArcTanh[Sqrt[-(((a - b)*Cot [x]

~2)/a)]1/Sqrt[1 + (b*Cot[x]"2)/all*(-a - b + (a - b)*Cos[2*x])*Sqrt[-(((a -

b)*Cot [x]~2) /a)]*Csc[x]*Sec[x])/2)/((a - b)~2xSqrt[a + b*Cot[x] 2]*Sqrt[1 +
(b*Cot [x]172)/al)

fricas [B] time = 0.74, size = 388, normalized size = 6.58

(a-b) c
co

((a—b)cos (2x) —a-b)V-a +b log (—2 (a2 = 2ab + 1?) cos (2x)* - 2 ((a - b) cos (2x) = b)V-a + b

4(a3—a2b—ab2+b3—(a3—3a2b+3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(at+bxcot(x)~2)7(3/2),x, algorithm="fricas")

[Out] [-1/4x(((a - b)*cos(2*x) - a - b)*sqrt(-a + b)*log(-2*(a”2 - 2%axb + b~2)*c
0s(2xx)72 - 2x((a - b)*cos(2*x) - b)*sqrt(-a + b)*sqrt(((a - b)*cos(2*x) -

a - b)/(cos(2*x) - 1))*sin(2*x) + a2 - 2*b~2 + 4*(a*b - b"2)*cos(2xx)) + 4

x(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x))/(a"3 - a

"2%b - a*b”2 + b"3 - (2”3 - 3*a"2*b + 3*axb”2 - b~3)*cos(2*x)), -1/2*%(((a -
b)*xcos(2*x) - a - b)*sqrt(a - b)*arctan(-sqrt(a - b)*sqrt(((a - b)*cos(2*x

) — a - b)/(cos(2*xx) - 1))*sin(2*x)/((a - b)*cos(2*x) - b)) + 2x(a - b)*sqr
t(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x))/(a”3 - a"™2*b - axb~2

+ b73 - (a”3 - 3*%a"2xb + 3*axb”2 - b~3)*cos(2%x))]
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giac [B] time = 1.10, size = 259, normalized size = 4.39

(a%gn(tan(% x))—2 azbsgn(tan(% x))+abzsgn(tan(% x))) tan(% x)z ~ u%gn(tan(% x))—Z uzbsgn(tan(% x))+abzsgn(tan(% x)) \/E sen

a%-3 a3b+3 a?b2—ab3 a%-3 a3b+3 a?b2—ab3 i

1 4 1 2 1 2 al
btan(ix) +4atan(§x) —2btan(5x) +b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(a+b*cot(x)~2)7(3/2),x, algorithm="giac")

[Out] ((a~3*sgn(tan(1/2*x)) - 2*a"2xb*sgn(tan(1/2*x)) + a*xb~2*sgn(tan(1/2*x)))x*ta
n(1/2%x)"2/(a"4 - 3*%a”3%b + 3*%a”2%b"2 - a*xb”3) - (a"3xsgn(tan(1l/2%x)) - 2*a
“2xb*sgn(tan(1/2*x)) + a*b”2*sgn(tan(1/2*x)))/(a"4 - 3*a”3%b + 3*xa”2*b"2 -
a*b~3))/sqrt(bxtan(1/2*x) "4 + 4*xaxtan(1/2*x)”"2 - 2xb*tan(1/2*x)"2 + b) + sq
rt(b)*sgn(tan(1/2*x))/(axb - b~2) - 2*arctan(-1/2*(sqrt(b)*tan(1/2*x)"2 - s
grt(b*tan(1/2%x) "4 + 4*xaxtan(1/2*x)~2 - 2xb*tan(1/2xx)~2 + b) + sqrt(b))/sq

rt(a - b))/ ((axsgn(tan(1/2*x)) - bxsgn(tan(1/2*x)))*sqrt(a - b))

maple [A] time = 0.18, size = 99, normalized size = 1.68

_1\2
b*(a - D) arctan( (@bl cot®) ]

_ cot(x) _ b cot(x) N VbA(a-b) \Ja+b(cot?(x))
aja+b (cotz(x)) (a-b)aJa+D (cotz(x)) (a- b)2 b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(at+b*cot(x)"2)"(3/2),x)

[Out] -cot(x)/a/(a+b*cot(x)~2)~(1/2)-b/(a-b)*cot(x)/a/(atb*cot(x)~2)~(1/2)+1/(a-b
)" 2% (b~ 4x(a-b))~(1/2) /b~ 2*xarctan((a-b)*b~2/(b~4*(a-b)) " (1/2)/(a+b*cot (x) ~2)
~(1/2)*cot(x))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(a+b*cot(x)~2)7(3/2),x, algorithm="maxima"

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det
ails)Is b-a positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.02

2
f< cot(x) - i

beot(x)” + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~"2/(a + b*cot(x)~2)"(3/2),x)
[Out] int(cot(x)~2/(a + b*xcot(x)~2)"(3/2), x)
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sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot? (x)

de
2

(a + b cot? (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2/(atb*cot(x)**2)**(3/2),x%)

[Out] Integral(cot(x)**2/(a + b*cot(x)**2)**x(3/2), x)



219

3.51 O dx
(a+b cotz(x))3/ ’

Optimal. Leaf size=55

<mnh4(whﬂwm%m]

a-b 1
(a-Db)32 (a - b)\a + beot?(x)
[Out] arctanh((a+b*cot(x)~2)~(1/2)/(a-b)~(1/2))/(a-b)~(3/2)-1/(a-b)/(a+b*xcot(x) "2
)~ (1/2)

Rubi [A] time = 0.08, antiderivative size = 55, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 15,

number of rules _ ) 333, Rules used = {3670, 444, 51, 63, 208}

¢ nh_l (\/a+bcot2(x) ]
a —_—

integrand size

a-b 1

(a - )32 B (a — b)va + b cot?(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]/(a + bxCot[x]~2)"(3/2),x]

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtl[a - bl]l/(a - b)~(3/2) - 1/((a - b)*Sqrt[a
+ b*Cot [x]72])

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*x(c + d*xx)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(dx(
m+mn + 2))/((bxc - a*xd)*(m + 1)), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && LtQ[m, -1] && !(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] &% LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(0_))"(p_.)*((c_) + (d_)*x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*x(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 3670
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Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))~(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c"2 + £
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]1] /; FreeQ[{a, b, c, d, e, f, m, n
» Py, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

cot(x) _ X
f ( )3/2 dx = —Subst [f (1 N x2) (a . bx2)3/2 dx, x, cot(x)]

a + b cot?(x)
_ |1 1 2
=- (E Subst (f A+ 2)(a + b2 dx, x, cot (X)))

L 2
- 1 ) Subst ( f RN s dx, x, cot (x))
(a — b)va + b cot?(x) 2(a-b)
Subst ( f ———dx, x,\a + bcot?(x) ]
1

a+x2
B B A
(a — b)\a + beot?(x) (a-D)b
; h_l [\1a+b cotz(x) )
an _—

a-b 1

(a - b)¥2 (a — b)Va + bcot?(x)

Mathematica [C] time = 0.04, size = 44, normalized size = 0.80

1 ., 1 beot?(x)+a
zpl(—zfl;a; =

(b — a)\a + b cot?(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/(a + b*Cot[x]~2)7(3/2),x]

[Out] Hypergeometric2F1[-1/2, 1, 1/2, (a + bxCot[x]~2)/(a - b)]/((-a + b)*Sqrt[a
+ bxCot [x]72])

fricas [B] time = 0.47, size = 344, normalized size = 6.25

cos(2x)-1

(a=b)cos2x) —a—b)Va—b log(\/a—b W(cog(zx)—n—(a—b)cos(zx)+a) +2((a-b)

2 (a3 —a?b—ab? + b3 - (a3 —3a%b +3ab? - b3) cos (2 x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~2)7(3/2),x, algorithm="fricas")

[Out] [1/2%(((a - b)*cos(2*x) - a - b)*sqrt(a - b)*log(sqrt(a - b)*sqrt(((a - b)*
cos(2*x) - a - b)/(cos(2*x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2*x) + a) +
2x((a - b)xcos(2*x) - a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)
))/(a”3 - a”™2*%b - a*b™2 + b~3 - (a”3 - 3*a”2*b + 3*a*xb”2 - b~3)*cos(2*x)),
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-(((a - b)xcos(2*x) - a - b)*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b
)*cos(2%x) - a - b)/(cos(2*x) - 1))/(a - b)) - ((a - b)*cos(2*x) - a + b)*s
grt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(a”™3 - a”2*b - a*xb™2 + b~3
- (273 - 3*%a"2xb + 3*a*b”2 - b~3)*cos(2*x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Unable to divide, perhaps due to rounding er
rorhh{hhl [hhh{2, (1,21 %hh3+h%kh{-2, [0,31%%%},01 : [1,0,%h%{-1, [1,00%%hI+hnh{1,

[0, 11 % %% %%}, (21 %hh:+hht{hhhi4, (2,21 hhht+hnuh{-4, (1,31 %h%} , AT %hhI+%hh{%A{ T
hht{2, [2,2)%%%},0] : [1,0,%%6%{-1, [1,0]%hhI+%h%{1, [0, 1) %%%} 1 %%}, [0 %hh} / %hhi
hhtell, [2,0)%%h3+hhe{-2, [1, 11 %hhI+hnh{l, [0,2]%hh} , (2 hht}+%hh{hh{ Uhnh{2, [2,0
YhhhY+%lh{=2, [1,11 %%}, 0] : [1,0,%hh{-1, [1,01%%%}+hhn{1, [0, 1] %A%} hh} s (11 hhh}

+hh {1, [3,01%hh}+%th{-1,[2,11%%%}, [01%%%} Error: Bad Argument Value

time = 0.14, size = 56, normalized size = 1.02

a+b(cot2(x))
1 arctan ﬁ

_(ﬂ —-b)\Ja+Db (cotz(x)) (a=b)V-a+b

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(a+bxcot(x)~2)"(3/2),x)
[Out] -1/(a-b)/(at+b*cot(x)~2)~(1/2)-1/(a-b)/(-a+b)~(1/2)*arctan((a+bxcot(x)~2)~ (1
/2)/(-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~2)~(3/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h
elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume? for more

details)Is 4*a-4*b positive or negative?

time = 1.78, size = 47, normalized size = 0.85

atanh [ \b cot(x)2+a )

a-b 1
(a~b)" (a-b) \Jbeot(x) +a

Verification of antiderivative is not currently implemented for this CAS.

mupad [B]

[In] int(cot(x)/(a + b*xcot(x)~2)"(3/2),x)
[Out] atanh((a + b*cot(x)"2)"(1/2)/(a - b)~(1/2))/(a - b)~(3/2) - 1/((a - b)*(a +
b*xcot (x)~2)~(1/2))



222

sympy [A] time = 10.37, size = 48, normalized size = 0.87
; \Ja+b cot? (x)
1 e I
(a-b)Va+bcot?(x) V-a+b(a-D)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)**2)**(3/2),x)

[Out] -1/((a - b)*sqrt(a + bxcot(x)**2)) - atan(sqrt(a + b*xcot(x)**2)/sqrt(-a + b
))/(sqrt(-a + b)x(a - b))
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3.52 ) gy
(a+b cot? (x))3/ ’

Optimal. Leaf size=84
- \Ja+b cot?(x)
an 7 )

+ —
a3 a(a — b)\Ja + bcot?(x) (a—Db)¥2

[Out] arctanh((a+b*cot(x)~2)"(1/2)/a~(1/2))/a"(3/2)-arctanh((at+b*xcot(x)~2)~(1/2)/
(a-b)~(1/2))/(a-b)~(3/2)+b/a/(a-b)/(a+bxcot (x)~2) " (1/2)

a-b

tanh_l (\/a+b cotz(x) ]

Rubi [A] time = 0.13, antiderivative size = 84, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 6, integrand size = 15,

number of rules _ ) 400, Rules used = {3670, 446, 85, 156, 63, 208}

tanh_l (w/zﬁb cot?(x) ]

integrand size

¢ h_l [\hﬁb cot?(x) )
an ———

Va b

+ —
a2 a(a — b)Va + b cot?(x) (a - b)¥2

Antiderivative was successfully verified.

a-b

[In] Int[Tan[x]/(a + b*Cot[x]~2)~(3/2),x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtl[al]/a~(3/2) - ArcTanh[Sqrt[a + b*Cot[x]"2
1/Sqrtla - b]l/(a - b)~(3/2) + b/(ax(a - b)*Sqrt[a + bxCot[x]~2])

Rule 63

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 85

Int[((e_.) + (£_)*(x_))"(p_)/(((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Simp[(f*(e + f*xx)~(p + 1))/((p + 1)*(b*xe - a*xf)*(d*e - cxf)),
x] + Dist[1/((bxe - axf)*(d*e - c*f)), Int[((b*dxe - bxckf - axd+*f - b*xd*xfx
x)x(e + £xx)"(p + 1))/((a + bxx)*x(c + d*x)), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] && LtQlp, -1]

Rule 156

Int[((Ce_.) + (£_)*(x_))"(p)*x((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(bxg - axh)/(b*c - a*xd), Int[(e +
fxx)"p/(a + b*x), x], x] - Dist[(d*g - c*h)/(b*c - a*xd), Int[(e + fx*x)7p/(c
+ d*x), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_)) " (p_.)*((c_) + (d_)*x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p
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x(c + d*x)7q, x], x, x™n], x] /; FreeQ[{a, b, ¢, d, m, n, p, g, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*x(x_)1)"(m_.)x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*xff*x)/c) m*x(a + b*(ff*x)"n)"p)/(c”2 + £
£f72%xx72), x], x, (cxTanl[e + fxx])/ff]l, x]] /; FreeQ[{a, b, c, d, e, f, m, n
, p}, x] & (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps

tan(x) _ 1
| ( & dx = Subst[ | TR dx, , cot(x)]

a + bcot?(x)
_ (1 1 2
=- (2 Subst (f 0+ D)@+ bR dx, x, cot (X)))

Subst ( ) i S cotz(x))

_ b _ x(1+x) Va+bx
a(a—-b)\a+b cot?(x) 2a(a - b)
1 2 1
b SUbSt (f xm dx/ X, cot (x)) SUbSt (f (1+X)m

= +

dx, x,

a(a — b)\a + b cot?(x) B 2a 2(a-b)

1

Subst ( [ ——dx,x,\Ja+ bcotz(x)J Subst ( [——d
b N NN
= - +
a(a — b)\a + beot?(x) ab (a-

1 a+b cot? (%) 1 a+b cot? (%)
tanh ( 7 ] tanh ( — )

+
a3 (a—Db)¥2 a(a — b)\a + b cot?(x)

Mathematica [C] time = 0.06, size = 75, normalized size = 0.89

1 1 bcot?(x)+a

2
ayF (—511} S ) + (b -a),F; (_%,1; %} bCO; SO 1)

a(a — b)\a + b cot?(x)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/(a + b*Cot[x]~2)~(3/2),x]

[Out] (axHypergeometric2F1[-1/2, 1, 1/2, (a + b*Cot[x]"2)/(a - b)] + (-a + b)*Hyp
ergeometric2F1[-1/2, 1, 1/2, 1 + (b*Cot[x]~2)/al)/(a*x(a - b)*Sqrt[a + b*Cot
[x]~2])

fricas [B] time = 1.01, size = 863, normalized size = 10.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(3/2),x, algorithm="fricas")
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[Out] [1/2%(2%(a"2*%b - axb~2)*sqrt((a*xtan(x)”2 + b)/tan(x) " 2)*tan(x)”"2 + (a"2xb -
2%axb~2 + b~3 + (a”3 - 2*a”2*%b + a*b”2)*tan(x) 2)*sqrt(a)*log(2*axtan(x) 2
+ 2*sqrt(a)*sqrt((a*tan(x)~2 + b)/tan(x) "2)*tan(x)"2 + b) - (a"3*tan(x)"2
+ a”2xb)*sqrt(a - b)*log(((2*xa - b)*tan(x)~2 + 2xsqrt(a - b)*sqrt((axtan(x)
72 + b)/tan(x)"2)*tan(x)”"2 + b)/(tan(x)"2 + 1)))/(a"4*b - 2*%a”~3%b"2 + a~2xb
"3 + (a”h - 2¥xa"4xb + a"3*b"2)xtan(x)”"2), 1/2*%(2*x(a"2xb - axb”2)*sqrt((axta
n(x)~"2 + b)/tan(x) "2)*tan(x) "2 - 2*(a”3*tan(x)”"2 + a~2*b)*sqrt(-a + b)*arct
an(-sqrt(-a + b)*sqrt((a*tan(x)”2 + b)/tan(x)"2)/(a - b)) + (a”2*%b - 2*axb”
2 + b™3 + (a3 - 2*%a"2%b + a*b~2)*tan(x) "2)*sqrt(a)*log(2xa*xtan(x)~2 + 2%*sq
rt(a)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x)"2 + b))/(a"4*b - 2*a"3%b"2 + a
“2%b7"3 + (2”5 - 2*a"4*b + a"3xb"2)*tan(x)”2), 1/2%(2%(a"2*b - axb”2)*sqrt ((
axtan(x)~2 + b)/tan(x)"2)*tan(x) "2 - 2*(a"2%b - 2%a*b”2 + b~3 + (2”3 - 2*a”
2xb + axb~2)*tan(x) "2)*sqrt(-a)*arctan(sqrt(-a)*sqrt((a*xtan(x)~2 + b)/tan(x
)72)/a) - (a”3*tan(x)”2 + a"2xb)*sqrt(a - b)*log(((2*a - b)*tan(x)"2 + 2xsq
rt(a - b)*sqrt((a*xtan(x)”2 + b)/tan(x)"2)*tan(x)"2 + b)/(tan(x)"2 + 1)))/(a
“4xb - 2*%a”3*b"2 + a”2*b”3 + (a”5 - 2*xa"4xb + a”3*b"2)*tan(x)"2), ((a"2%b -
axb~2) *sqrt ((a*xtan(x) "2 + b)/tan(x)"2)*tan(x)”"2 - (a"2*b - 2%a*b”2 + b~3 +
(a”3 - 2*%a”"2xb + a*b”2)*tan(x) 2)*sqrt(-a)*arctan(sqrt(-a)*sqrt((axtan(x)”
2 + b)/tan(x)"2)/a) - (a"3xtan(x)”2 + a”2xb)*sqrt(-a + b)*arctan(-sqrt(-a +
b)*sqrt((a*tan(x) "2 + b)/tan(x)"2)/(a - b)))/(a"4xb - 2%¥a”3*b"2 + a~2*b~3
+ (a7 - 2%¥a”4xb + a~3*b~2)*tan(x)"2)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(a+b*xcot(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ; OUTPUT :Warning, replacing O by ~ u”, a substitution
variable should perhaps be purged.Warning, replacing O by ~ u’, a substitu
tion variable should perhaps be purged.Warning, replacing O by ~ u’, a subs
titution variable should perhaps be purged.Warning, replacing O by ~ u’, a
substitution variable should perhaps be purged.Warning, replacing O by ~ u’
, @ substitution variable should perhaps be purged.Warning, replacing O by
" u’, a substitution variable should perhaps be purged.Warning, replacing O
by *~ u’, a substitution variable should perhaps be purged.Warning, integra
tion of abs or sign assumes constant sign by intervals (correct if the argu
ment is real):Check [abs(t_nostep)]Error: Bad Argument Type

maple [C] time = 0.90, size = 962, normalized size = 11.45

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(at+b*xcot(x)~2)"(3/2),x)

[Out] -(a*cos(x) 2-b*cos(x)"2-a)*(27(1/2)*((cos(x)*a~(1/2)*x(a-b)~(1/2)-a~(1/2)*(a
-b) ~(1/2) -a*cos(x)+b*cos(x)+a)/(cos(x)+1)/b) " (1/2)*(-2* (cos(x) *a~ (1/2)*(a-b
)~ (1/2)-a~(1/2)*(a-b) ~(1/2)+a*cos(x) -b*cos(x)-a)/(cos(x)+1) /b) ~(1/2)*Ellipt
icF ((-1+cos(x))*((2%a~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2) /sin(x), ((8%a~(3/2)*
(a-b)~(1/2)-4*xa~ (1/2)*(a-b) " (1/2) #*b+8*a”~2-8*a*b+b~2) /b~2) ~(1/2) ) *b*sin(x) +2
*27(1/2)*((cos(x)*a~ (1/2)*(a-b) " (1/2)-a~(1/2) *(a-b) ~(1/2) -a*cos (x) +b*cos (x)
+a)/(cos(x)+1)/b) ~(1/2)*(-2*(cos (x)*a~(1/2)*(a-b) ~(1/2)-a~(1/2)*(a-b) ~(1/2)
+a*xcos (x)-bxcos(x)-a)/(cos(x)+1)/b)~(1/2)*E1llipticPi((-1+cos(x))*((2*xa~(1/2
)*(a-b)~(1/2)-2*atb)/b)~(1/2) /sin(x),1/(2*a~(1/2)*(a-b) " (1/2) -2*a+b) *b, (- (2
*a~(1/2)*(a-b) ~(1/2)+2xa-b) /b) ~(1/2) / ((2xa~(1/2)*(a-b) ~(1/2) -2*a+b) /b) ~(1/2
Y)xa*xsin(x)-2*%27(1/2)*((cos(x)*a~(1/2)*(a-b)~(1/2)-a~(1/2)*(a-b) ~(1/2) -a*co
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s(x)+b*cos(x)+a)/(cos(x)+1)/b) " (1/2)*(-2*(cos(x)*a~(1/2)*(a-b) " (1/2)-a"~(1/2
)*(a-b)~(1/2)+a*xcos(x)-b*cos(x)-a)/(cos(x)+1)/b)~(1/2)*E1lipticPi((-1+cos(x
))*((2xa~(1/2)*(a-b)~(1/2)-2*a+b) /b)~(1/2) /sin(x) ,1/(2*a~(1/2)*(a-b)~(1/2)-
2xa+b) *b, (- (2*xa”~ (1/2) *(a-b) ~(1/2)+2*a-b) /b) ~(1/2) /((2*xa~ (1/2)*(a-b) " (1/2)-2
*a+b) /b) " (1/2) ) *b*xsin(x)-2%27(1/2) * ((cos(x)*a~(1/2)*(a-b) ~(1/2)-a~ (1/2) *(a-
b)~(1/2)-axcos (x)+b*cos(x)+a)/(cos(x)+1)/b) "~ (1/2) *(-2*(cos(x)*a"~ (1/2)*(a-b)
~(1/2)-a~(1/2)*(a-b)~(1/2)+a*cos(x) -b*cos(x)-a)/(cos(x)+1)/b) ~(1/2)*Ellipti
cPi((-1+cos(x))*x((2*a~(1/2)*(a-b) ~(1/2)-2*a+b) /b)~(1/2) /sin(x),-1/(2*xa~(1/2
)*(a-b) ~(1/2)-2*a+b) *b, (-(2*a~ (1/2)*(a-b) ~(1/2)+2*xa-b) /b) ~(1/2) / ((2*a~(1/2)
*(a-b) " (1/2)-2*a+b) /b) ~(1/2) ) *a*sin(x)+((2*xa~ (1/2)*(a-b) " (1/2)-2*a+b) /b) ~ (1
/2)¥b*cos (x)-((2*xa~(1/2)*(a-b) ~(1/2)-2*a+b) /b) ~(1/2)*b) /(-1+cos(x) ) /sin(x) "~
2/ ((a*xcos(x) "2-b*cos(x)"2-a)/(-1+cos(x)"2))~(3/2)/((2*xa~ (1/2)*(a-b)~(1/2)-2
*a+b) /b) " (1/2)/(a-b)/a

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

tan(x) i

W

bcot(x)? + a)2
( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(3/2),x, algorithm="maxima")
[Out] integrate(tan(x)/(b*xcot(x)~2 + a)~(3/2), x)

mupad [B] time = 0.48, size = 1451, normalized size = 17.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(a + b*xcot(x)~2)"(3/2),x)

[Out] atanh((2*a~2*%b"8*(a + b/tan(x)~2)"(1/2))/((a~3)"(1/2)*x(2*a*xb™8 - 12*xa~2*b~7
+ 30%a”~3%b~6 - 38%a~4*b”"5 + 24xa~5*xb”~4 - 6%a”6%b”"3)) - (12*%a~3*b~7*(a + b/
tan(x)"2)7(1/2))/((a~3) " (1/2)*(2xa*xb~8 - 12*%a~2%b~7 + 30*%a~3*b~6 - 38*%a~4x*b
5 + 24*a”5%b~4 - 6*a”6%b~3)) + (30*¥a~4*xb”"6x(a + b/tan(x)"2)"(1/2))/((a"3)"
(1/2)*(2*axb™8 - 12*xa~2*b~7 + 30*a"3*b~6 - 38xa~4*xb~5 + 24xa~5xb~4 - 6xa” 6%
b~3)) - (38*a~5*%b~5x(a + b/tan(x)"2)"(1/2))/((a~3)"(1/2)*(2*xa*xb™8 - 12xa”~ 2%
b~7 + 30%a~3*%b"6 - 38*%a"4*b”5 + 24*a~5x%b"4 - 6*%a”6*b"3)) + (24*a"6*%b"4x(a +
b/tan(x)"2)"(1/2))/((a~3)~(1/2)*(2*a*xb”™8 - 12*xa~2*xb~7 + 30*%a~3*b~6 - 38*a”
4xb~5 + 24xa~5%b~4 - 6*%a”"6xb"3)) - (6*xa~7*b"3*(a + b/tan(x)”"2)"(1/2))/((a"3
)T (1/2)*%(2%a*b™8 - 12*a”2*b~7 + 30%a"3*b~6 - 38*a”~4*b"5 + 24%a~5%b"4 - 6*a”
6xb~3)))/(a~3)"(1/2) - (atan(((((a - b)~3)~(1/2)*(((a + b/tan(x)~2)~(1/2)*(
2%a”~3x%b"7 - 10%a"4*b"6 + 22%a"bxb"5 - 26*a"6x%b"4 + 16*%a”"7*b"3 - 4*a”~8*xb"2))
/2 + (((a - b)~3)"(1/2)*x(12*a"bxb"7 - 2*%a~4*b~8 - 28*a”6*%b"6 + 32*xa~7*b"5 -
18*a~8*b~4 + 4%a~9%b~3 + ((a + b/tan(x)"2)"(1/2)*((a - b)~3)~(1/2)*(8*a~b*
b"8 - 56*%a"6*xb”7 + 160*a”7*b"6 - 240*%a”"8xb~5 + 200*a”"9*xb"4 - 88*%a~10*b"3 +
16*%a~11*b~2))/(4*x(a - b)"3)))/(2*x(a - b)"3))*1i)/(a - b)"3 + (((a - b)"3)"(
1/2)%(((a + b/tan(x)~"2)"(1/2)*(2%xa~3*%b"7 - 10%a~4*b”~6 + 22*xa~5*xb"5 - 26*a”~6
*b™4 + 16*a”7+b”"3 - 4*a~8%b"2))/2 + (((a - b)~3)"(1/2)*(2*¥a"4*xb~8 - 12*a~bx*
b~7 + 28*a”6%b"6 - 32*a"7*b"5 + 18*a”~8%b~4 - 4*a”9*xb~3 + ((a + b/tan(x)”"2)"
(1/2)*((a - b)~3)"(1/2)*(8*a"5*xb~8 - 56*a”6*xb~7 + 160*a”7*b~6 - 240*a”~8*b~5
+ 200%a"9*b~4 - 88%a”10*b~3 + 16*a”11%b"2))/(4*x(a - b)~3)))/(2x(a - b)~3))
x1i)/(a - b)~3)/(2%a"3*b"6 - 6*xa~4*b~5 + 6xa~b*b"4 - 2xa~6*%b"3 - (((a - b))~
3)"(1/2)*x(((a + b/tan(x)"2)"(1/2)*x(2%a"3%b~7 - 10%a"4*xb~6 + 22%a"5%xb~5 - 26
*a"6*b”"4 + 16%a”7*b”"3 - 4%xa"8*b”2))/2 + (((a - b)~3)7(1/2)*(12*%a~5xb~7 - 2%
a~4*b~8 - 28*a”6*xb"6 + 32%a”7*b~5 - 18*%a”"8*b"4 + 4*xa~9*xb"3 + ((a + b/tan(x)
“2)7(1/2)*((a - b)~3)"(1/2)*(8*xa~5*b"8 - 56%a~6*b”"7 + 160*a”7*b~6 - 240%a”8
*b”5 + 200*%a~9%b"4 - 88*%a~10*b~3 + 16*xa~11*xb"2))/(4x(a - b)~3)))/(2x(a - b)
~3)))/(a - b)"3 + (((a - b)"3)"(1/2)*(((a + b/tan(x)~2)~(1/2)*(2*%a~3*b~7 -
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10%a"4*xb~6 + 22%a”5%xb~5 - 26*a”~6xb~4 + 16*a”~7*b"3 - 4*%a"8*xb"2))/2 + (((a -
b)~3)"(1/2)*(2*a~4*b"8 - 12*a”~b*b”~7 + 28*a~6*¥b"6 - 32*a”7*b"5 + 18*a~8*b~4
- 4%xa”9*%b"3 + ((a + b/tan(x)"2)"(1/2)*((a - b)~3)"(1/2)*(8*%a"5*xb"8 - 56*a”6
*b”7 + 160*a~7*b"6 - 240*a~8*b~5 + 200%a”~9*b~4 - 88%a~10*b~3 + 16*a”~11%b~2)
)/ (4x(a - b)73)))/(2*x(a - b)~3)))/(a - b)"3))*((a - b)"3)"(1/2)*1i)/(a - b)
~3 - b/((axb - a”2)*(a + b/tan(x)"2)"(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tan (x) i

(a + bcot? (x))g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)**2)**(3/2),x)

[Out] Integral(tan(x)/(a + bxcot(x)**2)*x(3/2), x)
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tanz(x)

3.53 dx

(a+b cot? (x))3/2

Optimal. Leaf size=92

_ Va-b cot(x)

tan! | —=
(a - 2b) tan(x)Va + b cot?(x) N (\/Hb cot?(x) } N b tan(x)
a?(a - b) (a - b)¥2 a(a — b)va + b cot?(x)

[Out] arctan(cot(x)*(a-b)~(1/2)/(a+bxcot(x)"2)"(1/2))/(a-b)~(3/2)+bxtan(x)/a/(a-b
)/ (a+b*cot (x) "2) ~(1/2)+(a-2*xb) * (a+b*cot (x) ~2) ~(1/2)*tan(x)/a~2/(a-b)

Rubi [A] time = 0.15, antiderivative size = 92, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 17,

number of rules _ ) 353, Rules used = {3670, 472, 583, 12, 377, 203}

integrand size

_ Va-b cot(x)

tan™! | ———=
(a — 2b) tan(x)\a + b cot?(x) . (\/Hb cot?(x) ) N b tan(x)
a?(a - b) (a-b)32 a(a - b)a + b cot?(x)

Antiderivative was successfully verified.

[In] Int[Tan[x]"2/(a + bxCot[x]~2)"(3/2),x]

[Out] ArcTan[(Sqrtl[a - bl*Cot[x])/Sqrtla + bxCot[x]~2]]1/(a - b)~(3/2) + (bxTanl[x]
)/(ax(a - b)*Sqrt[a + b*Cot[x]~2]) + ((a - 2xb)*Sqrtl[a + b*Cot[x] 2] *Tan[x]
)/(a"2*(a - b))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 |l GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 472

Int[((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_)) " (p_)*((c_) + (d_.)*x(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(b*(exx)~(m + 1)*(a + b*x"n)~(p + 1)*(c + d*x"n
)" (g + 1))/ (a*xexnx(b*c - a*xd)*(p + 1)), x] + Dist[1/(a*nx(bxc - a*xd)*(p + 1
)), Int[(exx) m*(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cxb*(m + 1) + n*(b*c
- axd)*(p + 1) + d*bx(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a,
b, c, d, e, m, qF, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && LtQlp, -1] && I
ntBinomialQ[a, b, ¢, d, e, m, n, p, q, xJ

Rule 583

Int[((g_)*(x_))"(m_)*x((a_) + (b_)*x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_
D" (q_D)*((e ) + (£_)*(x_)"(n_)), x_Symbol] :> Simp[(ex(g*x)~(m + 1)*(a +
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b*x™n) “(p + 1)*(c + d*x"n)"(q + 1))/(a*xc*xgx(m + 1)), x] + Dist[1/(a*xcxg™nx*(
m+ 1)), Int[(g*x)~(m + n)*(a + b*x"n) p*(c + d*x"n) g*Simp[axf*c*(m + 1) -
ex(b*c + axd)*(m + n + 1) - exn*x(bkc*xp + axd*q) - b*exd*(m + n*x(p + q + 2)
+ D*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, p, q}, x] && IGtQ[n, O
] && LtQ[m, -1]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£ 2xx"2), x], x, (cxTan[e + f*x])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps

f ( tan?(x) )3/2 dx = — Subst [f . ( 1 7 dx, x, COt(X)]
X

a + b cot?(x) 1+ x2) (a + bxz)

a—-2b—2bx?

b tan(x) B Subst (f x2(1+x2)\/a+bx2
a(a — b)\a + b cot?(x) a(a —b)

b tan(x) N (a - 2b)\/a + b cot?(x) tan(x) N Subst (f (1+22) Va+bx? a
a(a — b)\a + b cot?(x) a?(a - b) a%(a - b)

1

b tan(x) N (a — 2b)y/a + b cot?(x) tan(x) s Subst (f (1422) Vasba?
a(a - b)ya + b cot?(x) a?(a - b) a—b

1
_ b tan(x) N (a-2b) m tan(x) . Subst ( f T dx, )
a(a - b)va + b cot?(x) a2(a — b) P
tan‘l ( Va-b cot(x) ]
\Ja+b cot?(x) b tan(x) (a- Zb)m tan(x)
@57 " da-barbeofm | 2a=b)

dx, x, cot(x))

d

Mathematica [C] time = 6.90, size = 674, normalized size = 7.33

_ 2 _ 2
8b2(a—b) cos?(x) cot4(x) 3F2(2,2,2;1,§ ;%ﬁs(”) 16b(a—b) cos?(x) cotz(x) 3F2(2,2,2;1,; ;M) 8(a—b) cos?(x

+ +

sin?(x) tan(x)

1543 1542

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[x]~2/(a + b*Cot[x]~2)~(3/2),x]

[Out] (Sin[x]~2%((12%bxCsc[x]~2)/(a - b) + (8*b~2*Cot[x] 2*Csc[x]~2)/(a*x(a - b))
+ (16*%(a - b)*Cos[x] “2*Hypergeometric2F1[2, 2, 7/2, ((a - b)*Cos[x]~2)/al)/
(15%a) + (8*(a - b)*b*Cos[x]"2*Cot [x] "2*Hypergeometric2F1[2, 2, 7/2, ((a -
b)*Cos [x]72)/al)/(3*a"2) + (8*(a - b)*b~2*Cos [x] “2xCot [x] "4*Hypergeometric2
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F1[2, 2, 7/2, ((a - b)*Cos[x]~2)/al)/(5*a~3) + (8*(a - b)*Cos[x] “2*Hypergeo
metricPFQ[{2, 2, 2}, {1, 7/2}, ((a - b)*Cos[x]~2)/al)/(15*%a) + (16%x(a - b)*
b*Cos [x] “2*Cot [x] "2*HypergeometricPFQ[{2, 2, 2}, {1, 7/2}, ((a - b)*Cos[x]~
2)/al)/(16%xa~2) + (8x(a - b)*b~2*Cos[x] "2*Cot [x] "4*HypergeometricPFQ[{2, 2,
2}, {1, 7/2}, ((a - b)*Cos[x]~2)/al)/(16%a~3) + (3*a*xSec[x]"2)/(a - b) - (
3xArcSin[Sqrt[((a - b)*Cos[x]~2)/all)/((((a - b)*Cos[x]~2)/a)~(3/2)*Sqrt [((
a + bxCot[x]~2)*Sin[x]"2)/al) - (12xbxArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Co
t[x]72)/(ax(((a - b)*Cos[x]72)/a)~(3/2)*Sqrt[((a + bxCot[x]~2)*Sin[x]"2)/al
) - (8*b~2*xArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]~4)/(a~2*x(((a - b)*Cos[
x]172)/a)~(3/2)*Sqrt [((a + b*Cot[x]~2)*Sin[x]~2)/al) + (3*ArcSin[Sqrt[((a -
b)*Cos [x]~2)/all)/Sqrt[((a - b)*Cos[x]~2*(a + b*Cot[x]~2)*Sin[x]~2)/a"2] +
(12*%b*ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]~2)/(a*Sqrt[((a - b)*Cos[x]~
2*%(a + b*Cot[x]~2)*Sin[x]~2)/a"2]) + (8*b~2*xArcSin[Sqrt[((a - b)*Cos[x]~2)/
al]]1*Cot[x]74)/(a"2*Sqrt[((a - b)*Cos[x]"2*(a + b*Cot[x]~2)*Sin[x]"2)/a"2]))
*xTan [x])/(axSqrt[a + b*Cot[x]~2])

fricas [B] time = 0.90, size = 393, normalized size = 4.27

2
a2 tan(x)*-2 (3 -4 ab) tan(x)2+a2-8 ab+8 b%-4 (a tan(x)3—(a—2b) tan(x)) V-a+b ,/* tan@-+b

(ﬂ3 tan(X)z + azb) V—a + b log - tan(x)2 ny

tan(x)4+2 tan(x)2+1

4 (a4b —2a3b?% + a2b3 + (a5 —2a% + a3b2) tar

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(atbxcot(x)~2)~(3/2),x, algorithm="fricas")

[Out] [1/4x((a”3*tan(x)"2 + a"2xb)*sqrt(-a + b)*log(-(a"2*tan(x)"4 - 2%(3*%a"2 - 4
xaxb)*tan(x) "2 + a”2 - 8*axb + 8%b"2 - 4x(axtan(x)”3 - (a - 2*b)*tan(x))*sq
rt(-a + b)*sqrt((a*tan(x)”2 + b)/tan(x)"2))/(tan(x)"4 + 2xtan(x)"2 + 1)) +
4x((a™3 - 2xa”2%b + axb~2)*tan(x)"3 + (a”2*b - 3*a*xb”2 + 2xb~3)*tan(x))*sqr
t((axtan(x)"2 + b)/tan(x)"2))/(a"4*b - 2%a~3*%b"2 + a"2*%b~3 + (a”b - 2*a"4xb

+ a”3*%b"2)*tan(x)"2), 1/2x((a"3*tan(x)”2 + a”2*b)*sqrt(a - b)*arctan(2*sqr
t(a - b)xsqrt((a*xtan(x)”2 + b)/tan(x) "2)*tan(x)/(a*tan(x)"2 - a + 2%b)) + 2
x((a”3 - 2xa”2*xb + axb”2)*tan(x)”3 + (a”2*%b - 3*axb”2 + 2xb~3)*tan(x))*sqrt
((axtan(x)”"2 + b)/tan(x)~2))/(a"4*b - 2%a~3*b~2 + a~2*%b~3 + (a”5 - 2*a~4x*b

+ a”3*%b~2)*tan(x)"2)]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(at+b*cot(x)~2)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, integration of abs or sign assumes
constant sign by intervals (correct if the argument is real):Check [abs(sin
(t_nostep))]Discontinuities at zeroes of sin(t_nostep) were not checkedWarn

ing, integration of abs or sign assumes constant sign by intervals (correct

if the argument is real):Check [abs(t_nostep)]Evaluation time: 0.48Error:
Bad Argument Type

maple [B] time = 0.96, size = 421, normalized size = 4.58

(-1 + cos(x))? (cos(x) + 1) (a (cosz(x)) -b (cosz(x)) —~ a) (— (cosz(x)) \/ _ aleos)-beos*)-a In (4 cos(x) V=

(cos(x)+1)2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(a+b*cot(x)~2)~(3/2),x%)

[Out] (-1+cos(x)) " 2x(cos(x)+1) "2*(a*cos(x) " 2-b*xcos(x) "2-a)*(-cos(x) "2*x(-(a*xcos(x)
~2-b*cos(x)"2-a)/(cos(x)+1)72) " (1/2)*In(d*cos(x)*(—a+b) ~(1/2) *(-(a*cos(x) "2
-b*cos(x)"2-a)/(cos(x)+1)72) " (1/2) -4*a*xcos (x)+4*xbxcos (x)+4* (—a+b) "~ (1/2) * (- (

a*xcos (x) "2-b*xcos(x)"2-a)/(cos(x)+1)"2)~(1/2))*a~2+cos (x) "2*(-a+b) " (1/2)*a"2
-2%cos(x) "2*x(-a+b) " (1/2) *a*xb+2*cos(x) "2*(-a+b) ~(1/2)*b~2-cos (x) * (- (a*cos (x)
~2-b*cos(x) "2-a)/(cos(x)+1)"2) " (1/2)*1n(4*cos(x)*(—a+b) ~(1/2) *(-(a*cos(x) "2
-b*cos(x) "2-a)/(cos(x)+1)72)~(1/2)-4*a*cos (x)+4*xbxcos (x)+4* (—a+b) ~(1/2) * (= (
a*xcos(x) "2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2))*a~2-(-a+b) ~(1/2)*a"2+(-a+b) ~(
1/2)*a*b)*b/cos (x)/((a*xcos(x) "2-b*cos(x)~2-a)/(-1+cos(x)~2))~(3/2)/sin(x)"7
/(—at+b)~(1/2)/((ax(a-b))~(1/2)+a-b)/((a*x(a-b))~(1/2)-at+b)/a~2

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

tan(x)?

dx

N W

(b cot(x)? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(at+b*cot(x)~2)7(3/2),x, algorithm="maxima")
[Out] integrate(tan(x)~2/(b*cot(x)~2 + a)~(3/2), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

2
f( tan(x) - i

b c:ot(x)2 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(a + b*xcot(x)"2)"(3/2),x)
[Out] int(tan(x)~2/(a + b*cot(x)"2)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

t 2
an” (x) iy

3
2

(a + b cot? (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)**2/(atb*cot(x)**2)**(3/2),x%)

[Out] Integral(tan(x)**2/(a + b*cot(x)**2)**x(3/2), x)
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3
3.54 O x

(a+l7cot2(x))5/

Optimal. Leaf size=82

tanh_l (\/a+b cotz(x) ]

a 1 a-b
+ —
3b(a~b) (a+b cotz(x))3/2 (a—by2\Ja+ beot(x) (a—b)>2

[Out] -arctanh((a+b*cot(x)~2)"(1/2)/(a-b)~(1/2))/(a-b)~(5/2)+1/3*xa/(a-b)/b/(a+b*xc
ot (x)~2)~(3/2)+1/(a-b) "2/ (atbxcot (x)~2)~(1/2)

Rubi [A] time = 0.13, antiderivative size = 82, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 17,

numberofrules _ 353, Rules used = {3670, 446, 78, 51, 63, 208}

¢ h_l (WHb cot?(x) ]
an e

integrand size

a 1 a-b
+ —
3b(a-b) (0 + ool () (@= b2+ beof () (a - b

Antiderivative was successfully verified.
[In] Int[Cot[x]~3/(a + b*Cotl[x]~2)"(5/2),x]

[Out] -(ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtla - bll/(a - b)~(56/2)) + a/(3*%(a - b)*b
x(a + b*Cot[x]72)7(3/2)) + 1/((a - b)~2*Sqrt[a + bxCot[x]~2])

Rule 51

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+b*x)"(m + D*(c + d*x)"(n + 1))/ ((b*c - a*d)*(m + 1)), x] - Dist[(dx*(
m+n+ 2))/((bxc - axd)*x(m + 1)), Int[(a + b*x)"(m + 1)*x(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[bxc - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[n]))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1) *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 78

Int[((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> -Simp[((b*e - axf)*(c + d*x)"(n + 1)*(e + £*xx)"(p + 1))/(
fx(p + 1)*(c*xf - d*e)), x] - Dist[(axd*fx(n + p + 2) - bx(d*ex(n + 1) + cx*f
x(p + 1))/ (fx(p + 1)*(c*xf - d*e)), Int[(c + d*x)"n*x(e + f*x)~(p + 1), x],

x] /; FreeQ[{a, b, c, d, e, f, n}, x] && LtQlp, -1] && ( 'LtQ[n, -1] || Int
egerQlp] || !(IntegerQ[nl || !(EqQle, 01 || !'(EqQlc, 01 Il LtQlp, n1))))

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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Rule 446

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_.)*((c) + (d_)*xx_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)7p
x(c + d*x)"q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, g}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*x(x 01" ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£ 2xx~2), x], x, (cxTan[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps

f ( cot?(x) )5/2 Jx = — Subst [ f ( X3 )5/2 dx, x, cot(X)J

a + b cot?(x) 1+ x2) (a + bx2

1 x
o (5 Subst (f (1 + x)(a + bx)>2 o COtz(x)))

1

= a Subst (f (1+x)(a+bx)3/2 dx, x, cot? (x))
) 202 2(a-b)

3(a - b)b(a+ bcot(x))

1

_ a .\ 1 . Subst ( f RS v dx, x, c

3a-bb(a+beot(®)”  (@=bPVa+beot’(x) 2(a - by

Subst f ! > dx, x,\/;

= 1 + 1 i T

3(a—b)b(a+beot’()’”  (a=bPVa+bcof(x) (a— b2

_1| atb cot?(x)
tanh (—a_b ] ) 1

= - +

(a=0) 3(a—b)b (a +b co’cz(X))a’/2 ' (a = by*\a + b cot?(x)

Mathematica [C] time = 0.10, size = 69, normalized size = 0.84

1.1 bcotz(x)+a

3b (a + bcotz(x)) >F1 (—5,1, > T) + a(a—Db)

)3/2

3b(a — b)? (a + bcot?(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]~3/(a + b*Cot[x]~2)~(5/2),x]

[Out] (ax(a - b) + 3*b*x(a + b*Cot[x]~2)*Hypergeometric2F1[-1/2, 1, 1/2, (a + b*Co
t[x]"2)/(a - b)]1)/(3*%(a - b)~2*bx(a + b*Cot[x]~2)7(3/2))
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fricas [B] time = 0.68, size = 698, normalized size = 8.51

3 (azb +2ab? + b + (azb —-2ab? + b3) cos (2x)* -2 (azb - b3) cos (2x))\/a -blog (\/a -b

(a—b) cos(2 x)—a—b

cos(2x)-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(atb*cot(x)~2)7(5/2),x, algorithm="fricas")

[Out] [1/6%(3*x(a"2*b + 2*a*xb™2 + b™3 + (a"2*xb - 2*a*b”2 + b~3)*cos(2*x)"2 -
2¥b - b~3)*cos(2*x))*sqrt(a - b)*xlog(sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a
- b)/(cos(2%x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2*x) + a) + 2*¥(a"3 + a~2
*b + a*b”2 - 3*b"3 + (a”3 + a"2%b - B*xaxb”2 + 3*b~3)*cos(2*x)"2 - 2*x(a”3 +

a"2xb - 2%axb~2)*cos(2*x))*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))
/(@”bxb - a~4%b”2 - 2*a~3%b"3 + 2*%a"2%b"4 + a*xb”5 - b"6 + (a"bxb - bxa~4xb”
2 + 10*a”3%b~3 - 10*a"2%b~4 + 5*a*b”5 - b76)*cos(2xx)”"2 - 2x(a~bxb - 3*a~4x
b~2 + 2*a~3*b"3 + 2*a"2%b”"4 - 3*axb”5 + b76)*cos(2*x)), -1/3%(3*x(a"2%b + 2%
axb”2 + b"3 + (a"2*b - 2*axb”2 + b~3)*cos(2*x)"2 - 2x(a"2*b - b~3)*cos(2*x)
)*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos (2%
x) - 1))/(a-Db)) - (a73 + a™2*b + a*xb™2 - 3*b"3 + (a"3 + a"2*xb - 5xaxb”2 +
3%b~3)*cos(2%x) "2 - 2x(a”™3 + a"2%b - 2*xaxb~2)*cos(2*x))*sqrt(((a - b)*cos(
2%x) - a - b)/(cos(2*x) - 1)))/(a"5*b - a"4xb~2 - 2*¥a”3*b"3 + 2*¥a"2*b"4 + a
*b"5 - b76 + (a"b*b - 5*xa”4*b"2 + 10*a~3*b~3 - 10*a"2*b~4 + 5*xaxb”5 - bT6)*
cos(2*x)72 - 2*%(a”b*b — 3*a~4xb"2 + 2%a”3*b”3 + 2*%a"2*b"4 - 3*axb”5 + bT6)*
cos(2*x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~3/(at+b*cot(x)~2)~(5/2),x, algorithm="giac")

2% (a”

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP

UT:sage2:=int(sage0,x) : ;OUTPUT:index.cc index_m i_lex_is_greater Error: Bad
Argument Value

maple [A] time = 0.17, size = 88, normalized size = 1.07

a+b(cot2(x))
1 1 1 arctan ﬁ
Tt + 3 + 5 \/7
3 (a+ b(cot?())? @=b) \Ja+b(cof(®) 3(a—b)(a+b(colm))? @I NTAFD

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(a+b*cot(x)~2)~(5/2),x)

[Out] 1/3/b/(a+b*xcot(x)~2)~(3/2)+1/(a-b) 2/ (a+b*cot(x)~2)"(1/2)+1/3/(a-b)/(atb*co

t(x)"2)°(3/2)+1/(a-b)~2/(-a+b) " (1/2) *arctan((a+b*cot (x)"2) " (1/2)/(-a+b) " (1/
2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

6 (a5b —a*b? — 24303 + 2 a%b* + ab® - b° + (a5b —-5a4b2 +
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[In] integrate(cot(x)~3/(at+b*cot(x)~2)7(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume?  for more
details)Is 4*a-4*b positive or negative?

time = 4.24, size = 88, normalized size = 1.07

mupad [B]
a b (b Cot(x)2+a) atanh \/bcot(x)2+ﬂ (2 24 ab+2 bZ)
+ 1352
3(a-b) (u—b)z 2 (a-b)
(ll _ b)5/2

32
b (b cot(x)2 + a) !
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~3/(a + bxcot(x)~2)~(5/2),x)

[Out] (a/(3*(a - b)) + (bx(a + b*xcot(x)~2))/(a - b)~2)/(bx(a + bxcot(x)~2)7(3/2))
- atanh(((a + bxcot(x)~2)"(1/2)*(2%a"2 - 4xaxb + 2*xb~2))/(2x(a - b)~(5/2))

)/ (a - b)~(5/2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot® (x) 0

o

(a+bcot? (x))*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**3/(atb*cot (x)**2)**(5/2),%)

[Out] Integral(cot(x)**3/(a + bxcot(x)**2)**(5/2), x)
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2
3.55 O igx

(a+b cot? (x))5/

Optimal. Leaf size=94

tan_l [ Va-b cot(x) )

_ (2a + b) cot(x) _ cot(x) N \Ja+b cot?(x)
3a(a ~ b2V +bco(®)  3(a—b) (a+boo(x) (a=b)

[Out] arctan(cot(x)*(a-b)~(1/2)/(a+b*xcot(x)~2)~(1/2))/(a-b)~(5/2)-1/3*%cot(x)/(a-b
)/ (at+bxcot (x)~2) " (3/2)-1/3%(2*a+b) *cot (x) /a/ (a-b) "2/ (a+b*cot (x) ~2) " (1/2)

Rubi [A] time = 0.12, antiderivative size = 94, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 17,

number of rules _ ) 353, Rules used = {3670, 471, 527, 12, 377, 203}

integrand size
tan_l [ Va-b cot(x) )
(2a + b) cot(x) cot(x) N a+b cot?(x)
Ba(a - b?Va+bco(x)  3(a-b)(a+boott() @b

Antiderivative was successfully verified.
[In] Int[Cot[x]~2/(a + b*Cot[x]~2)7(5/2),x]

[Out] ArcTan[(Sqrt[a - bl*Cot[x])/Sqrtla + bxCot[x]~2]]1/(a - b)~(5/2) - Cot[x]/(3
x(a - b)*(a + b*Cot[x]72)7(3/2)) - ((2*%a + b)*Cot[x])/(3*xa*x(a - b)~2*Sqrt[a
+ b*Cot [x]~2])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]1*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 471

Int[((e_.)*(x_))"(m_.)*((a_) + (b_)*(x_)"(_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[(e”(n - 1)*(exx)"(m - n + 1)*(a + b*xx"n) " (p + 1)
x(c + d*x"n)"(q + 1))/ (ax(bxc - axd)*(p + 1)), x] - Dist[e"n/(n*(b*xc - ax*d)
*(p + 1)), Intl[(exx)"(m - n)*(a + b*x™n) " (p + 1)*(c + d*x"n) “q*Simp[c*(m -
n+1) +dt(m + nx(p + q + 1) + D*x"n, x], x], x] /; FreeQ[{a, b, c, d, e,
qt, x] &% NeQ[b*c - axd, 0] && IGtQ[n, 0] && LtQ[p, -1] && GeQ[n, m - n +
1] && GtQ[m - n + 1, O] && IntBinomialQ[a, b, ¢, d, e, m, n, p, q, X]

Rule 527
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Int[((a_) + (b_)*(x_)"(_))~(p)*((c_) + (d_)*(x_)"(m_))"(q_.)*x((e ) + (£
_I)*(x_ )" (n))), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + b*xx™n) (p + 1)*(c +
d*x"n)~(q + 1))/ (a*n*(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*x(b*c - axd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*(c + d*x"n) g*Simp[cx(bxe - axf) + exn*(b*c
- axd)*(p + 1) + dx(bxe - axf)*x(nx(p + q + 2) + L)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, £, n, qF, x] && LtQlp, -1]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_.)*(x_)])"(m_.)*x((a_) + (b_.)*x((c_.)*tan[(e_.) +
(f_I)*xx)1)"(@))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£72%x72), x], x, (cxTan[e + f*x])/ff], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

2

cot?(x) o .
vt ey COt(x)J

) cot(x) Subst ( f W dx, x, cot(x))
) 3(a - b) (a +b co’rz(x))3/2 3(a—D)
Subst ( f S
cot(x) (2a + b) cot(x) (1+22) Va+ba?
 3(a-b)(a+beol() " Sa(a-bpyat b0l 3a(a - b)?
- cot(x) _ @a+hootw Subst (f mz);m a2
3(a—Db) (a +b cotz(x))g/2 3a(a — b)>\a + bcot(x) (a-b)?
1
cot(x) (24 + b) cot(x) Subst (f a0
 3(a-b)(a+beol() " 3ala-bPatbool() (@b
tan-1 ( Va-b cot(x) ]
\atbcot?(x) cot(x) (2a + b) cot(x)

@=0 3 b)(a+beot()” 3ala-bPva+beol()

Mathematica [C] time = 6.51, size = 200, normalized size = 2.13

~b) sin?(x) cos2(x) (a+b cot? _b)cos2
35asin?(x)(5a+2b cotz(x))[a csc2(x)((a—4b) cot?(x)-3a) \/ (o) sin”) cos 2(">(”+ co) +3(a+b cot2(v)) sm—l( J et ]]
a

tan(x) | - -
\/(a—b) smz(x) cosz(x)(a+b cotz(x))
2
a

3152%(a - b2 (a + b ot ()

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[x]~2/(a + b*Cot[x]~2)~(5/2),x]

[Out] ((-12x(a - b)~3*Cos[x]~4*Cot[x]~2*(a + b*Cot[x]~2)*Hypergeometric2F1[2, 2,
9/2, ((a - b)*Cos[x]~2)/al - (35%a*x(5*a + 2*b*Cot[x]~2)*Sin[x] 2% (3*ArcSin[
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Sqrt[((a - b)*Cos[x]~2)/all*(a + bxCot[x]~2)72 + ax(-3*a + (a - 4*b)*Cot [x]
~2)*Csc[x]"2*Sqrt[((a - b)*Cos[x]"2x(a + b*Cot[x]"2)*Sin[x]"2)/a"2]1))/Sqrt[
((a - b)*Cos[x]"2x(a + bxCot[x]~2)*Sin[x]~2)/a~2])*Tan[x])/(315*%a~3*(a - b)
~2%(a + b*Cot[x]~2)"(3/2))

fricas [B] time = 1.35, size = 720, normalized size = 7.66

3 (a3 +2a%b + ab® + (a3 -2a%b + abz) cos(2x)* -2 (a3 —~ abz) cos (2 x))\/—a +b log (—2 (az —~2ab+ bz) co

12 (a6 — a%b — 2 a%b? + 2 a3b3 + a?b* -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(at+b*cot(x)~2)7(5/2),x, algorithm="fricas")

[Out] [-1/12%(3%(a”3 + 2xa™2xb + axb™2 + (a3 - 2*a"2*b + a*b”2)*cos(2*x) "2 - 2x(
a”3 - axb”2)*cos(2*x))*sqrt(-a + b)*log(-2*(a”2 - 2%axb + b~2)*cos(2*x)”"2 +
2x((a - b)*cos(2*x) - b)*sqrt(-a + b)*sqrt(((a - b)*cos(2*xx) - a - b)/(cos
(2%x) - 1))*sin(2*x) + a”2 - 2xb~2 + 4*x(a*b - b"2)*cos(2*x)) + 4*(3*a”3 - a
“2%b - a*b”2 - b™3 - (3*%a”3 - 5*a”"2*b + a*b”2 + b~3)*cos(2*x))*sqrt(((a - b
)*cos(2*x) - a - b)/(cos(2xx) - 1))*sin(2x*x))/(a"6 - a~bxb - 2xa”4%b"2 + 2%
a~3*b”3 + a"2xb"4 - ax*b”5 + (2”6 - 5*a"bxb + 10%a"4xb”2 - 10%a~3*b~3 + 5xa”
2*xb~4 - axb~5)*cos(2%x)72 - 2*%(a”6 - 3*%a"bxb + 2*a”4xb”2 + 2*a~3*b"3 - 3xa”
2%b"4 + axb~5)*cos(2*x)), 1/6%(3%(a"3 + 2*a~2%b + a*xb”2 + (a"3 - 2*a~2%b +
axb~2)*cos(2%x) "2 - 2*x(a”3 - a*b”2)*cos(2*x))*sqrt(a - b)*arctan(-sqrt(a -
b)*sqrt(((a - b)*cos(2*x) - a - b)/(cos(2*x) - 1))*sin(2*x)/((a - b)*cos(2*
x) - b)) - 2x(3%a”3 - a”2%b - a*b”2 - b”3 - (3*%a”3 - 5xa"2*b + axb”2 + b~3)
*xcos(2xx))*sqrt (((a - b)*cos(2*x) - a - b)/(cos(2%x) - 1))*sin(2*x))/(a"6 -
a~b*b - 2*%a~4*b"2 + 2%a”3%b"3 + a"2*%b"4 - axb”5 + (a”6 - 5xa”bxb + 10*a"4x
b"2 - 10%a”3%b~3 + b5*a"2%b~4 - a*b~5)*cos(2*x)"2 - 2x(a”6 - 3*%a”"b*b + 2*a”4
*b~2 + 2%a"3%b~3 - 3*a"2%b"4 + axb~5)*cos(2*x))]

giac [B] time = 2.40, size = 1025, normalized size = 10.90

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(at+b*cot(x)~2)7(5/2),x, algorithm="giac")

[Out] 1/3%(2*a + b)*sgn(tan(1/2xx))/(a"3*sqrt(b) - 2*a~2*b~(3/2) + a*xb~(5/2)) + 1
/3% ((((2*a~10*%b*sgn(tan(1/2*x)) - 15*%a”~9*b~2*sgn(tan(1/2*x)) + 48*%a~8xb~3*s
gn(tan(1/2%x)) - 84*a”7xb~4*sgn(tan(1/2*x)) + 84xa~6*b~5*xsgn(tan(1l/2xx)) -
42%a~bxb~6*sgn(tan(1/2*x)) + 12%a”3*b~8*sgn(tan(1/2*x)) - 6%a~2*%b~9*sgn(tan
(1/2*%x)) + axb”~10*sgn(tan(1/2+*x)))*tan(1/2*x)"2/(a"12 - 10*a~11xb + 45%a~10
*b72 - 120%a”9%b"3 + 210%a"8*b"4 - 262%a”7*b"5 + 210*%a"6x%b"6 - 120*a"b*b”7
+ 45%a”~4xb~8 - 10%a”3*%b~9 + a”2*%b~10) + 3*(4*xa”1lxsgn(tan(1/2*x)) - 34*a~10
*xbxsgn(tan(1/2%x)) + 127*a”9%b"2xsgn(tan(1/2%x)) - 272*a”8*b~3*sgn(tan(1/2*
x)) + 364*%a”7*b"4*sgn(tan(1/2*x)) - 308*%a~6*b~b*sgn(tan(1/2*x)) + 154*%a~b*b
“6*xsgn(tan(1/2*x)) - 32*xa”4xb~7*xsgn(tan(1/2*x)) - 8*%a~3*b~8*sgn(tan(1/2*x))
+ 6%a”2xb"9*sgn(tan(1/2%x)) - a*xb~10*sgn(tan(1/2*x)))/(a"12 - 10*xa~11*b +
45x%a”10%b"2 - 120*%a”9*b"3 + 210*a"8xb"4 - 252*%a”7*b"5 + 210*%a"6*b"6 - 120*a
“5xb~7 + 45*%a”4*b~8 - 10%a”3*b~9 + a~2*b~10))*tan(1/2*x) "2 - 3x(4*xa~1l*xsgn(
tan(1/2%x)) - 34*a~10%b*sgn(tan(1/2*x)) + 127*xa~9%b~2*sgn(tan(1/2*x)) - 272
*a”~8*xb~3*sgn(tan(1/2xx)) + 364*a”7*xb~4*sgn(tan(1/2xx)) - 308*a~6xb~5*xsgn(ta
n(1/2*x)) + 164%a~bxb~6*sgn(tan(1/2*x)) - 32%a~4xb~7*xsgn(tan(1/2*x)) - 8*a”
3*xb~8*sgn(tan(1/2%x)) + 6*%a~2*b~9*sgn(tan(1/2*x)) - a*b~10*sgn(tan(1/2*x)))
/(a”12 - 10*a~11%b + 45%xa~10*%b~2 - 120*a~9%b~3 + 210%a~8*b~4 - 252%a~7*b~5
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+ 210%a"6*b~6 - 120*a~5*b~7 + 45%a”4%b~8 - 10*a~3*b~9 + a~2xb~10))*tan(1/2x
x)72 - (2*a~10*bxsgn(tan(1/2xx)) - 15*a”~9*b~2*sgn(tan(1/2*x)) + 48%a~8xb~3x
sgn(tan(1/2%x)) - 84xa~7*xb~4*sgn(tan(1/2xx)) + 84*a~6xb~5*xsgn(tan(1l/2*x)) -
42*%a~b*b"6*sgn(tan(1/2*x)) + 12xa~3*b~8*sgn(tan(1/2*x)) - 6*a~2*b"9*sgn(ta
n(1/2*x)) + a*b~10*sgn(tan(1/2*x)))/(a~12 - 10*a~11xb + 45%xa~10%b"2 - 120%*a
“9xb73 + 210%a"8%b"4 - 262%xa"7xb"5 + 210%a"6xb"6 - 120*%a"5%b”7 + 45*%a”"4*b”8
- 10%a”3*b~9 + a”2%b~10))/(bxtan(1/2*%x) "4 + 4*axtan(1/2*x)"2 - 2*b*tan(1/2
*x) 72 + b)7(3/2) - 2xarctan(-1/2*(sqrt(b)*tan(1/2*x)~2 - sqrt(b*tan(1/2*x)~
4 + 4xaxtan(1/2*x)"2 - 2%b*tan(1/2%x)”2 + b) + sqrt(b))/sqrt(a - b))/ ((a~2*
sgn(tan(1/2*x)) - 2*axbxsgn(tan(1/2*x)) + b~2*sgn(tan(1/2*x)))*sqrt(a - b))

maple [B] time = 0.20, size = 166, normalized size = 1.77

cot(x) 2 cot(x) b cot(x) b cot(x)

3a (a +b (cotz(x)))g 3a2\Ja+b (cotz(x)) (a-bYa\ja+b (cotz(x)) 3(a-b)a (a +b (cotz(x))); 3(a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(a+b*xcot(x)~2)"(5/2),x)

[Out] -1/3*cot(x)/a/(at+b*cot(x)~2)"(3/2)-2/3/a"2*cot (x)/(a+b*cot(x)~"2)"(1/2)-b/(a
-b) "2*cot (x) /a/ (a+b*cot (x)~2) " (1/2)-1/3*b/ (a-b)*cot (x) /a/ (a+b*cot (x)~2) ~(3/
2)-2/3%b/(a-b)/a"~2*cot (x)/(at+bxcot (x)"2)~(1/2)+1/(a-b) " 3*x(b~4*(a-b))~(1/2)/

b~ 2*arctan((a-b)*b~2/(b"4*(a-b))~(1/2)/(a+b*cot (x) ~2) " (1/2)*cot (x))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)~2/(atb*cot(x)~2)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(b-a>0)', see “assume?” for more det
ails)Is b-a positive or negative?

mupad [F] time = 0.00, size = -1, normalized size = -0.01

2
f( cot(x) - i

bcot(x)? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)~2/(a + b*cot(x)~2)~(5/2),x)
[Out] int(cot(x)~2/(a + bxcot(x)"2)"(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot? (x) 0

>
2

(a + b cot? (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)**2/(atb*cot(x)**2)**(5/2),x%)

[Out] Integral(cot(x)**2/(a + b*xcot(x)**2)**x(5/2), x)
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3.56 O gy
(a+b cot? (x))5/ ?

Optimal. Leaf size=78

1 1 a-b

tanh_1[1M+hmgu))
- - +
(a-b2Va+bcof(x)  3(a—b)(a+beol(x) (a = byF

[Out] arctanh((a+b*xcot(x)~2)~(1/2)/(a-b)~(1/2))/(a-b)~(5/2)-1/3/(a-b)/(a+tb*cot (x)
~2)7(3/2)-1/(a-b) "2/ (atb*cot (x)~2)~(1/2)

Rubi [A] time = 0.09, antiderivative size = 78, normalized size of antiderivative

= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 15,
number of rules _ ) 333, Rules used = {3670, 444, 51, 63, 208}

integrand size

a-b

tanh_l [ \ja+b cot?(x) ]

1 1
(@-bPNabeo()  3a-b)(a+beol () TR

Antiderivative was successfully verified.
[In] Int[Cotl[x]/(a + b*Cot[x]"2)"(5/2),x]

[Out] ArcTanh[Sqrt[a + bxCot[x]~2]/Sqrtl[a - bl]/(a - b)~(5/2) - 1/(3*(a - b)*(a +
bxCot [x]~2)7(3/2)) - 1/((a - b)~2xSqrt[a + b*Cot[x]"2])

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+bxx)"(m + 1)*(c + d*x)"(n + 1))/((b*xc - a*d)*(m + 1)), x] - Dist[(dx*(
m+n + 2))/((bxc - a*d)*(m + 1)), Int[(a + b*x)"(m + 1)*x(c + d*x)"n, x], x
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 444

Int[(x_)"(m_.)*((a_) + (b_)*x_D)"(m_)) " (p_.)*((c_) + (d_)*(x_)"(m_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*x(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[bxc - a*d, 0] &« EqQ[m - n +
1, 0]

Rule 3670
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Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ )) " (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c™2 + £
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]1] /; FreeQ[{a, b, c, d, e, f, m, n
, PY, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

t(x)
f( cot(x _h

a+b cotz(x))

X
— Subst [ f )5 5 dx, x, cot(x))

(1 + xz) (a + bx?

1 1
_ (E Subst (f T1 0@ 00" dx, x, cotZ(X)))

1
o 1 ) Subst ( f e dx, x, Cotz(x))
3(a—Db) (a +0b co’cz(x))g)/2 2(a - b)
1
_ 1 ) 1 ) Subst ( f PR pro dx, x, c
3(a-b)(a+b cotz(x))3/2 (a = byva +beot*(x) 2(a - by
Subst f ! 5 dx, x, \/;
- . ! i
- 32 - —
3(a—b)(a+beot?()”  (@=b2?Va+bcotR) (a = by
tanh_l \Ja+b cot?(x)
3 a-b 1 1

@=0 3t (a+beol()” (@~ bPa+beor()

Mathematica [C] time = 0.04, size = 47, normalized size = 0.60

3 1 beot?(x)+a
21 (‘5'1?‘5? b

3(a-b) (a +beot?(x)

)3/2

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/(a + b*Cot[x]~2)~(5/2),x]

[Out] -1/3*Hypergeometric2F1[-3/2, 1, -1/2, (a + bxCot[x]"2)/(a - b)]/((a - b)*(a
+ bxCot [x]72)~(3/2))

fricas [B] time = 0.83, size = 627, normalized size = 8.04

3((a2—2ab+b2)cos(2x)2+a2 +2ab+b2—2(a2—bz)cos(Zx))\/a—b log(—\/ -b %((

6(a5—a4b—2a3b2+2a2b3 +ab* - b5 + (a5—5a4b+10a3b2—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~2)~(5/2),x, algorithm="fricas")
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[Out] [1/6%(3*%((a”2 - 2%a*xb + b~2)*cos(2*x)7"2 + a”2 + 2*a*b + b~2 - 2x(a”2 - b~2)
xcos (2*x))*sqrt(a - b)*log(-sqrt(a - b)*sqrt(((a - b)*cos(2*x) - a - b)/(co
s(2%x) - 1))*(cos(2*x) - 1) - (a - b)*cos(2*x) + a) - 4%x(2x(a”™2 - 2*a*b + b
"2)*cos(2%x)72 + 2*%a”2 - axb - b72 - (4%a”2 - Bxaxb + b72)*cos(2*x))*sqrt ((
(a - b)*cos(2*x) - a - b)/(cos(2*x) - 1)))/(a"5 - a~4*b - 2%a~3%b~2 + 2*a~2
*b"3 + a*b™4 - b"5 + (2”5 - 5%xa~4*b + 10*%a"3*%b"2 - 10*a"2*%b"3 + 5*axb”4 - b
“B)*cos(2*x) 72 - 2*x(a”5 - 3*a”4xb + 2*xa"3*b”2 + 2%a"2*b”3 - 3*axb”4 + b75)x*
cos(2*x)), 1/3%(3*((a”2 - 2%a*b + b~2)*cos(2*x)"2 + a”2 + 2%a*xb + b~2 — 2x(
a”2 - b"2)*cos(2*x))*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt(((a - b)*cos(2x*
x) —a-b)/(cos(2*%x) - 1))/(a - b)) - 2x(2*x(a”2 - 2*a*b + b~2)*cos(2xx) "2
+ 2%a”2 - axb - b”2 - (4*xa”2 - b*xaxb + b~2)*cos(2*x))*sqrt(((a - b)*cos(2*x
) —a - b)/(cos(2xx) - 1)))/(a”5 - a~4*b - 2*a"3*b"2 + 2*xa"2*%b"3 + a*b”4 -
b"5 + (a”5 - 5%a"4*b + 10*%a”3*b"2 - 10*a~2%b~3 + 5*a*b”4 - b~5)*cos(2xx) "2
- 2x(a”b - 3*a"4xb + 2%a"3*b"2 + 2%a"2xb"3 - 3*a*b~4 + b~5)*cos(2*x))]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~2)7(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;0UTPUT:index.cc index m i_lex_is_greater Error: Bad
Argument Value

maple [A] time = 0.14, size = 75, normalized size = 0.96

V-a+b

arctan
1 1

a+b(cot2(x)) ]

(@ =) Ja+b(cot®)  3(a-1) (a+b (CO’EZ(X))); (@=DN-a+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(at+bxcot(x)~2)"(5/2),x)

[Out] -1/(a-b)~2/(a+b*cot(x)~2)~(1/2)-1/3/(a-b)/(atbxcot(x)~2)~(3/2)-1/(a-b)~2/(-
a+b) " (1/2)*arctan((a+bxcot (x)~2)~(1/2)/(-a+b)~(1/2))

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~2)~(5/2),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a-4*b>0)', see “assume? for more
details)Is 4*a-4*b positive or negative?

mupad [B] time = 4.46, size = 82, normalized size = 1.05

\/bcot(x)2+u (2 a2—4ab+2b2) 1 beot )2
cot(x)"+a

2(a-b)"? 3@-b) (b

(a-b)7 (beot(w? +a)"”

atanh

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(x)/(a + b*xcot(x)~2)"(5/2),x%)

[Out] atanh(((a + b*cot(x)"2)"(1/2)*x(2%a”~2 - 4xaxb + 2xb~2))/(2x(a - b)~(5/2)))/(
a-b)"(5/2) - (1/(3x(a - b)) + (a + bxcot(x)"2)/(a - b)"2)/(a + b*xcot(x)"2

)7 (3/2)

sympy [A] time = 16.77, size = 70, normalized size = 0.90

\Ja+b cot? (x) ]

1 1 atan( Wawe
3(a-b) (a + beo? (x))g (a-b2a+beoE(x) V-a+b(a-b)>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*xcot(x)**2)*x(5/2),x)

[Out] -1/(3*(a - b)*(a + b*xcot(x)**x2)**(3/2)) - 1/((a - b)**2xsqrt(a + b*cot(x)**
2)) - atan(sqrt(a + b*xcot(x)**2)/sqrt(-a + b))/(sqrt(-a + b)*x(a - b)**2)
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3.57 ant) gy
(a+b cot? (x))5/ ?

Optimal. Leaf size=118

¢ nh_l (\/zﬁb cot?(x) ]
a —

Va b(2a - b) b a=b

<mnh4(WMme%@]
+ + -
a2 a?(a - b)?\a +bcot*(x)  3a(a - b) (a +b cotz(x))s/2 (a=b)

[Out] arctanh((a+b*xcot(x)~2)~(1/2)/a~(1/2))/a~(5/2)-arctanh((a+b*xcot(x)~2)~(1/2)/
(a-b)~(1/2))/(a-b)~(5/2)+1/3*b/a/(a-b)/(a+b*cot (x)~2) ~(3/2)+(2*xa-b) *b/a~2/(
a-b) "2/ (a+b*cot (x)~2)~(1/2)

Rubi [A] time = 0.19, antiderivative size = 118, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 7, integrand size = 15,

number of rules _ ) 467, Rules used = {3670, 446, 85, 152, 156, 63, 208}

tanh_l [1la+b cot?(x) ]

integrand size

tanh_l (1/a+b cot?(x) ]

b(2a - b) .\ Va N b ) b
a%(a - b)2a + b cot?(x) adl? 3a(a - b) (a +b cotz(x))g’/2 (a=D)*2

Antiderivative was successfully verified.
[In] Int[Tan[x]/(a + b*Cot[x]"2)"(5/2),x]

[Out] ArcTanh[Sqrt[a + b*Cot[x]~2]/Sqrtl[all/a~(5/2) - ArcTanh[Sqrt[a + b*Cot[x]~2
1/8qrt[a - b]]1/(a - ©)7(5/2) + b/(3*a*x(a - b)*(a + bxCot[x]72)7(3/2)) + ((2
*a - b)*b)/(a"2*(a - b)~2*Sqrt[a + bxCot[x]~2])

Rule 63

Int[((a_.) + (b_)*(x_))"(m_ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*(m + 1) - 1) *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)"(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 85

Int[((e_.) + (£_)*x(x_))"(p)/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Simp[(f*(e + f*x)~(p + 1))/ ((p + 1) x(bxe - axf)*(d*e - c*f)),
x] + Dist[1/((b*xe - axf)*(d*e - cxf)), Int[((bxd*e - b¥ckxf - axd*f - bxd*xfx*
*x(e + £xx)7(p + 1))/((a + bxx)*x(c + d*x)), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] && LtQlp, -1]

Rule 152

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (f_.)*(x_)
) (p)*((g_.) + (h_.)*(x_)), x_Symbol] :> Simp[((b*g - axh)x*(a + b*x)~(m +

D*(c + d*xx)"(n + D)*x(e + £*xx)"(p + 1))/ ((m + 1)*x(bxc - axd)*(bxe - ax*xf)),

x] + Dist[1/((m + 1)*x(b*c - a*d)*(b*e - axf)), Int[(a + bxx)"(m + 1)*(c + d
*xx) "nx(e + fxx) pxSimp[(axd*xf*g - bx(d*e + c*f)xg + bkckexh)*(m + 1) - (b*g
- axh)*(d*ex(n + 1) + cxfx(p + 1)) - dxfx(b*g - a*h)*(m + n + p + 3)*x, x]
, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && LtQ[m, -1] && Integ
ersQ[2*m, 2*n, 2%p]

Rule 156
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Int[((Ce_.) + (£_)*(x_))"(p)*x((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Cc_.) + (d_.)*(x_))), x_Symbol] :> Dist[(bxg - axh)/(b*c - a*d), Int[(e +
f*x)"p/(a + b*x), x], x] - Dist[(d*g - cxh)/(b*c - axd), Int[(e + f*x) p/(c
+ d*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Rule 208

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 446

Int[(x_) " (m_.)*((a_) + (b_)*(x_) (@ )) " (p_)*((c) + (d_)*&x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)"q, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p, g}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_I)*xx 01" ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*x(a + bx(ff*x)"n)"p)/(c”2 + £
£ 2*x~2), x], x, (c*Tan[e + f*xx])/ff]l, x]1]1 /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
1
f tan(x) = dx = —Subst f 5% dx, x, cot(x)]
(a + bcotz(x)) X (1 + xz) (a + bxz)
1 1
=15 d 7 Ay tz
(2 Subst (f T+ 0@ T R X, X, CO (X)))
a-b-bx 2
b Subst (f W dx, X, cot (X))
- 32 _
3a(a - b) (a +b cotz(x)) ! 2a(a - b)
1 1
—5(a=b)*+3 (2a-b)!
b . (22— b)b . Subst (f (0 Varbs
= 2(7 — b):
3a(a~b) (a+beo(x)  @(a-b2Va+beo(x) @ -b)
1
b . (2a — b)b Subst( o dx, x, cC
= - 2
3aa—b) (a +beot’()) " a2a—bPva+beot(x) 2a
Subst ( f % dx, x, \/E
b N (2a - b)b —Z+>
= - 2
3a(a—b) (a -+ beot(x)”  a(a-b2Va+beof(R) b
I (‘/a+b cot?(x) ] R (,/a+b cot?(x) ]
Va a-b b
= - + 5 +
a* (a = b)>2 3a(a - b) (u +b cotz(x))3/ a%(a-
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Mathematica [C] time = 0.05, size = 78, normalized size = 0.66

3 .. l.bcotz(x)+a 3 4. 1_bc0t2(x)
a2F1 (—5,1,—5, T)+(b—a)2F1 (—5,1,—5, p +1

)3/2

3a(a —b) (a + bcot?(x)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/(a + b*Cot[x]~2)~(5/2),x]

[Out] (axHypergeometric2F1[-3/2, 1, -1/2, (a + bxCot[x]"2)/(a - b)] + (-a + b)*Hy
pergeometric2F1[-3/2, 1, -1/2, 1 + (b*Cot[x]~2)/a])/(3*ax(a - b)*(a + b*Cot
[x]72)7(3/2))

fricas [B] time = 0.82, size = 1531, normalized size = 12.97

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(atb*cot(x)~2)~(5/2),x, algorithm="fricas")

[Out] [1/6%(3*%(a”3*b"2 - 3*a”2%b~3 + 3*a*b”4 - b™5 + (a”b - 3*a~4*b + 3*a~3*b"2 -
a"2%b73)*tan(x) "4 + 2x(a"4*b - 3*a"3%b”"2 + 3%a”2*%b~3 - axb”4)*tan(x)2)*sq
rt(a)*log(2*xa*xtan(x) "2 + 2*sqrt(a)*sqrt((axtan(x)”2 + b)/tan(x)~2)*tan(x) "2
+ b) + 3*x(a"bxtan(x) "4 + 2%a”4xb*tan(x)”2 + a~3*b~2)*sqrt(a - b)*log(((2*a
- b)*tan(x)~2 - 2xsqrt(a - b)*sqrt((a*xtan(x)”2 + b)/tan(x)"2)*tan(x)"2 + b
)/ (tan(x)72 + 1)) + 2x((7*a"4*b - 11*%a”3%b72 + 4*a~2*%b"3)*tan(x) 4 + 3%(2xa
“3%b72 - 3*%a”2*xb~3 + a*b”4)*tan(x)"2)*sqrt((a*tan(x)”2 + b)/tan(x)"2))/(a"6
xb"2 - 3*%a”5*b”3 + 3*a"4*b"4 - a"3*b"5 + (a”8 - 3*a"T7xb + 3*a"6xb”2 - a~bxb
“3)*tan(x) "4 + 2x(a~7xb - 3*a"6*%b"2 + 3*a"b*b"3 - a~4*b~4)*tan(x)”2), -1/6%
(6% (a~b*xtan(x) "4 + 2xa~4*xbxtan(x)~2 + a”3*%b~2)*sqrt(-a + b)*arctan(-sqrt(-a
+ b)*sqrt((a*xtan(x)~2 + b)/tan(x)"2)/(a - b)) - 3*%(a"3*b"2 - 3*%a”2%b”"3 + 3
*axb™4 - b”5 + (a”b - 3%a"4*b + 3%a”3%b”2 - a"2+b"3)*tan(x) "4 + 2%(a"4*b -
3*%a”3*%b~2 + 3*a”2xb”3 - axb~4)*tan(x)"2)*sqrt(a)*log(2xa*xtan(x)~2 + 2*sqrt(
a)*sqrt((axtan(x)”"2 + b)/tan(x)"2)*tan(x)”2 + b) - 2*x((7*a"4xb - 11%a~3*b~2
+ 4xa~2+b"3) *tan(x) "4 + 3x(2%a"3%b”2 - 3*xa”2*b”3 + axb”4)x*tan(x)~2)*sqrt ((
axtan(x) "2 + b)/tan(x)”2))/(a"6%xb~2 - 3*a”bxb~3 + 3*a"4xb"4 - a”3*b75 + (a”
8 - 3xa”7*b + 3xa"6%b”2 - a"b*b”3)*tan(x)"4 + 2x(a"7xb - 3*a"6xb"2 + 3xa”bx
b3 - a"4*xb~4)*tan(x)"2), -1/6%(6%(a"3%b"2 - 3*a"2xb”3 + 3*axb”4 - b75 + (a
75 - 3*%a"4xb + 3*a"3*%b"2 - a"2*b”"3)*tan(x)"4 + 2%x(a"4*b - 3*a”3%b72 + 3xa”2
*b~3 - axb~4)*tan(x)~2)*sqrt(-a)*arctan(sqrt(-a)*sqrt((a*xtan(x)~2 + b)/tan(
x)72)/a) - 3x(a"b*tan(x) "4 + 2*a"4xbxtan(x)”2 + a"3*b72)*sqrt(a - b)*log(((
2%a - b)*tan(x)~2 - 2*sqrt(a - b)*sqrt((axtan(x)”2 + b)/tan(x)~2)*tan(x) "2
+ b)/(tan(x)”2 + 1)) - 2x((7*a"4*b - 11*a"3%b”"2 + 4*xa~2*xb~3)*tan(x) "4 + 3x*(
2%a~3*%b"2 - 3xa”2*b"3 + a*b"4)*tan(x)"2)*sqrt((a*tan(x)”2 + b)/tan(x)~2))/(
a"6xb”2 - 3*%a”b*b~3 + 3xa"4*b”4 - a”3*b”5 + (2”8 - 3*a”"7xb + 3*a"6xb”2 - a”
5¥b"3)*tan(x) "4 + 2%(a”~7x*b - 3*a"6*b"2 + 3*a~5*%b"3 - a"4xb~4)*tan(x)”"2), -1
/3%(3%(a”3%b~2 - 3%a”2%b"3 + 3xa*xb”4 - b”5 + (a5 - 3xa"4*b + 3xa"3%b"2 - a
“2%b73)*tan(x) "4 + 2x(a"4*b - 3*%a"3*b"2 + 3*a”2*b"3 - a*b”4)*tan(x)"2)*sqrt
(-a)*arctan(sqrt(-a)*sqrt((a*tan(x) "2 + b)/tan(x)"2)/a) + 3*x(a~b*tan(x)~4 +
2*a~4xbxtan(x) "2 + a”3%b”2)*sqrt(-a + b)*arctan(-sqrt(-a + b)*sqrt((a*xtan(
x)72 + b)/tan(x)"2)/(a - b)) - ((7*a"4xb - 11xa"3*b~2 + 4*a”~2%b~3)*tan(x) 4
+ 3% (2%xa”3%b72 - 3*%a"2xb”3 + a*b~4)*tan(x)"2)*sqrt((axtan(x)”2 + b)/tan(x)
~2))/(a"6%b"2 - 3*%a”bxb”"3 + 3*a"4*b"4 - a~3*b”5 + (a”8 - 3*a”T7xb + 3*xa”6%b”
2 - a”bxb~3)*tan(x) "4 + 2*%(a”7xb - 3*¥a”"6xb”2 + 3*%a~b*b"3 - a~4*b"4)*tan(x)”
2)1]

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(a+b*cot(x)~2)7(5/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT :Warning, replacing O by ~ u”, a substitution
variable should perhaps be purged.Warning, replacing O by ~ u’, a substitu
tion variable should perhaps be purged.Warning, replacing O by ~ u’, a subs
titution variable should perhaps be purged.Warning, replacing O by ~ u’, a
substitution variable should perhaps be purged.Warning, replacing O by ~ u’”
, a substitution variable should perhaps be purged.Warning, replacing 0 by
" u’, a substitution variable should perhaps be purged.Warning, replacing O
by *~ u’, a substitution variable should perhaps be purged.Warning, replaci
ng O by ~ u’, a substitution variable should perhaps be purged.Warning, rep
lacing 0 by ~ u”, a substitution variable should perhaps be purged.Warning,
replacing O by ~ u’, a substitution variable should perhaps be purged.Warn
ing, replacing O by ~ u’, a substitution variable should perhaps be purged.
Warning, replacing O by ~ u’, a substitution variable should perhaps be pur
ged.Warning, replacing O by ~ u”, a substitution variable should perhaps be
purged.Warning, replacing O by ~ u”, a substitution variable should perhap
s be purged.Warning, replacing O by ~ u’, a substitution variable should pe
rhaps be purged.Warning, integration of abs or sign assumes constant sign b
y intervals (correct if the argument is real) :Check [abs(t_nostep)]Evaluati
on time: 0.79Error: Bad Argument Type

maple [F] time = 0.60, size = 0, normalized size = 0.00

tan(x)

= dx
(a +b (co’cz(x)))E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(at+bxcot(x)~2)"(5/2),x)
[Out] int(tan(x)/(atb*cot(x)~2)"(5/2),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

tan(x)

dx

192}

bcot(x)? + a)?
( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(a+b*cot(x)~2)7(5/2),x, algorithm="maxima")
[Out] integrate(tan(x)/(b*xcot(x)~2 + a)~(5/2), x)

mupad [B] time = 1.05, size = 2817, normalized size = 23.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(a + bxcot(x)"2)"(5/2),x)

[Out] atanh((2*a~5*b~13*(a + b/tan(x)~2)"(1/2))/((a~5)~(1/2)*(2*a"3*b~13 - 22*xa~4
*b712 + 110*%a"5xb"11 - 330*%a"6*b"10 + 660*a~7*b~9 - 922*%a”~8%b"8 + 912*xa”9x%Db
7 - 630%a"10%b"6 + 290*%a~11*b~5 - 80*a~12*xb~4 + 10*%a~13%b"3)) - (22*xa~6*b~
12%(a + b/tan(x)"2)"(1/2))/((a"5)~(1/2)*(2*xa"3*b~13 - 22*xa"4*b~12 + 110*a”5
*b711 - 330*%a”"6*xb"10 + 660*%a”~7*b"9 - 922*%a"8*b"8 + 912*xa~9%b"7 - 630*a”~10*b
"6 + 290*%a”"11%b”5 - 80*a~12*b"4 + 10*a~13*b~3)) + (110*a”~7*b~11x(a + b/tan(
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x)"2)7(1/2))/((a”5) " (1/2)*(2*%a"3*xb~13 - 22*%a"4*xb~12 + 110*a~5xb~11 - 330*a”
6*xb~10 + 660*%a”7*b"9 - 922*%a”~8*xb~8 + 912*%a"9*b”7 - 630*%a”10%b”"6 + 290*a”11x*
b~5 - 80*a~12%b~4 + 10*%a~13*b~3)) - (330%a~8*b~10*(a + b/tan(x)~2)~(1/2))/(
(a™B) " (1/2)*(2*¥a"3*b~13 - 22*%a~4xb~12 + 110*a~5*%b~11 - 330*a"6*b~10 + 660%*a
TT*bT9 - 922%xa”8%b”8 + 912*%a”"9*xb”7 - 630%a”"10xb”6 + 290*a”"11%b”5 - 80%a~12x%
b~4 + 10*%a~13*b~3)) + (660*a~9*%b~9*(a + b/tan(x)~2)"(1/2))/((a~5)~(1/2)*(2%
a~3%b713 - 22*%a"4*xb”"12 + 110*%a"5%xb"11 - 330*a"6*xb"10 + 660*%xa”~7*b~9 - 922*a”
8*b~8 + 912*%a”"9%b~7 - 630*%a”10*b"6 + 290*a”~11xb"5 - 80*a”~12*b"4 + 10*xa~13%*b
~3)) - (922*%a~10%b"8x(a + b/tan(x)”2)7(1/2))/((a"5)"(1/2)*(2*xa~3*b~13 - 22x%
a~4xb712 + 110*%a"5%b"11 - 330*%a"6*b"10 + 660*a”"7*b"9 - 922%a”8*b"8 + 912*a”
9%b~7 - 630*%a”10*b~6 + 290*a”11x%b"5 — 80*a~12%b"4 + 10*a~13*b~3)) + (912*a”
11x%b"7*x(a + b/tan(x)~"2)"(1/2))/((a~5) " (1/2)*(2*xa~3*b~13 - 22%a"4*xb~12 + 110
*¥a"5xb711 - 330*%a”6*xb~10 + 660*%a”7*b~9 - 922*%a”"8*b"8 + 912%a~9*b”7 - 630*a”
10%b"6 + 290*a”~11*b~5 - 80*a~12*b~4 + 10*%a~13*b~3)) - (630*%a”~12*xb"6*x(a + b/
tan(x)~2)7(1/2))/((a"5)"(1/2)*(2*xa~3*%b~"13 - 22*xa~4*b~12 + 110*a”bxb~11 - 33
0*a"6*%b~10 + 660*%a”7*xb~9 — 922*%a"8*b~8 + 912*%a”"9*xb"7 - 630*%a”10*%b”"6 + 290%*a
~11%xb~5 - 80*a"12*b"4 + 10*a”~13%b"3)) + (290*a"13*b"5x(a + b/tan(x)”~2)"(1/2
1)/ ((@”5)"(1/2)*(2%xa~3*%b~13 - 22%a"4*xb~12 + 110*a”~bxb~11 - 330*%a~6*%b~10 + 6
60*a”~7*b"9 - 922%a”8*b"8 + 912*xa”9%b”7 - 630*a"10*b"6 + 290*xa~11*b”"5 - 80*a
~12*xb~4 + 10%a~13*b"3)) - (80*a~14*b~4x(a + b/tan(x)”"2)"(1/2))/((a"5)"(1/2)
*(2%a~3%b"13 - 22*xa~4*b~12 + 110*a”b*b~11 - 330*a~6%b~10 + 660*a"7*b~9 - 92
2%a”"8xb"8 + 912%a”9%b”7 - 630*%a"10%¥b"6 + 290*%a”11*b"5 - 80*%a~12xb"4 + 10*a”
13*%b~3)) + (10*a~15*%b"3*(a + b/tan(x)"2)"(1/2))/((a"5)~(1/2)*(2*a~3*b"13 -
22*%a”"4xb"12 + 110*%a”5xb"11 - 330*%a"6*%b~10 + 660*a”7*b"9 - 922*xa~8xb~8 + 912
*a"9*%b~7 - 630*%a~10%b”6 + 290*a~11*b"5 - 80*a~12*b~4 + 10*a~13*b~3)))/(a"b)
“(1/2) - (b/(3*x(axb - a~2)) - (bx(a + b/tan(x)"2)*(2*xa - b))/(a*b - a~2)72)
/(a + b/tan(x)"2)"(3/2) + (atan((((((a + b/tan(x)"2)"(1/2)*(2*a"6xb"12 - 20
*a~7*b"11 + 90%a”"8xb"10 - 240*%a”~9*b~9 + 422*%a”~10*xb"8 - 516*a~11xb~7 + 450%a
~12%b76 - 280*%a”13%b"5 + 120*%a”~14*b~4 - 32%a”15xb"3 + 4*xa~16*%b"2))/2 - (((a
- b)75)7(1/2)*%(2*%a"8*%b"13 - 22*xa”"9*b~"12 + 110%a”~10*b~11 - 328*a~11x%b~10 +
644xa~12*xb"9 - 868*a”13xb"8 + 812*%a”14%b~7 - 520*%a”~15*b”"6 + 218*xa~16*b”"5 -
54%a”~17%b"4 + 6*a~18%b"3 - ((a + b/tan(x)"2)"(1/2)*((a - b)"5)~(1/2)*(8*a"1
0*%b~13 - 96*a”11%xb"12 + 520*a”~12xb"11 - 1680*%a”~13*xb"10 + 3600*a”14*b"9 - 53
76*%a”15%b"8 + 5712%a”16*b”~7 - 4320%a”17*b"6 + 2280%a”18*xb"5 - 800*%a~19xb"4
+ 168*a”~20*%b"3 - 16*a”21%b"2))/(4*x(a - b)75)))/(2x(a - b)"5))*((a - b)"5)"(
1/2)*1i)/(a - b)"5 + ((((a + b/tan(x)"2)"(1/2)*(2*a"6*b~12 - 20*a"7*b~11 +
90*%a”"8*xb"10 — 240*%a”~9*xb™9 + 422*%a”10%b"8 - 516*a”~11*b”7 + 450*xa~12*xb"6 - 28
0*a~13%b~5 + 120*a~14*xb~4 - 32%a~15%b~3 + 4*xa~16xb"2))/2 + (((a - b)~5)~(1/
2)*x(2*a"8*b~13 - 22*a”9*b~12 + 110*a”10%b~11 - 328*a~11*b~10 + 644*xa~12%b~9
- 868*%a”13xb"8 + 812*%a”~14*b”7 - 520*%a”15%b”"6 + 218*%a”16*xb"5 - 54*%xa~17*xb"4
+ 6%a”18*b"3 + ((a + b/tan(x)"2)"(1/2)*((a - b)"5)~(1/2)*(8*a~10*%b~13 - 96%
a~11%b~12 + 520*%a”~12*%b~"11 - 1680*%a~13*xb~10 + 3600*a”14xb~9 - 5376*a~15%xb~8
+ 5712%a”16*%b~7 - 4320%a”17*b"6 + 2280%a”18*b"5 - 800*a~19*xb"4 + 168*a~20%*b
"3 - 16*%a”21*b"2))/(4*x(a - b)75)))/(2x(a - b)75))*((a - b)"5)~(1/2)*1i)/(a
- b)75)/(2*xa"6*%b"10 - 16*a”7*b~9 + 54%a~8*b~8 - 100*a”~9*b~7 + 110*a~10%b~6
- 72*xa~11*b"5 + 26%a”12*b"4 - 4%a~13*b"3 + ((((a + b/tan(x)"2)~(1/2)*(2*a"6
*b712 - 20%a”7*¥b"11 + 90*%a~8*xb~10 - 240*%a~9*b~9 + 422*%a”~10%b"8 - 516*a”~11x*b
7 + 450%a”12%b"6 - 280*%a~13*b~5 + 120%a”14*xb~4 - 32%a”15%b"3 + 4*a”~16%b"2)
)/2 - (((a - b)75)"(1/2)*(2*%a"8*b~13 - 22%a”~9*%b"12 + 110*%a~10*b~11 - 328*a”
11*%b~10 + 644xa~12*%b"9 - 868*a”~13*xb"8 + 812*%xa~14%b~7 - 520*%a”15*b"6 + 218*a
~“16*b~"5 - 54%xa~17*b”"4 + 6%a~18*b”"3 - ((a + b/tan(x)"2)"(1/2)*((a - b)~5)~(1
/2)*(8*a~10%b~13 - 96*a~11xb~12 + 520%a~12*b~11 - 1680*a~13*b~10 + 3600*a"1
4xb™9 - B376*%a”15%xb"8 + 5712*%a”~16xb~7 - 4320*%a”~17*xb"6 + 2280*%a~18xb"5 - 800
*a"19%b"4 + 168*a~20%b”~3 - 16*%xa~21*b"2))/(4x(a - b)~5)))/(2x(a - b)7"5))*((a
- b)75)7(1/2))/(a - b)75 - ((((a + b/tan(x)~2)~(1/2)*(2*a"6*xb~12 - 20*a"7*
b711 + 90*%a”8%b~10 - 240%a”9*b"9 + 422*xa~10*b~8 - 516*a”11*xb~7 + 450*a”12%b
"6 - 280%a”13%b”5 + 120*a~14*b~4 - 32*xa~15%b"3 + 4*xa~16*xb"2))/2 + (((a - b)
“5)T(1/2)*(2%a"8*b~13 — 22%a”"9%b~12 + 110*a~10%b"11 - 328*a”11xb~10 + 644x*a
T12%¥b79 - 868*a”13*xb"8 + 812%xa~14%b”7 - 520%a”15%xb"6 + 218*a~16xb"5 - b54xa”
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17%b™4 + 6%a”18*%b"3 + ((a + b/tan(x)"2)7(1/2)*((a - b)"5)"(1/2)*(8*a~10%b"1
3 - 96%a”11%b~12 + 520*a”12%b~11 - 1680%a”13%b~10 + 3600*a”~14*b~9 - 5376%a”
15%b7™8 + 5712%a”16%b~7 - 4320%a”~17+b~6 + 2280*a”18*b~5 - 800*a~19*b~4 + 168
*a"20%b"3 - 16*a”21%b72))/(4*(a - b)75)))/(2%(a - ©)75))*((a - b)~5)7(1/2))
/(a - b)78))*((a - B)7B)"(1/2)*1i)/(a - b)~"5

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tan (x) I

o

(a + bcot? (x))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(at+b*cot(x)**2)**(5/2),%)

[Out] Integral(tan(x)/(a + bxcot(x)**2)*x(5/2), x)
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tanz(x)

3.58 dx

(a+b cot? (x))5/2

Optimal. Leaf size=141

_ Va-b cot(x)
tan™! | —=
(a — 4b)(3a — 2b) tan(x)Va + b cot?(x) N b(7a — 4b) tan(x) N (\/ a+b cot?(x) ]+ b tan(x)
3a3(a — b)? 3a2(a — b)?+/a + b cot?(x) (a—b)>> 3a(a - b) (a + b cot?(s

[Out] arctan(cot(x)*(a-b)~(1/2)/(a+bxcot(x)"2)"(1/2))/(a-b)~(5/2)+1/3*bxtan(x)/a/
(a-b)/(atb*xcot (x)"2)~(3/2)+1/3*(7T*a-4*xb) *bxtan(x) /a~2/(a-b) "2/ (atb*cot (x) "2
)~ (1/2)+1/3*x(a-4*b)* (3*a-2%b) * (a+b*cot (x) "2) ~(1/2)*tan(x)/a"3/(a-b) "2

Rubi [A] time = 0.24, antiderivative size = 141, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 17,

number of rules _ ) 412, Rules used = {3670, 472, 579, 583, 12, 377, 203}

integrand size

_ Va-b cot(x)
tan™! | —=
(a — 4b)(3a — 2b) tan(x)va + b cot?(x) N b(7a — 4b) tan(x) N (\/ a+b cot?(x) ]+ b tan(x)
3a%(a = b)? 3a2(a-bPVa+bool(x) @B 3 by (a4 boot(

Antiderivative was successfully verified.
[In] Int[Tan[x]"2/(a + bxCot[x]~2)"(5/2),x]

[Out] ArcTan[(Sqrtl[a - bl*Cot[x])/Sqrtla + b*Cot[x]1"2]]1/(a - b)~(5/2) + (b*Tan[x]
)/ (3*%ax(a - b)*(a + bxCot[x]72)7(3/2)) + ((7*a - 4*b)*bxTan[x])/(3*a"2*(a -
b)“2*Sqrt[a + bxCot[x]72]) + ((a - 4*b)*(3xa - 2xb)*Sqrtl[a + bxCot[x]~2]*T
an[x])/(3*a"3*(a - b)"2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - axd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 472

Int[((e_.)*(x D))" (m_.)*x((a_) + (b_)*x(x_)"(n D))" (p)*((c_) + (d_.)*x(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(b*(exx)~(m + 1)*(a + b*x™n)~(p + 1)*(c + d*x"n
)"(q + 1)) /(axe*nx(bxc - axd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*d)*(p + 1
)), Int[(exx) m*x(a + b*x™n) (p + 1)*(c + d*x"n) g*Simp[cxb*(m + 1) + n*(b*c
- axd)*(p + 1) + d*bx(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a,
b, ¢, d, e, m, g}, x] && NeQ[b*c - axd, 0] &% IGtQ[n, 0] && LtQ[p, -1] && I
ntBinomialQ[a, b, ¢, d, e, m, n, p, q, x]
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Rule 579

Int [((g_.)*(x_)) " (m_.)*((a_) + (b_)*(x_)"(@_ )" (p_)*((c_) + (d_.)*(x_)"(n_
1) (q)*x((e ) + (£_)*(x_)"(n_)), x_Symbol] :> -Simp[((bxe - axf)*(g*x)  (m

+ Dx(a + b*x™n) " (p + Dx*(c + d*x™n)"(q + 1))/ (a*xgrn*(bxc - axd)*(p + 1)),

x] + Dist[1/(a*n*(bxc - axd)*(p + 1)), Int[(g*x)"m*(a + b*x™n) (p + 1)*(c +
d*x"n) “g*Simp [c*(bxe - a*xf)*(m + 1) + e*xnx(b*c - axd)*(p + 1) + dx(bxe - a
*f)x(m + nx(p + q + 2) + D*x"n, x], x], x] /; FreeQ[{a, b, c, 4, e, £, g,

m, q}, x] && IGtQ[n, 0] && LtQ[p, -1]

Rule 583

Int[((g_.)*x(x D))" (m )*((a_) + (b_)*x_ )" (@ )) " (p_)*x((c_) + (d_.)*x(x_)"(n_
D)7 (q_)*((e ) + (f_)*(x_)"(n_)), x_Symbol] :> Simp[(e*(g*x)"(m + 1)*x(a +
b*x™n) " (p + 1)*(c + d*x™n)"(q + 1))/ (a*xcxgx(m + 1)), x] + Dist[1/(a*c*xg™nx(
m+ 1)), Int[(g*x)"(m + n)*x(a + b*x"n) "px(c + d*x"n) “q*Simp[a*f*cx(m + 1) -
ex(bxc + axd)*x(m + n + 1) - e*n*(b*c*p + a*d*q) - bxexd*(m + n*(p +q+ 2)
+ 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, p, q}, x] && IGtQ[n, O
] && LtQ[m, -1]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(E_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ffx*x)/c) m*(a + b*x(ff*x)"n) p)/(c™2 + f
£72%x72), x], x, (c*Tan[e + f*x])/ff], x]] /; FreeQ[{a, b, c, d, e, f, m, n
, PY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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tan?(x) f 1
j‘ dx = —Subst dx, x, cot(x)
(a +b co’cz(x))s/2 e x? (1 + xz) (a + bxz)S/2 * ]

3a—4b—4bx?
Subst dx, x, cot(x
b tan(x) (f 2(14:2) (a+:2) ( )]
3a(a - b) (a + beot(x) " 3a(a - b)
(a—4b)(3a-2b)-2(7a—4
Subst
b tan(x) . (a-4bbtan) 1o ( 2(1+22) Varb?

) 3a(a - b) (a +b cotz(x))g/2 3a%(a — b)>ya + b cot?(x) )

_ btan(x) ,_ (7a-dbptan@w)  (a-4b)3a- 2b)va + bco
3a(a - b) (a +b cotz(x))g/2 3a2(a - b)>\a + b cot?(x) 3a%(a - by?
_ btan(x) ,_ (7a-dbptan@w)  (a-4b)3a- 2b)v/a + bco
3a(a - b) (a +b cotz(x))g/2 3a%(a ~ b)*a + b cot*(x) 3a%(a - b)?
_ btan(x) ,_ (7a-dbbtan@w)  (a-4b)G3a- 2b)Va + b
3a(a—b)(a+b c:otz(x))3/2 3a2(a — b)?+/a + b cot*(x) 3a%(a - b)?
_ Va-b cot(x)
tan™! | —=
- (ﬁ] btan(y (7a - 4D tan(o)

(a—Db)>? ¥ 3a(a - b) (a + bcotz(x))3/2 * 3a2(a — b)®+a + bCOtZ(x) T

Mathematica [C] time = 8.02, size = 1450, normalized size = 10.28

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[x]~2/(a + b*Cot[x]~2)~(5/2),x]

[Out] (Sin[x]~2*((-16*b~3*(Cot[x] + Cot[x]~3)"2)/(ax(a - b)~2) + (40x%bx*Csc[x]"2)/

(a - b) + (160%b~2*Cot [x] "2*Csc[x]~2)/(3*ax(a - b)) + (64xb~3*Cot[x]4*Csc[
x]172)/(3*xa"2*x(a - b)) - (40*¥b~2*Csc[x]"4)/(a - b)~2 + (92*(a - b)*Cos[x] 2%
Hypergeometric2F1[2, 2, 9/2, ((a - b)*Cos[x]~2)/al)/(105*%a) + (124*x(a - b)*
b*Cos [x] “2*Cot [x] "2*Hypergeometric2F1[2, 2, 9/2, ((a - b)*Cos[x]~2)/al)/(35
*a~2) + (152%(a - b)*b~2xCos[x] ~"2xCot [x] “4*Hypergeometric2F1[2, 2, 9/2, ((a
- b)*Cos[x]72)/al)/(35*%a~3) + (176x(a - b)*b~3*Cos[x] “2*Cot [x] “6*Hypergeom
etric2F1[2, 2, 9/2, ((a - b)*Cos[x]"2)/al)/(105%a~4) + (24*(a - b)*Cos[x]"2
xHypergeometricPFQ[{2, 2, 2}, {1, 9/2}, ((a - b)*Cos[x]~2)/al)/(35%a) + (16
*(a - b)*b*Cos[x] "2*Cot [x] "2*HypergeometricPFQ[{2, 2, 2}, {1, 9/2}, ((a - Db
)xCos [x]172)/al)/(7T*a"2) + (88*(a - b)*b~2xCos[x] ~2*Cot [x] ~4*HypergeometricP
FQL{2, 2, 2}, {1, 9/2}, ((a - b)*Cos[x]1"2)/al)/(35%a~3) + (32*(a - b)*b~3xC
os [x] "2xCot [x] "6*HypergeometricPFQ[{2, 2, 2}, {1, 9/2}, ((a - b)*Cos[x]~2)/
al)/(35%xa~4) + (16*x(a - b)*Cos[x] "2*HypergeometricPFQ[{2, 2, 2, 2}, {1, 1,
9/2}, ((a - b)*Cos[x]~2)/al)/(105*%a) + (16x(a - b)*bxCos[x] ~2*Cot [x] ~2*Hype
rgeometricPFQ[{2, 2, 2, 2}, {1, 1, 9/2}, ((a - b)*Cos[x]"2)/al)/(35*a"2) +
(16x(a - b)*b~2*Cos [x] "2*Cot [x] "4*HypergeometricPFQ[{2, 2, 2, 2}, {1, 1, 9/
2}, ((a - b)*Cos[x]~2)/al)/(35%a~3) + (16*(a - b)*b~3*Cos[x] ~2*Cot [x] “6*Hyp
ergeometricPFQ[{2, 2, 2, 2}, {1, 1, 9/2}, ((a - b)*Cos[x]~2)/al)/(105%a~4)
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+ (20*axSec[x]72)/(3*x(a - b)) - (30*axb*Csc[x]"2xSec[x]"2)/(a - b)~"2 - (5*a
~2xSec[x]74)/(a - b)72 + (5xArcSin[Sqrt[((a - b)*Cos[x]~2)/all)/((((a - b)*
Cos[x]72)/a)~(56/2)*Sqrt[((a + b*Cot[x]~2)*Sin[x]~2)/al) + (30*b*ArcSin[Sqrt
[((a - b)*Cos[x]~2)/a]]l*Cot[x]72)/(a*x(((a - b)*Cos[x]72)/a)~(5/2)*Sqrt[((a
+ b*Cot [x]"2)*Sin[x]~2)/a]) + (40%b~2xArcSin[Sqrt[((a - b)*Cos[x]~2)/al]l*Co
t[x]74)/(a"2x(((a - b)*Cos[x]~2)/a)~(56/2)*Sqrt[((a + bxCot[x]~2)*Sin[x]~2)/
al) + (16xb~3*ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]76)/(a~3*(((a - b)*C
os[x]72)/a)~(6/2)*Sqrt[((a + b*Cot[x]~2)*Sin[x]~2)/al) + (5*ArcSin[Sqrt[((a
- b)*Cos[x]"2)/al])/Sqrt[((a - b)*Cos[x]"2*(a + b*Cot[x]~2)*Sin[x]"2)/a"2]
+ (30*%bxArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x]~2)/(a*Sqrt[((a - b)*Cos[
x]72x(a + bxCot[x]~2)*Sin[x]~2)/a"2]) + (40*b~2*ArcSin[Sqrt[((a - b)*Cos[x]
~2)/a]l*Cot[x]74)/(a"2*Sqrt[((a - b)*Cos[x]~2*(a + b*Cot[x]~2)*Sin[x]~2)/a"
2]) + (16%b"3*ArcSin[Sqrt[((a - b)*Cos[x]"2)/all*Cot[x]"6)/(a"3*Sqrt[((a -
b)*Cos [x] 2% (a + b*Cot[x]7"2)*Sin[x]"2)/a"2]) - (60*b*xArcSin[Sqrt[((a - b)*C
os[x]~2)/all*Csc[x]~2)/((a - b)*Sqrt[((a - b)*Cos[x]"2*x(a + b*Cot[x]~2)*Sin
[x]~2)/a"2]) - (80*b~2*xArcSin[Sqrt[((a - b)*Cos[x]~2)/al]l*Cot[x]"2*Csc[x]~2
)/(ax(a - b)*Sqrt[((a - b)*Cos[x]~2*(a + b*Cot[x]~2)*Sin[x]~2)/a"2]) - (32%
b~3*ArcSin[Sqrt[((a - b)*Cos[x]~2)/all*Cot[x] “4*Csc[x]~2)/(a"2*(a - b)*Sqrt
[((a - b)*Cos[x]"2*(a + b*Cot[x]"2)*Sin[x]"2)/a"2]) - (10*a*ArcSin[Sqrt[((a

- b)*Cos[x]72)/all*Sec[x]"2)/((a - b)*Sqrt[((a - b)*Cos[x] 2x(a + b*Cot [x]
~2)*Sin[x]~2)/a"2]))*Tan[x])/(a"2*Sqrt[a + b*Cot[x]~2]*(1 + (b*Cot[x]~2)/a)
)

fricas [B] time = 0.70, size = 647, normalized size = 4.59

a2 tan(x)*-2 (3 24 ab) tan(x)2+a2-8 ab+8 b2 +4 (a tan(x)3—(a—2 b) tan(

3 (2 tan(x)* + 2a*b tan(x)? + a®0?)V-a + b log | -

tan(x)%+2 tan(x)2+1

12 (a6b2 —-3a°b3 + 344t —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(at+b*cot(x)”2)7(5/2),x, algorithm="fricas")

[Out] [-1/12*%(3*%(a"b*tan(x)~4 + 2*a~4xb*tan(x)~2 + a~3*b~2)*sqrt(-a + b)*log(-(a~
2%tan(x) "4 - 2x(3*a”2 - 4xaxb)*tan(x)”2 + a~2 - 8*xaxb + 8%b~2 + 4x*(a*tan(x)
~3 - (a - 2*b)*tan(x))*sqrt(-a + b)*sqrt((axtan(x)~2 + b)/tan(x)"2))/(tan(x
)74 + 2%tan(x)”2 + 1)) - 4x(3*(a”5 - 3*a"4*b + 3*a"3*b”"2 - a"2*b”"3)*tan(x)”
5 + 3% (2*a"4xb - 9*%a~3%b"2 + 11*%a"2%b~3 - 4*axb~4)xtan(x)”3 + (3*xa”3*b"2 -
17*%a”2%b"3 + 22*a*xb”4 - 8*b~5)*tan(x))*sqrt((a*xtan(x)”"2 + b)/tan(x)"2))/(a"~
6%b"2 - 3*a~5*b”"3 + 3*a"4*%b"4 - a"3*b"5 + (a8 - 3%a"T7*xb + 3*a"6%b"2 - a”bx*
b~3)*tan(x) "4 + 2x(a”~7*b - 3%a"6xb~2 + 3*xa~5*b"3 - a"4xb"4)*tan(x)”"2), 1/6%
(3x(a"bxtan(x) "4 + 2*a~4xbxtan(x)”2 + a~3%b~2)*sqrt(a - b)*arctan(2*sqrt(a
- b)*sqrt((a*xtan(x) "2 + b)/tan(x)"2)*tan(x)/(a*xtan(x)"2 - a + 2xb)) + 2% (3%
(2”5 - 3*a"4xb + 3*a"3%b"2 - a”"2*%b~3)*tan(x) "5 + 3*x(2*a"4xb - 9*a”"3*b"2 + 1
1*a”2%b~3 - 4*a*b~4)xtan(x)”3 + (3*a"3*b”2 - 17*a”"2*b~3 + 22*xa*xb”~4 - 8xb~5)
xtan(x))*sqrt((a*xtan(x)~2 + b)/tan(x)”2))/(a"6%b”"2 - 3*%a~b*xb~3 + 3*xa~4xb~4
- a”3*b”"5 + (a8 - 3*a”7*b + 3*¥a"6*b"2 - a~b*b~3)*tan(x) "4 + 2x(a"T7xb - 3*a
“6*b"2 + 3*a~5xb"3 - a”4*b~4)*tan(x)"2)]

giac [B] time = 4.94, size = 1242, normalized size = 8.81

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(at+b*cot(x)~2)7(5/2),x, algorithm="giac")

[Out] 1/3%(8*axb”2 - 5*xb~3)*sgn(tan(1/2*x))/(a~b*xsqrt(b) - 2*¥a~4xb~(3/2) + a~3*b~
(6/2)) + 1/3x((((8*a~16*b~3*sgn(tan(1/2*x)) - 69*a”~15*%b " 4*sgn(tan(1/2xx)) +



254

264%a~14*xb~b*sgn(tan(1/2*x)) - 588*a~13*b~6*sgn(tan(1/2*x)) + 840%a~12xb~7
*xsgn(tan(1/2*x)) - 798*a~11xb~8*sgn(tan(1/2*x)) + 504*a~10*%b~9*sgn(tan(1/2*
X)) - 204*%a”9%b~10*sgn(tan(1/2*x)) + 48*%a~8*b~1lxsgn(tan(1/2*x)) - 5xa~7*b~
12xsgn(tan(1/2*x)))*tan(1/2*x)"2/(a”20 - 10*a~19%b + 45%xa~18*b"2 - 120*a”17
*b"3 + 210%a”16*b"4 - 252%a”15%b"5 + 210*a”~14*b”6 - 120%a”13*%b~7 + 4b5%a~12x%
b~8 - 10%a”11*b~9 + a~10%b~10) + 3*(12%a~17*b"2*sgn(tan(1/2*x)) - 112xa~16%
b~3xsgn(tan(1/2%x)) + 469*a~15%b~4*sgn(tan(1/2*x)) - 1160*a~14*b~5*sgn(tan(
1/2%x)) + 1876%a”13*b"6*sgn(tan(1/2*x)) - 2072%a~12xb~7*sgn(tan(1/2*x)) + 1
582*a~11*%b~8*sgn(tan(1/2*x)) - 824*%a~10%b~9*sgn(tan(1/2*x)) + 280*a~9*b~10%
sgn(tan(1/2*x)) - 56%a”8*b~11*sgn(tan(1/2*x)) + b*a”~7*b~12*sgn(tan(1/2*x)))
/(@20 - 10%a~19%b + 45%a~18*b~2 - 120*a~17*b~3 + 210*a~16*b~4 - 252xa~15%b
5 + 210*%a”14xb”6 - 120%a”13*b~7 + 45%a~12+%b"8 - 10*a~11%b~9 + a~10%b~10))*
tan(1/2*x) "2 - 3*x(12%a”17*b"2*sgn(tan(1/2*x)) - 112%a~16%b~3*sgn(tan(1/2+*x)
) + 469%a~15%b"4xsgn(tan(1/2*x)) - 1160*a~14*b~b*sgn(tan(1/2*x)) + 1876%a”1
3xb~6*xsgn(tan(1/2*x)) - 2072*%a~12%b"7*sgn(tan(1/2*x)) + 1582*a~11*xb~8*sgn(t
an(1/2%x)) - 824%a”10*b~9*sgn(tan(1/2*x)) + 280*a~9*b~10*sgn(tan(1/2*x)) -

56*a”~8xb~11*sgn(tan(1/2*x)) + 5*a~7*b~12xsgn(tan(1/2*x)))/(a~20 - 10*a~19%b
+ 45%a”18%b"2 - 120*%a”17*b"3 + 210*%a~16*b"4 - 252%a”15%b"5 + 210*a”~14*b"6

- 120%a”13%b”7 + 45%a~12%b"8 - 10*a~11*b~9 + a~10*b~10))*tan(1/2*x)~2 - (8%
a~16xb~3*sgn(tan(1/2*x)) - 69%a”~15xb~4*sgn(tan(1/2*x)) + 264*a~14*b " 5*sgn(t
an(1/2%x)) - 588*a~13*b~6*sgn(tan(1/2xx)) + 840*a~12*b~7*sgn(tan(1/2*x)) -

798%a”~11xb~8*sgn(tan(1/2xx)) + 504xa~10*b~9*sgn(tan(1/2*x)) - 204*a~9*b~10%
sgn(tan(1/2*x)) + 48*a~8+b~11lxsgn(tan(1/2*x)) - 5xa~7*b~12*sgn(tan(1/2*x)))
/(@20 - 10%a”19%b + 45%a~18%b~2 - 120*%a~17*b~3 + 210*%a~16%b~4 - 252xa”~15%b
5 + 210*%a~14*%b"6 - 120*%a~13*b~7 + 45%xa”12xb~8 - 10%a~11%b"9 + a~10%b~10))/
(bxtan(1/2*x) "4 + 4*axtan(1/2%x)72 - 2*bxtan(1/2*x)~2 + b)~(3/2) - 2*arctan
(-1/2*(sqrt(b)*tan(1/2*x) "2 - sqrt(bxtan(1/2*x)~4 + 4xa*xtan(1/2xx)"2 - 2%bx*
tan(1/2%x)"2 + b) + sqrt(b))/sqrt(a - b))/((a”2*sgn(tan(1/2*x)) - 2*axb*sgn
(tan(1/2*x)) + b~ 2*sgn(tan(1/2*x)))*sqrt(a - b)) + 4*(sqrt(b)*tan(1/2*x) "2

- sqrt(b*tan(1/2xx) "4 + 4xaxtan(1/2%x)”2 - 2*b*xtan(1/2*x)~2 + b) + sqrt(b))
/(((sqrt(b)*tan(1/2*x) "2 - sqrt(bxtan(1/2*x)~4 + 4xaxtan(1/2*x)"2 - 2xb*tan
(1/2*%x)72 + b))"2 - 2*x(sqrt(b)*tan(1/2*x)~2 - sqrt(b*tan(1/2*x)~4 + 4xa*xtan
(1/2*%x)72 - 2xb*xtan(1/2*x)~2 + b))*sqrt(b) - 4xa + b)*a"2*xsgn(tan(1/2*x)))

maple [B] time = 1.30, size = 1040, normalized size = 7.38

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(a+b*cot(x)~2)~(5/2),x)

[Out] 1/3*(-1+cos(x)) 2*(cos(x)+1) " 2*x(a*xcos(x) "2-b*cos(x) "2-a)*(3*cos(x) ~4*(-(a*xc
08 (x) "2-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)*1n(4*cos (x) *(—a+b) " (1/2) * (- (a*cos
(x)"2-b*cos(x)"2-a)/(cos(x)+1)"2)~(1/2)-4*a*xcos (x)+4*xbxcos (x)+4* (—a+b) ~(1/2
)Y*(=(axcos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2))*a~4-3*cos (x) ~4* (- (a*xcos(
x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2) *1n(4*cos (x) *(—a+b) ~(1/2) * (- (a*xcos (x)
~2-b*cos(x)"2-a)/(cos(x)+1)72)~(1/2) -4*a*xcos (x)+4*xb*cos (x)+4* (—a+b) ~(1/2) *(
-(a*cos(x) "2-b*xcos(x)"2-a)/(cos(x)+1)"2)~(1/2))*a~3*b-3*cos (x) "4*x(-a+b) ~(1/
2)*a"4+12*cos (x) "4*x(—a+b) ~(1/2) *a~3*b-27*cos (x) “4* (—a+b) " (1/2) *a"2*b~2+26*c
os(x)~4*(-a+b) " (1/2) *a*xb~3-8*cos (x) “4*(—a+b) ~(1/2) *b~4+3*cos (x) "3* (- (a*xcos(
x) "2-bxcos(x) "2-a)/(cos(x)+1)"2)~(1/2) *1n(4*cos (x) *(—a+b) ~(1/2) * (- (a*xcos (x)
~2-b*cos(x)"2-a)/(cos(x)+1)72) "~ (1/2) -4*a*xcos (x)+4*xb*xcos (x)+4* (—a+b) " (1/2) *(
-(a*cos(x) "2-b*xcos(x)"2-a)/(cos(x)+1)"2)~(1/2))*a~4-3*cos (x) "3*(-(a*cos(x)”
2-b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2) *In(4d*cos (x) *(—a+b) ~(1/2) * (- (a*cos(x) "2-
b*cos(x)"2-a)/(cos(x)+1)"2) " (1/2)-4*axcos (x)+4*b*cos (x)+4*x(-a+b) ~(1/2)*(-(a
*cos (x) "2-b*cos(x)"2-a)/(cos(x)+1)72)~(1/2))*a"3*b-3*cos (x) "2* (- (a*cos(x) "2
-b*cos(x)"2-a)/(cos(x)+1)72)"(1/2)*1In(4*cos(x)*(-a+b) ~(1/2) *(-(a*cos(x) "2-b
*cos(x)"2-a)/(cos(x)+1)72)"(1/2) -4*a*cos (x)+4*bxcos (x)+4* (—a+b) "~ (1/2) * (- (ax
cos(x)"2-b*cos(x)"2-a)/(cos(x)+1)"2)"(1/2)) *a"4+6*xcos(x) "2* (—a+b) " (1/2)*a"4
-18*cos (x) "2*(—a+b) ~(1/2) *a~3*b+27*cos (x) "2*x (-a+b) ~(1/2) *a"2*b"2-12*cos(x) "~
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2% (—a+b) " (1/2) *a*xb~3-3*cos (x) * (- (a*cos (x) "2-b*cos (x) "2-a) /(cos(x)+1)"2)~(1/
2)*1n(4*cos(x)*(-a+b) ~(1/2)*(-(a*cos(x) "2-b*cos(x) "2-a)/(cos(x)+1)"2)~(1/2)
-4*xaxcos (x)+4*b*xcos (x)+4* (—a+b) ~(1/2) * (- (a*xcos (x) "2-b*cos (x) "2-a) /(cos (x) +1
)72)7(1/2))*xa”~4-3*%(~a+b) ~(1/2) *a~4+6x (-a+b) " (1/2) *a~3*b-3* (-a+b) ~(1/2) *a~2x*
b~2)*b~2/cos (x)/((a*cos(x) "2-b*cos(x)"2-a)/(-1+cos(x)"2))~(5/2)/sin(x) "9/ ((
a*x(a-b))~(1/2)-a+b)~2/a"~3/((a*x(a-b))~(1/2)+a-b)~2/(-a+b) ~(1/2)

maxima [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)~2/(a+b*cot(x)~2)7(5/2),x, algorithm="maxima"
[Out] Timed out

mupad [F] time = 0.00, size = -1, normalized size = -0.01

2
f( tan(x) - i

bcot(x)? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)~2/(a + bxcot(x)~2)"(5/2),x)
[Out] int(tan(x)~2/(a + b*xcot(x)"2)"(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tan2
an” (x) i

19}

(a+bcot? (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)**2/(atb*cot(x)**2)**(5/2),x%)

[Out] Integral(tan(x)**2/(a + bkcot(x)**2)**(5/2), x)
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3.59 [ —5—dx

1+cot3(x)

Optimal. Leaf size=37

g + élog(sin(x)) + %log (cot?(x) = cot(x) +1) - %log(cot(x) +1)

[Out] 1/2%x-1/6*%1n(1+cot(x))+1/3*1n(1-cot(x)+cot(x)"2)+1/2*%1In(sin(x))

Rubi [A] time = 0.06, antiderivative size = 37, normalized size of antiderivative =

. ber of rul
1.00, number of steps used = 7, number of rules used = 6, integrand size = 8§, e o e

= 0.750, Rules used = {3661, 2074, 635, 203, 260, 628}

integrand size

g + élog(sin(x)) + %log (cot?(x) - cot(x) + 1) - élog(cot(x) +1)

Antiderivative was successfully verified.

[In] Int[(1 + Cot[x]173)"(-1),x]

[Out] x/2 - Logl[l + Cot[x]1/6 + Logl[l - Cot[x] + Cot[x]"2]/3 + Logl[Sin[x]]/2
Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[-(a*c)]

Rule 2074

Int[(P_)~(p )*(Q_)"(q_.), x_Symbol] :> With[{PP = Factor[P]}, Int[ExpandInt
egrand[PP"p*Q~q, x], x] /; !'SumQ[NonfreeFactors[PP, x]]1] /; FreeQlq, x] &&
PolyQ[P, x] && PolyQ[Q, x] && IntegerQ[p] && NeQ[P, x]

Rule 3661

Int[((a_) + (b_.)*x((c_.)*tan[(e_.) + (£_)*(x_)1)"(m_))"(p_), x_Symbol] :>
With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[(cxff)/f, Subst[Int[(a + bx*(
ffxx)"n)"p/(c”2 + ££72xx72), x], x, (cxTanl[e + f*x])/ff], x]] /; FreeQ[{a,
b, ¢, e, £, n, p}, x] && (IntegersQ[n, pl || IGtQ[p, O] || EqQ[n~2, 4] || E
qQ[n~2, 161)

Rubi steps
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1 1
f ————dx = —Subst f dx, x, cot(x)
1+ cot’(x) (1 + x2) (1 + x3)
1-2x

S btf LI S
= —Subs
6(1 + x) 2(1+x2) 3(1—x+x2

1 1 1-2x 1 1+x
=—= - = T - = —d t

6log(1+c0’c(x)) 3Subst( f v :2 dx,x,cot(x)) 2Subst( f T3 42 X, X, CO
= L log( + cot() + 11 (1 - cot(x) + cot( ))—15 bst f L
—6og( cot(x)) + 7 log cot(x) + cot™(x)) - 5 Subs T2

)J dx, x, cot(x)]

1
dx, x, cot(x)) -5

—_

N

log(1 + cot(x)) + %log (1 - cot(x) + cot?(x)) + = log(sin(x))

NI =R
N =

Mathematica [C] time = 0.04, size = 57, normalized size = 1.54

% log (tanz(x) — tan(x) + 1)+(_41L - i) log(— tan(x)+i)—(£11 - i) log(tan(x)+i)—% log(tan(x)+1)

Antiderivative was successfully verified.

[In] Integrate[(1 + Cot[x]~3)~(-1),x]
[Out] (-1/4 - I/4)*LoglI - Tan[x]] - (1/4 - I/4)*LoglI + Tan[x]] - Log[l + Tan[x]
1/6 + Logl[l - Tan[x] + Tan[x]~2]/3

fricas [A] time = 0.46, size = 24, normalized size = 0.65

1 1 ‘ 1 1 .
T log (sin (2x) +1) + 3 log(—z sin (2 x) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~3),x, algorithm="fricas")
[Out] 1/2*%x - 1/12xlog(sin(2*x) + 1) + 1/3%log(-1/2*sin(2*x) + 1)
giac [A] time = 0.42, size = 34, normalized size = 0.92

1 1 1 1
S¥t3 log (tan(x)2 — tan(x) + 1) -1 log (tan(x)2 + 1) -2 log ([tan(x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~3),x, algorithm="giac")

[Out] 1/2*x + 1/3*log(tan(x)”~2 - tan(x) + 1) - 1/4xlog(tan(x)”2 + 1) - 1/6xlog(ab
s(tan(x) + 1))

maple [A] time = 0.15, size = 37, normalized size = 1.00

In (1 — cot(x) + cotz(x)) In(1 + cot(x)) In (1 + cotz(x)) X
3 B 6 B 4 42

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cot(x)~3),x)
[Out] 1/3*1n(l-cot(x)+cot(x)"2)-1/6*%1n(1+cot(x))-1/4*1n(1+cot(x)"2)-1/4*%Pi+1/2*x
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maxima [A] time = 0.42, size = 33, normalized size = 0.89

1 1 1 1
S¥+3 log (tam(x)2 — tan(x) + 1) -1 log (’cam(x)2 + 1) -2 log (tan(x) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cot(x)~3),x, algorithm="maxima"

[Out] 1/2*%x + 1/3%log(tan(x)~2 - tan(x) + 1) - 1/4xlog(tan(x)”2 + 1) - 1/6xlog(ta
n(x) + 1)

mupad [B] time = 0.72, size = 37, normalized size = 1.00

+

1 1)\ In(12e2+12i) In(e™¥-1-ev24i)
* (_ B _1) - 6 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cot(x)"3 + 1),x)

[Out] x*(1/2 - 1i/2) - log(12*exp(x*2i) + 12i)/6 + log(exp(x*4i) - exp(x*2i)*4i -
1)/3

sympy [A] time = 0.29, size = 34, normalized size = 0.92

x log(tan(x)+1) log (tan2 (x) + 1) N log (tan2 (x) - tan (x) + 1)
2 6 4 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/(l+cot(x)**3),x)

[Out] x/2 - log(tan(x) + 1)/6 - log(tan(x)**2 + 1)/4 + log(tan(x)**2 - tan(x) + 1
)/3
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3.60 f cot(x)\/ a + bcot*(x) dx

Optimal. Leaf size=90

1 1 1 Vb cot?(x) ] 1 _1( a — b cot?(x) )
—=yJa +bcot*(x) +=Vb tanh ™ ~Va+b tanh
2 arhee (X)+2 " [\/a+bcot4(x) +2 aroan \/a+b\/a+bcot4(x)

[Out] 1/2*arctanh(cot(x)~2%¥b~(1/2)/(a+b*cot(x)~4)~(1/2))*b~(1/2)+1/2*arctanh((a-b
xcot(x)~2)/(a+b)~(1/2)/(atb*xcot (x)~4)~(1/2))*(a+b)~(1/2)-1/2*x(at+b*cot (x) ~4)
~(1/2)

Rubi [A] time = 0.14, antiderivative size = 90, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 7, integrand size = 15,

number of rules _ ) 467, Rules used = {3670, 1248, 735, 844, 217, 206, 725}

integrand size

1 1 _ Vb cot?(x) ] 1 1 ( a —bcot?(x) )
~=+Ja + beot*(x) += Vb tanh ™" ~Va+b tanh
2 arhee (X)+2 " [\/a+bcot4(x) +2 aroan \/a+b\/a+bcot4(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]*Sqrt[a + b*Cot[x]~4],x]

[Out] (Sqrt[bl*ArcTanh[(Sqrt[b]*Cot[x]~2)/Sqrtl[a + b*Cot[x]~4]1])/2 + (Sqrt[a + b]
*ArcTanh[(a - b*Cot[x]~2)/(Sqrt[a + bl*Sqrtl[a + bxCot[x]~4])])/2 - Sqrtla +
b*Cot [x]74]1/2

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, O]

Rule 725

Int[1/(((d) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(cxd™2 + axe™2 - x72), x], x, (axe - c*d*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 735

Int[((d) + (e_)*x(x_))"(m_)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simpl[
((d+ exx)"(m + D)*x(a + c*xx"2)7p)/(ex(m + 2%xp + 1)), x] + Dist[(2*p)/(e*(m

+ 2xp + 1)), Int[(d + e*xx) m*Simp[a*e - c*dxx, x]*(a + c*x~2)"(p - 1), x],

x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + a*e”2, 0] && GtQ[p, 0] && Ne
Qlm + 2%xp + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) && !'ILtQ[m + 2*p, 0] &&
IntQuadraticQ[a, 0, ¢, d, e, m, p, x]

Rule 844

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*x(a + c*x~2)7p, x], x] /; FreeQl[{a, c, d,
e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]
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Rule 1248

Int[(x )*((d_) + (e_)*(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx)~gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx"2), x], x, (cxTan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

N ——
f cot(x)y/a + b cot(x) dx = — Subst( % dx, x, cot(x)]

1 Va + bx?
= - [— Subst ( f Yot o dx, x, cotz(x)])
2 1+x

1 4 1 a—bx
=+ - dx, x, cot?
> a + b cot*(x) > Subst (f L+ Vot X, X, CO (x))

S R | 1 2 1 f
=3 a+ bcot*(x) + 2bSubs’c( NP dx, x, cot (x)) 2(a +b) Subst(

1 4 1 1 a — b cot?(x)

(

1
)+Eb5

2

va + beott(x)

Mathematica [A] time = 0.15, size = 86, normalized size = 0.96

2 _ 2
% [—\/ a +bcot(x) + Vb tanh™! ( _;/_—l:_ Z_Zt)t(f()x) ) +Va +b tanh™ ( 4~ beot’ () ))

Va +b+a + beot*(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]*Sqrtl[a + b*Cot[x]~4],x]

[Out] (Sqrt[bl*ArcTanh[(Sqrt[b]*Cot[x]~2)/Sqrtl[a + b*Cot[x]~4]] + Sqrtla + bl*Arc

Tanh[(a - b*Cot[x]72)/(Sqrtla + b]*Sqrtl[a + bxCot[x]~4])] - Sqrtla + b*Cot[
x]741)/2

fricas [B] time = 0.83, size = 1063, normalized size = 11.81

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~4)~(1/2),x, algorithm="fricas")

[Out] [1/4xsqrt(a + b)*log(l/2+(a”2 + 2*axb + b~2)*cos(2*x)~2 + 1/2%xa”2 + 1/2xb"2

+ 1/2%((a + b)*cos(2%x) "2 - 2*axcos(2xx) + a - b)*sqrt(a + b)*sqrt(((a + b
)*cos(2*x)7"2 - 2x(a - b)*cos(2*x) + a + b)/(cos(2xx)"2 - 2*cos(2*x) + 1)) -

2 B 2
L tanh—l( Vb cof) ] Bt et
2 Va+b+a+ beot*(x)

1
2 [
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(a2 - b7™2)*cos(2*x)) + 1/4*xsqrt(b)*log(-((a + 2%b)*cos(2*x)”"2 - 2x(cos(2*
x)72 - 1)*sqrt(b)*sqrt(((a + b)*cos(2*x)72 - 2*x(a - b)*cos(2*x) + a + b)/(c
0s(2*%x)72 - 2*%cos(2*x) + 1)) - 2%(a - 2%b)*cos(2%x) + a + 2*b)/(cos(2*x) "2
- 2xcos(2*x) + 1)) - 1/2xsqrt(((a + b)*cos(2*x)"2 - 2x(a - b)*cos(2*x) + a
+ b)/(cos(2%x)72 - 2xcos(2*x) + 1)), 1/2xsqrt(-b)*arctan(sqrt(-b)*sqrt(((a
+ b)*xcos(2%x)"2 - 2*%(a - b)*cos(2*x) + a + b)/(cos(2*x)"2 - 2xcos(2*x) + 1)
)*(cos(2*x) - 1)/(bxcos(2*x) + b)) + 1/4xsqrt(a + b)*log(1l/2*x(a”2 + 2xa*b +

b~2)*cos(2*x) "2 + 1/2%a”2 + 1/2xb"2 + 1/2x((a + b)*cos(2xx)"2 - 2*a*xcos(2%
x) + a - b)xsqrt(a + b)*sqrt(((a + b)*cos(2%x)72 - 2*(a - b)*cos(2*x) + a +

b)/(cos(2*x)~2 - 2%cos(2*x) + 1)) - (2”2 - b72)*cos(2*x)) - 1/2*sqrt(((a +

b)*xcos(2%x) "2 - 2*(a - b)*cos(2*x) + a + b)/(cos(2*x)"2 - 2xcos(2*x) + 1))
, —1/2xsqrt(-a - b)*arctan(((a + b)*cos(2%x)~2 - 2*axcos(2*x) + a - b)*sqrt
(-a - b)*sqrt(((a + b)*cos(2*x)"2 - 2x(a - b)*cos(2*x) + a + b)/(cos(2*x)~2

- 2xcos(2*%x) + 1))/((a”2 + 2%axb + b72)*cos(2%x)”"2 + a”2 + 2%axb + b"2 - 2
x(a”2 - b"2)*cos(2*x))) + 1/4xsqrt(b)*log(-((a + 2xb)*cos(2%x)~2 - 2*(cos(2
*xx) 72 - 1)xsqrt(b)*sqrt(((a + b)*cos(2*x)~2 - 2x(a - b)*cos(2*x) + a + b)/(
cos(2%x)72 - 2*cos(2*x) + 1)) - 2x(a - 2*b)*cos(2xx) + a + 2*b)/(cos(2*x) "2

- 2%cos(2*x) + 1)) - 1/2xsqrt(((a + b)*cos(2*x)~2 - 2x(a - b)*cos(2*x) + a

+ b)/(cos(2*x)"2 - 2xcos(2*x) + 1)), -1/2*sqrt(-a - b)*arctan(((a + b)*cos
(2xx)72 - 2%a*xcos(2%x) + a - b)*sqrt(-a - b)*sqrt(((a + b)*cos(2%x)72 - 2x%(
a - b)*cos(2*x) + a + b)/(cos(2*x)72 - 2xcos(2*x) + 1))/((a"2 + 2*a*b + b~2
)*cos(2*%x)72 + a”2 + 2%a*xb + b72 - 2x(a”2 - b"2)*cos(2*x))) + 1/2*sqrt(-b)*
arctan(sqrt(-b)*sqrt(((a + b)*cos(2*x)~2 - 2*x(a - b)*cos(2*x) + a + b)/(cos
(2xx) "2 - 2xcos(2*x) + 1))*(cos(2*x) - 1)/(b*cos(2*x) + b)) - 1/2xsqrt(((a
+ b)*cos(2*x)72 - 2*%(a - b)*cos(2*x) + a + b)/(cos(2*x)72 - 2*cos(2*x) + 1)
)]

giac [B] time = 0.45, size = 204, normalized size = 2.27

\i i 2_ i 4 ; 1_ : >
l7arctar1(—- a+b sin(x)*~Vasin(x)+bsin(x)1-2bsin(x)>+b

_ N = ‘% Va+blog (|‘(m sin(x)? ~ Yasin(x)* + bsin(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~4)~(1/2),x, algorithm="giac")

[Out] -bxarctan(-(sqrt(a + b)*sin(x)~2 - sqrt(a*sin(x)~4 + bxsin(x)~4 - 2*bxsin(x
)72 + b))/sqrt(-b))/sqrt(-b) - 1/2*sqrt(a + b)*log(abs(-(sqrt(a + b)*sin(x)

72 - sqrt(a*xsin(x)”4 + b*sin(x)”"4 - 2xb*sin(x)"2 + b))*(a + b) + sqrt(a + b

)*¥b)) - ((sqrt(a + b)*sin(x)~2 - sqrt(axsin(x)~4 + bxsin(x)~4 - 2%b*sin(x)”

2 + b))*b - sqrt(a + b)*b)/((sqrt(a + b)*sin(x)”"2 - sqrt(a*sin(x)~4 + b*sin

(x)74 - 2%b*sin(x)"2 + b))~2 - b)

maple [A] time = 0.35, size = 139, normalized size = 1.54

(1+cot?(x))b-b

2
V(U + o) b= 2 1+ o)) b +a+b +‘/E In (T # {1+ o) b =21 + o) b
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)x*(a+bxcot(x)~4)"(1/2),x)

[Out] -1/2*%((14+cot(x)~2) "2%b-2*x(1+cot(x) "2)*b+a+b) ~(1/2)+1/2xb~(1/2)*1n(((1+cot(x
)"2)*b-b) /b~ (1/2)+((1+cot (x) ~2) “2%b-2*x (1+cot (x) "2) *b+a+b) ~(1/2) )+1/2*x(a+b) ™
(1/2)*1n((2*a+2*b-2* (1+cot (x) "2) *b+2* (a+b) ~(1/2) * ((1+cot (x) 72) "2%b-2* (1+cot
(x)72)*b+a+b) ~(1/2))/(1+cot (x)72))
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maxima [F]  time = 0.00, size = 0, normalized size = 0.00
f Vb cot(x): + a cot(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(a+b*cot(x)”4)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(b*cot(x)~4 + a)*cot(x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cot(x) /b co’c(x)4 +a dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)*(a + bxcot(x)~4)"(1/2),x)
[Out] int(cot(x)*(a + bxcot(x)~4)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f \Ja + b eot* (x) cot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot (x)**4)**(1/2),x)

[Out] Integral(sqrt(a + b*cot(x)**4)*cot(x), x)



263

3.61 [ cot(x) (a +b cot‘*(x))g/2 dx

Optimal. Leaf size=126

3 2
_%(a+baﬁ0ﬂy{%(ﬂa+w—bcm%@)Va+baﬁ%@+%@+ww%mm4(va;ZJZflziaw)+%

[Out] 1/2*(a+b)~(3/2)*arctanh((a-b*xcot(x)~2)/(a+b)~(1/2)/(a+bxcot(x)~4)~(1/2))-1/
6% (at+b*xcot (x)~4) " (3/2)+1/4*(3*xa+2*b)*arctanh(cot (x) ~2*b~(1/2)/ (atb*cot(x) "4
)7 (1/2))*%b~(1/2)-1/4% (2*%a+2*¥b-b*cot (x) “2) * (a+b*cot (x) ~4) ~(1/2)

Rubi [A] time = 0.20, antiderivative size = 126, normalized size of antiderivative

= 1.00, number of steps used = 9, number of rules used = 8, integrand size = 15,
number of rules _ ) 533, Rules used = {3670, 1248, 735, 815, 844, 217, 206, 725)

integrand size

3 2
_% (a +b cot4(x))3/2—31 (2(:1 +b)-b cotz(x)) \Ja + beott(x) +%(a+b)3/2 tanh ™ (\/a :lb \/bacjtb(cx;#(x) )+41]

Antiderivative was successfully verified.
[In] Int[Cot[x]*(a + bxCot[x]~4)~(3/2),x]

[Out] (Sqrt[bl*(3*a + 2xb)*ArcTanh[(Sqrt[b]*Cot[x]~2)/Sqrt[a + b*Cot[x]~4]1])/4 +
((a + b)~(3/2)*ArcTanh[(a - b*Cot[x]~2)/(Sqrt[a + bl*Sqrtl[a + b*Cot[x]~4])]

)/2 - ((2x(a + b) - b*Cot[x]~2)*Sqrt[a + b*Cot[x]"4])/4 - (a + b*Cot[x]"4)~
(3/2)/6

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x"2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, O]

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d”2 + a*xe”™2 - x72), x], x, (a*xe - c*d*x)/Sqrtl[a + c*xx"2]] /; FreeQ
[{a, c, d, e}, x]

Rule 735

Int[((d_) + (e_.)*x(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
((d + exx)"(m + D*x(a + cxx72)"p)/(ex(m + 2%xp + 1)), x] + Dist[(2*p)/(e*(m

+ 2%p + 1)), Int[(d + e*x) m*Simpla*e - c*xd*x, x]*(a + c*x"2)"(p - 1), %],

x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + axe”2, 0] && GtQ[p, 0] && Ne

Qlm + 2xp + 1, 0] && ( 'RationalQ[m] || LtQ[m, 1]) && !'ILtQ[m + 2*p, 0] &&
IntQuadraticQ(a, 0, c, d, e, m, p, xI]

Rule 815

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((£f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Simp[((d + exx)"(m + 1)*(cxexfx(m + 2%p + 2) - gxcxd*(2*p
+ 1) + g*c*e*(m + 2%p + D*xx)*x(a + c*x"2)"p)/(c*e"2*(m + 2%p + 1)*x(m + 2%p
+ 2)), x] + Dist[(2*p)/(c*e”2*x(m + 2%p + L)*x(m + 2xp + 2)), Int[(d + exx)”
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m*(a + c*x72)7(p - 1)*Simp[f*akxcxe™2x(m + 2%p + 2) + a*xckxd*exgxm - (c™2*f*d
xex(m + 2%p + 2) - gx(c72xd"2%(2*p + 1) + axc*e”2*(m + 2%p + 1)))*x, x], x]
, x] /; FreeQ[{a, c, d, e, f, g, m}, x] && NeQ[c*d"2 + a*e”2, 0] && GtQ[p,

0] &% (IntegerQ[p] || !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 0])) && !'ILt
Qlm + 2xp, 0] && (IntegerQ[m] || IntegerQ[p] || IntegersQ[2*m, 2*p])

Rule 844

Int[((d_.) + (e_)*(x_)) " (m )*((f_.) + (g_.)*xx))*x((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*xx)"(m + 1)*(a + c*x"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x)"m*x(a + c*x~2)7p, x], x] /; FreeQl[{a, c, d,
e, £, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*xx)"g*x(a + c*xx"2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, g}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*& DD~ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n) p)/(c™2 + f
£f72%x72), x], x, (cxTanl[e + fxx])/ff]l, x]] /; FreeQ[{a, b, c, d, e, f, m, n
, PY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

X (a + bx4)3/2

f cot(x) (a + beott(x)”” dx = - Subst [ f ——— i, Cot(x))

1 Sub (a+bx2)3/2d )
=13 ubst IT x, x, cot“(x)

—(a+b cot4(x)) W _ % Subst ( f (@a-boNa+b2® cotz(x))

O\I’—‘

1+x

Subst ( f ub(zg

1 1 3/2
2 (2(a +b) - beot?(x)) y/a + beot(x) — 3 (a+beott(v)) 2
1 ’ 4 1 4 032 1 5
- (22 + b) - beot?(x)) y/a + beoth(x) - c (a+beot(x))” - 5(a+ D) Sub;
1 » 4 1 4, 032 1 2
I (22 +b) - beot?(x)) y/a + beoti(x) - < (a+beot*(x))" + >(a+b)*Sub
1 o Vb cot(x) 1 _ a — b cot?(x
= Vb (3a + 2b) tanh ™} + =(a +b)¥ tanh ™
4 Va+beot*(x) ] 2 Va+b+a+bc
Mathematica [A] time = 4.40, size = 167, normalized size = 1.33
1 3\/_\/—\/51 + beot*(x) sinh™ ( b i;); x))
. 4 4 2 :
= \Ja + bot(x) (82 + 2bcot*(x) — 3bcot?(x) + 6b) + — +6(a+Db)

+1

a
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Antiderivative was successfully verified.

[In] Integrate[Cot[x]*(a + b*Cot[x]~4)~(3/2),x]

[Out] (6#Sqrt[bl*(a + b)*ArcTanh[(Sqrt[b]l*Cot[x]~2)/Sqrtl[a + bxCot[x]~4]] + 6%(a
+ b)~(3/2)*ArcTanh[(a - b*Cot[x]~2)/(Sqrt[a + bl*Sqrtl[a + b*Cot[x]"4])] - S
grtla + b*Cot[x]~4]*(8*%a + 6%b - 3xb*Cot[x]~2 + 2*bxCot[x]~4) + (3*Sqrt[al=*

Sqrt [b]*ArcSinh[(Sqrt [b]*Cot [x]~2) /Sqrt[a]l]l*Sqrt[a + b*Cot[x]~4])/Sqrt[1 +
(b*Cot [x]174)/al) /12

fricas [B] time = 0.85, size = 1486, normalized size = 11.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(a+b*cot(x)~4)~(3/2),x, algorithm="fricas")

[Out] [1/24*(6%((a + b)*cos(2*x)"2 - 2x(a + b)*cos(2xx) + a + b)xsqrt(a + b)*Llog(
1/2%(a”2 + 2*axb + b"2)*cos(2*x)72 + 1/2%a”2 + 1/2%b"2 + 1/2x((a + b)*cos(2
*xx) "2 - 2%axcos(2*x) + a - b)*sqrt(a + b)*sqrt(((a + b)*cos(2*x)"2 - 2x(a -
b)*cos(2*x) + a + b)/(cos(2*x)72 - 2*xcos(2*x) + 1)) - (a”2 - b~2)*cos(2*x)
) + 3%((3xa + 2*¥b)*cos(2xx)"2 - 2*(3%a + 2*xb)*cos(2*x) + 3*a + 2xb)*sqrt(b)
*xlog(-((a + 2xb)*cos(2*x)"2 - 2%(cos(2%x)"2 - 1)*sqrt(b)*sqrt(((a + b)*cos(
2%x)72 - 2x(a - b)*cos(2*x) + a + b)/(cos(2%x)72 - 2%cos(2*x) + 1)) - 2x(a
- 2%b)*cos(2*x) + a + 2*b)/(cos(2*x)"2 - 2xcos(2*x) + 1)) - 2% ((8*a + 11%b)
xcos(2%x) "2 - 8*(2*a + b)*cos(2*x) + 8*a + 5xb)*sqrt(((a + b)*cos(2*x)~2 -
2x(a - b)*cos(2*x) + a + b)/(cos(2*x)"2 - 2*xcos(2*x) + 1)))/(cos(2*x)"2 - 2
xcos(2*x) + 1), 1/12%(3*x((3*a + 2*b)*cos(2*x)~2 - 2%(3*a + 2*b)*cos(2*x) +
3*a + 2xb)*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a + b)*cos(2*x)"2 - 2x(a - b)*co
s(2*%x) + a + b)/(cos(2*x)"2 - 2xcos(2xx) + 1))*(cos(2*x) - 1)/(b*cos(2*x) +
b)) + 3*%((a + b)*cos(2xx)"2 - 2%(a + b)*cos(2xx) + a + b)*sqrt(a + b)*log(
1/2%(a”2 + 2*axb + b~2)*cos(2*x)72 + 1/2%¥a"2 + 1/2%b"2 + 1/2x((a + b)*cos(2
xx) "2 - 2%axcos(2*x) + a - b)*sqrt(a + b)*sqrt(((a + b)*cos(2*x)72 - 2*(a -
b)*cos(2*x) + a + b)/(cos(2*x)72 - 2*cos(2*x) + 1)) - (a2 - b"2)*cos(2*x)
) - ((8%a + 11*b)*cos(2*x)~2 - 8*(2%a + b)*cos(2*x) + 8*a + b*b)*sqrt(((a +
b)*cos(2*x) 72 - 2*%(a - b)*cos(2*x) + a + b)/(cos(2%x)72 - 2*cos(2*x) + 1))
)/ (cos(2%x) "2 - 2%cos(2*x) + 1), -1/24x(12x((a + b)*cos(2*x)"2 - 2x(a + b)*
cos(2*x) + a + b)*sqrt(-a - b)*arctan(((a + b)*cos(2%x)~2 - 2*axcos(2*x) +
a - b)*sqrt(-a - b)*sqrt(((a + b)*cos(2%x)"2 - 2x(a - b)*cos(2*x) + a + b)/
(cos(2*x)72 - 2xcos(2*x) + 1))/((a"2 + 2%axb + b72)*cos(2xx)"2 + a™2 + 2xax
b + b™2 - 2%(a"2 - b72)*cos(2xx))) - 3*x((3*a + 2*b)*cos(2*x)"2 - 2x(3*a + 2
xb)*cos(2%x) + 3*a + 2*b)*sqrt(b)*log(-((a + 2*b)*cos(2*x)~2 - 2*x(cos(2*x)”
2 - 1)*sqrt(b)*sqrt(((a + b)*cos(2*x)"2 - 2x(a - b)*cos(2*x) + a + b)/(cos(
2%x) 72 - 2xcos(2*x) + 1)) - 2x(a - 2*b)*cos(2*x) + a + 2xb)/(cos(2*x)"2 - 2
xcos(2*x) + 1)) + 2x((8%a + 11xb)*cos(2%x)72 - 8*(2*a + b)*cos(2xx) + 8*a +
5xb)*xsqrt(((a + b)*cos(2xx)"2 - 2%(a - b)*cos(2*x) + a + b)/(cos(2*x)"2 -
2%cos(2*x) + 1)))/(cos(2*x)"2 — 2%cos(2*x) + 1), —-1/12x(6x((a + b)*cos(2*x)
2 - 2x(a + b)*cos(2xx) + a + b)*sqrt(-a - b)*arctan(((a + b)*cos(2*x)~2 -
2xa*xcos(2%x) + a - b)*sqrt(-a - b)*sqrt(((a + b)*cos(2*x)~2 - 2x(a - b)*cos
(2xx) + a + b)/(cos(2%x)72 - 2*xcos(2*xx) + 1))/((a”2 + 2%axb + b~2)*cos(2*x)
T2 + 2”2 + 2*%axb + b2 - 2x(a”2 - b"2)*cos(2*x))) - 3*x((3xa + 2xb)*cos(2%*x)
"2 - 2x(3%a + 2*b)*cos(2*x) + 3*%a + 2xb)x*sqrt(-b)*arctan(sqrt(-b)*sqrt(((a
+ b)*cos(2%x)72 - 2*x(a - b)*cos(2*x) + a + b)/(cos(2*x)72 - 2*cos(2*x) + 1)
)*(cos(2%x) - 1)/(bxcos(2*x) + b)) + ((8%a + 11*b)*cos(2*x)"2 - 8*(2%a + b)
xcos(2*x) + 8xa + bxb)*sqrt(((a + b)*cos(2*x)~2 - 2%(a - b)*cos(2*x) + a +
b)/(cos(2*x) "2 - 2xcos(2*x) + 1)))/(cos(2*x)"2 - 2xcos(2*x) + 1)]
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giac [B] time = 1.80, size = 445, normalized size = 3.53

Va+b sin(x)2—+/a sin(x)4+b sin(x)4-2 b sin(x)?+b

(3ab-+217) arctan (- o ) (2 +2ab + 1) log (|-(Va+ B sin(x? - yas

2vV-b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(a+tb*cot(x)~4)~(3/2),x, algorithm="giac")

[Out] -1/2%(3*%a*xb + 2%b~2)*arctan(-(sqrt(a + b)*sin(x)”"2 - sqrt(a*sin(x)~4 + bx*si
n(x)"4 - 2*b*sin(x)”2 + b))/sqrt(-b))/sqrt(-b) - 1/2x(a”2 + 2xa*b + b~2)*lo
g(abs(-(sqrt(a + b)*sin(x)”2 - sqrt(a*sin(x)~4 + b*sin(x)~4 - 2*bxsin(x)~2
+ b))*(a + b) + sqrt(a + b)*b))/sqrt(a + b) - 1/6*%(3*(sqrt(a + b)*sin(x) "2
- sqrt(a*sin(x) "4 + bxsin(x)”"4 - 2*b*sin(x)”~2 + b)) ~5x(5*xaxb + 6%xb~2) + 8x(
sqrt(a + b)*sin(x)~2 - sqrt(a*sin(x)~4 + bxsin(x)~4 - 2%bxsin(x)”2 + b)) 3%
b~3 - 12x(sqrt(a + b)*sin(x)”"2 - sqrt(a*sin(x)”4 + b*sin(x)”"4 - 2*b*sin(x)”
2 + b)) "4x(axb + 3*b"2)xsqrt(a + b) + 12x(a*xb”2 + b~3)*(sqrt(a + b)*sin(x)”
2 - sqrt(a*xsin(x)”"4 + bxsin(x)~4 - 2%b*sin(x)”2 + b)) 2*sqrt(a + b) + 3*%(3%
a*b”~3 + 2%b~4)*(sqrt(a + b)*sin(x) "2 - sqrt(a*sin(x)~4 + b*sin(x)"4 - 2*b*s
in(x)72 + b)) - 8x(a*b™3 + b~4)*sqrt(a + b))/ ((sqrt(a + b)*sin(x)~2 - sqrt(
axsin(x) "4 + bxsin(x)”"4 - 2*xb*sin(x)"2 + b))"2 - b)~3

maple [B] time = 0.29, size = 312, normalized size = 2.48

b (cot*(x)) <Ja + b (cot*(x)) 2ay/a+b(coti(x)) b(co?(x))+/a+ b (cott 3aVb In(Vbh (cot?(x)) +
B (cot (x)) 5;+ (cot (x))_ aja+ 3(cot (x))+ (cot (x)) a+ (cot (x))+ a n( (CO ) \

4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)*(atb*cot(x)~4)~(3/2),x)

[Out] -1/6%b*cot(x) "4*(at+bkxcot(x)~4)~(1/2)-2/3*xax(a+bxcot(x)"4)~(1/2)+1/4*xb*cot(x
) "2%(at+b*cot(x)74) " (1/2)+3/4*a*xb~ (1/2)*1n(b~ (1/2) *cot (x) 2+ (a+b*cot (x) ~4) ~(
1/2))-1/2xb* (a+b*cot (x) "4) " (1/2)+1/2%b~(3/2) *1n(b~ (1/2) *cot (x) "2+ (a+b*cot (x
)74)"(1/2))+1/2/ (a+b) ~(1/2) *1n((2*a+2xb-2* (1+cot (x) ~2) *b+2* (a+b) "~ (1/2) * ((1+
cot(x)~2) "2xb-2%(1+cot (x) ~2) *b+a+b) " (1/2))/(1+cot(x)"2) ) *a~2+1/(a+b) ~(1/2) *
In((2*a+2*xb-2*% (1+cot (x) ~2) *b+2* (a+b) " (1/2) * ((1+cot (x) "2) "2*b-2* (1+cot (x) ~2)
*b+a+b) ~(1/2))/ (1+cot (x)~2) ) *axb+1/2/ (a+b) ~(1/2) *1n((2*a+2*¥b-2* (1+cot (x) ~2)

*b+2* (a+b) ~(1/2) * ((1+cot (x) ~2) “2%b-2* (1+cot (x) "2) ¥*b+a+b) ~(1/2)) / (1+cot (x) "2
))*b~2

maxima [F] time = 0.00, size = 0, normalized size = 0.00
3
f (b cot(x)* + a)z cot(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)*(atb*cot(x)~4)~(3/2),x, algorithm="maxima"
[Out] integrate((b*cot(x)~4 + a)~(3/2)*cot(x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
32
f cot(x) (b cot(x)4 + a) ! dx

Verification of antiderivative is not currently implemented for this CAS.



267

[In] int(cot(x)*(a + b*xcot(x)~4)"(3/2),x)
[Out] int(cot(x)*(a + b*cot(x)"4)"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f(a + beott (x))g cot (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (x)*(atbxcot(x)**4)*x(3/2),%)

[Out] Integral((a + b*cot(x)**4)**(3/2)*cot(x), x)
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3.62 [ =20y

\Ja+b cot*(x)

Optimal. Leaf size=41

tanh_l a-b cot? (%)
Va+b \Ja+bcoti(x)
2Va+b

[Out] 1/2*arctanh((a-b*xcot(x)~2)/(a+b)~(1/2)/(a+b*cot(x)~4)~(1/2))/(a+b)~(1/2)

Rubi [A] time = 0.07, antiderivative size = 41, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 15,

numberofrules _ 4 767, Rules used = {3670, 1248, 725, 206}

integrand size

_ 2
tanh_l ( a-b cot*(x) )

Va+b \Ja+b cot?(x)
2Va+b

Antiderivative was successfully verified.

[In] Int[Cot[x]/Sqrt[a + b*Cot[x]~4],x]

[Out] ArcTanh[(a - bxCot[x]~2)/(Sqrtl[a + bl*Sqrtl[a + b*Cot[x]~4])]/(2*Sqrt[a + b]
)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*e™2 - x72), x], x, (axe - c*xd*x)/Sqrtl[a + c*x"2]] /; FreeQ
[{a, c, d, e}, x]

Rule 1248

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx) gx(a + c*x~2)7p, x], x, x°2], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_D)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)"n) p)/(c”2 + £
f72xx~2), x], x, (c*Tanl[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pt, x] & (IGtQlp, O] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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X

f cotx) dx = —Subst f
\a + bcott(x) (1 + xz) Va + bx*

_ (L 1 2
= (2 Subst ( f iim) N dx, x, cot (x)])
a — b cot?(x) ]

1 1
= — Subst f ——dx,x,
2 ( a+b-x* Va + beott(x)

tanh_l [ a-b cotz(x) ]

Va+b \a+b cot¥(x)
2Va+b

dx, x, cot(x)]

Mathematica [A] time = 0.02, size = 41, normalized size = 1.00

tanh_l a-b cot?(x)
Va+b yJa+b cot*(x)

2Va+b

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/Sqrtl[a + b*Cot[x]~4],x]

[Out] ArcTanh[(a - b*Cot[x]~2)/(Sqrtl[a + bl*Sqrtl[a + b*Cot[x]~4]1)]/(2*Sqrt[a + b]
)

fricas [B] time = 0.65, size = 264, normalized size = 6.44

log (% (az +2ab+ bz) cos (2x)* + %az + %bz + % ((a +b)cos (2x)* —2acos (2x) +a - b)\/m (D) co

CC
4vVa+b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)74)~(1/2),x, algorithm="fricas")

[Out] [1/4x%log(1/2*(a”2 + 2%a*b + b~2)*cos(2*x)~2 + 1/2*%a”2 + 1/2*b"2 + 1/2%x((a +
b)*xcos(2%x) "2 - 2*axcos(2*x) + a - b)*sqrt(a + b)*sqrt(((a + b)*cos(2xx) "2

- 2%(a - b)*cos(2xx) + a + b)/(cos(2%x)"2 - 2*cos(2*x) + 1)) - (2”2 - b~2)
xcos(2*x))/sqrt(a + b), -1/2*sqrt(-a - b)*arctan(((a + b)*cos(2*x)~2 - 2xax
cos(2*x) + a - b)*sqrt(-a - b)*sqrt(((a + b)*cos(2*x)~2 - 2x(a - b)*cos(2*x

) + a+ b)/(cos(2*%x)72 - 2xcos(2*x) + 1))/((a”2 + 2*axb + b~2)*cos(2*x)"2 +

a”2 + 2xa*xb + b72 - 2x(a”2 - b"2)*cos(2*x)))/(a + b)]

giac[A] time = 0.38, size = 58, normalized size = 1.41

log (l—(\/m cos(x)? — \/a cos(x)* + bcos(x)* — 2 acos(x)? + a )(a +0b) + \/maD
2Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~4)~(1/2),x, algorithm="giac")
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[Out] 1/2*log(abs(-(sqrt(a + b)*cos(x)”~2 - sqrt(a*cos(x)”4 + b*cos(x)~4 - 2*axcos
(x)72 + a))*(a + b) + sqrt(a + b)*a))/sqrt(a + b)

maple [A] time = 0.31, size = 65, normalized size = 1.59

2u+2b—2(1 +cot2(x))b+2\/m \/(1+c0t2(x))Zb—2(1+c0t2(x))b+a+b

In 5
1+cot“(x)

2Va+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(atb*cot(x)~4)~(1/2),x)

[Out] 1/2/(a+b)~(1/2)*1n((2*a+2*¥b-2*%(1+cot(x) ~2)*b+2*x(a+b) ~(1/2) *((1+cot(x)~2) ~2%
b-2* (1+cot (x) ~2) *b+a+b)~(1/2))/(1l+cot(x)"2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

cot(x)
f dx
Vb cot(x)* + a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~4)~(1/2),x, algorithm="maxima"
[Out] integrate(cot(x)/sqrt(b*cot(x)~4 + a), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.02
cot(x)

f \/bco’c(x)4 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(cot(x)/(a + b*xcot(x)~4)"(1/2),x)
[Out] int(cot(x)/(a + bxcot(x)~4)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f cot (x)
\a + beot (x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot (x)**4)**(1/2),x)

[Out] Integral(cot(x)/sqrt(a + b*cot(x)**4), x)
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3.63 O gy
(a+b cot? (x))3/ ’

Optimal. Leaf size=74

tanh_l ( a-b cot?(x) ]

Va+h AJa+b cotd(x) a + b cot?(x)
2(a + b)32 2a(a + b)\a + beot*(x)

[Out] 1/2*arctanh((a-b*xcot(x)~2)/(a+b)~(1/2)/(a+bxcot(x)~4)"(1/2))/(a+b)~(3/2)+1/
2% (-a-b*cot(x)~2)/a/(a+b)/(atbxcot(x)~4)~(1/2)

Rubi [A] time = 0.11, antiderivative size = 74, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 15,

number of rules _ ).400, Rules used = {3670, 1248, 741, 12, 725, 206}

integrand size

_ 2
tanh_l ( a—b cot“(x) )

Va+b \ja+bcot*(x) a+b CO’[Z(X)
2(a + b)32 2a(a + b)\a + beot*(x)

Antiderivative was successfully verified.

[In] Int[Cot[x]/(a + bx*Cot[x]~4)~(3/2),x]

[Out] ArcTanh[(a - b*Cot[x]~2)/(Sqrtl[a + b]*Sqrtl[a + bxCot[x]~4])]/(2*(a + b)~(3/
2)) - (a + bxCot[x]~2)/(2*ax(a + b)*Sqrtl[a + b*Cot[x]~4])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 725

Int[1/(((d_) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(cxd™2 + axe™2 - x72), x], x, (axe - c*d*x)/Sqrt[a + c*x”2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 741

Int[((d_) + (e_.)*x(x_)) " (m_ )*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> -Simp
[((d + exx)"(m + 1)*(a*xe + cxd*x)*(a + c*xx”2)"(p + 1))/ (2%xa*x(p + 1)*(c*xd"2
+ axe”2)), x] + Dist[1/(2xax(p + 1)*x(cxd”2 + a*e”2)), Int[(d + e*x) m*Simp[
cxd"2x(2%p + 3) + axe”2*(m + 2%p + 3) + cxexd*(m + 2%xp + 4)*x, x]*(a + c*xx”
2)"(p + 1), x]1, x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + a*xe”2, 0] &&
LtQlp, -1] &% IntQuadraticQ[a, O, c, d, e, m, p, x]

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*xx)"gx(a + c*x"2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, g}, x]
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Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_)*xD1)" ()~ (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)™n)"p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, p}, x] & (IGtQlp, 0] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps

f ( cot(x) )3/2 dx = — Subst [ f X % dx, x, cot(x)]

a + beot*(x) (1 + x2) (a + bx4)
1 1
= —| = Subst f 3 dx, x, cot?(x)
2 2 /2
ﬂ+m@+M)
a 2
- 1+ beot? (x) ) Subst ( f m dx, x, cot (x))
2a(a + b)\a + beot*(x) 2a(a +b)
1 2
a+b COtz(X) Subst (f (1+x) Va+bx2 ax, x, cot (x))

- _Za(a + b)Va + beott(x) B 2(a +b)
1 a-b Cotz(x)
Subst dx, x,
_ a + bcot?(x) N (f a+b—x? \Ja+bcoti(x) )
2a(a + b)\a + beot*(x) 2(a +b)

tanh_l [ a-b cot?(x) J

Va+b \Ja+b cot*(x)

_ a + b cot?(x)

2(a+b)32 2a(a + b)va + beot*(x)

Mathematica [A] time = 0.30, size = 73, normalized size = 0.99

tanh_l[ a-b cot?(x) ]

1 Va+b Ja+b cot*(x) a+b cotz(x)

2 (a + b)32 a(a + b)va + bcot}(x)

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/(a + b*Cot[x]~4)~(3/2),x]

[Out] (ArcTanh[(a - b*Cot[x]~2)/(Sqrtla + bl*Sqrtl[a + bxCot[x]~4]1)]/(a + b)~(3/2)
- (a + bxCot[x]72)/(a*x(a + b)*Sqrt[a + bxCot[x]~4]))/2

fricas [B] time = 1.36, size = 670, normalized size = 9.05

((a2 + ab) cos(2x)? +a? +ab-2 (az - ab) cos (2x))\/a +b log(% (a2 +2ab+ bz) cos (2x)% + %az + %bz + %

4(a4+3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~4)~(3/2),x, algorithm="fricas")

[Out] [1/4%(((a”2 + ax*b)*cos(2%x)"2 + a2 + a*xb - 2x(a”2 - axb)*cos(2*x))*sqrt(a
+ b)xlog(1/2*%(a”2 + 2%axb + b~2)*cos(2*x)”"2 + 1/2*%a"2 + 1/2*%b"2 + 1/2*((a +
b)*xcos(2%x) "2 - 2*axcos(2*x) + a - b)*sqrt(a + b)*sqrt(((a + b)*cos(2xx) "2
- 2%(a - b)*cos(2xx) + a + b)/(cos(2%x)"2 - 2*cos(2*x) + 1)) - (2"2 - b~2)
*xcos(2xx)) - 2x((a”2 - b72)*cos(2%x)72 + a”2 + 2*kaxb + b72 - 2%(a”2 + axb)x*
cos(2*x))*sqrt(((a + b)*cos(2%x)72 - 2*(a - b)*cos(2*x) + a + b)/(cos(2*x)~
2 - 2%cos(2*xx) + 1)))/(a"4 + 3*a”3*%b + 3*xa”"2*b"2 + a*b”3 + (a”4 + 3*a”3*b +
3%a”2*%b"2 + axb”3)*cos(2*x)"2 - 2x(a”4 + a”3*b - a"2*b"2 - axb”3)*cos(2*x)
), —1/2%x(((a”2 + a*b)*cos(2*x)”"2 + a”2 + axb - 2*(a”2 - axb)*cos(2%*x))*sqrt
(-a - b)*arctan(((a + b)*cos(2*x)~2 - 2%akxcos(2*x) + a - b)*sqrt(-a - b)*sq
rt(((a + b)*cos(2*x)"2 - 2*(a - b)*cos(2xx) + a + b)/(cos(2*x)"2 - 2*cos(2x*
x) + 1))/((a"2 + 2xa*b + b"2)*cos(2*x)"2 + a”2 + 2*a*xb + b”2 - 2x(a”2 - b”2
Y*cos(2%x))) + ((a72 - b72)*cos(2%x)72 + a”2 + 2%a*xb + b72 - 2%(a”2 + axb)x
cos(2*x))*sqrt(((a + b)*cos(2xx)~2 - 2*x(a - b)*cos(2*x) + a + b)/(cos(2*x)~
2 - 2xcos(2*x) + 1)))/(a”4 + 3*%a”3%b + 3*%a™2%b”2 + a*xb”3 + (a4 + 3*a"3%b +
3%a”2*%b"2 + a*b”3)*cos(2*x)72 - 2x(a”4 + a”3*b - a"2*%b"2 - axb”3)*cos(2*x)
)]

giac [A] time = 0.44, size = 111, normalized size = 1.50

~b) sin(x)? b . - ; :
) (e a;-si-ab(X) p _log (l—(\/ a + b sin(x)?2 — y/asin(x)* + bsin(x)* — 2 bsin(x)2 + b
2 y/asin(x)* + bsin(x)* — 2 bsin(x)? + b 2(a+ b);

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~4)~(3/2),x, algorithm="giac")

[Out] -1/2%((a - b)*sin(x)"2/(a”2 + axb) + b/(a”2 + a*b))/sqrt(a*sin(x)~4 + bx*sin
(x)74 - 2%b*sin(x)"2 + b) - 1/2*log(abs(-(sqrt(a + b)*sin(x)~2 - sqrt(a*sin
(x)74 + b*sin(x)"4 - 2xb*sin(x)"2 + b))*sqrt(a + b) + b))/(a + b)~(3/2)

maple [B] time = 0.32, size = 248, normalized size = 3.35

20+2b-2(1+cot?(x))b+2Va+b \/ (1+c0t2(x))2b—2(1+c012(x))b+a
2 bln
\/ (cotz(x) - @) b+ 2V-ab (cotz(x) - @) L+cot?(x)

4(\/—_ab +b)a(cot2(x)—@) 2(\/—_ab+b)(\/—_ab—b)\/m

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(atb*cot(x)~4)~(3/2),x)

[Out] -1/4/((-a*b)~(1/2)+b)/a/(cot(x)~2-(-axb)~(1/2) /b)*((cot(x)~2-(-a*xb)~(1/2)/b
) "2xb+2% (—a*xb) " (1/2)* (cot (x) "2-(-a*b) " (1/2) /b))~ (1/2)-1/2%b/ ((-a*xb) ~(1/2)+b

)/ ((—a*xb)~(1/2)-b) /(a+b) " (1/2) *1n((2*xa+2*b-2* (1+cot (x) ~2) ¥*b+2* (a+b) " (1/2) *(
(1+cot (x)72) "2*%b-2*% (1+cot (x) "2) *b+a+b) ~(1/2))/ (1+cot (x)~2))+1/4/((-a*xb) ~(1/
2)-b)/a/(cot (x) "2+ (-a*b) ~(1/2)/b) *((cot (x) "2+ (-ax*b) ~(1/2) /b) "2*b-2*x (-axb) ~ (
1/2)*(cot (x) "2+ (-axb)~(1/2) /b))~ (1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

cot(x) i

(b cot(x)* + a);

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(cot(x)/(at+b*cot(x)~4)~(3/2),x, algorithm="maxima"
[Out] integrate(cot(x)/(b*cot(x)~4 + a)~(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

t(x)
f( cot(x B/de

b cot(x)4 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(a + b*cot(x)"4)"(3/2),x)
[Out] int(cot(x)/(a + b*cot(x)~4)~(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot (x) i

W

(a+beott (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot (x)**4)**(3/2),x)

[Out] Integral(cot(x)/(a + bxcot(x)**4)*x(3/2), x)
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3.64 O gy
(a+b cot? (x))5/ ?

Optimal. Leaf size=117

tanh”! ( a-b cot?(x) )
3a% + b(5a + 2b) cot?(x) a+ bcot?(x) Va+b \Ja+b cot*(x)

+
6a2(a + b)?\a +beot*(x)  6a(a + b) (a +b cot4(x))3/2 2(a+b)>
[Out] 1/2*arctanh((a-b*xcot(x)~2)/(a+b)~(1/2)/(a+bxcot(x)~4)"(1/2))/(a+b)~(5/2)+1/

6* (—a-b*cot (x)~2)/a/(a+b)/(a+bxcot(x)~4) "~ (3/2)+1/6%(-3*xa”~2-b* (5*xa+2*b) *cot (
x)"2)/a~2/(a+b) "2/ (at+bxcot (x) ~4)~(1/2)

Rubi [A] time = 0.19, antiderivative size = 117, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 15,

number of vules _ ) 467, Rules used = {3670, 1248, 741, 823, 12, 725, 206}

integrand size

tanh_l a-b cot?(x)
3a% + b(5a + 2b) cot?(x) a+ bcot?(x) Va+b \Ja+b cot(x)

+
602(a + b2\ +beot’ () 6a(a+ b) (a +beot(x))”” 2(a +b)2

Antiderivative was successfully verified.
[In] Int[Cot[x]/(a + bxCot[x]~4)~(5/2),x]

[Out] ArcTanh[(a - b*Cot[x]~2)/(Sqrtl[a + b]*Sqrtl[a + bxCot[x]~4])]/(2*(a + b)~(5/
2)) - (a + bxCot[x]"2)/(6*ax(a + b)*(a + bxCot[x]~4)~(3/2)) - (3*¥a"2 + bx(5
xa + 2*b)*Cot [x]"2)/(6xa~2*(a + b) 2+Sqrt[a + b*Cot[x]"4])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 725

Int[1/(((d_ ) + (e_.)*(x_))*Sqrtl[(a_) + (c_.)*(x_)~"2]), x_Symbol] :> -Subst[
Int[1/(c*xd™2 + axe™2 - x72), x], x, (axe - c*d*x)/Sqrt[a + c*x"2]] /; FreeQ
[({a, c, d, e}, x]

Rule 741

Int[((d_) + (e_)*(x_)) " (m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> -Simp
[((@ + exx)"(m + 1)*(axe + cxd*xx)*(a + cxx"2)"(p + 1))/ (2*a*x(p + 1)*(cxd"2
+ axe”2)), x] + Dist[1/(2*%ax(p + 1)*(cxd”2 + a*e”2)), Int[(d + e*xx) m*Simp[
ckd"2%(2%p + 3) + axe”2x(m + 2*%p + 3) + ckexd*x(m + 2%xp + 4)xx, x]*(a + cxx”
2)"(p + 1, x], x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d"2 + a*xe”2, 0] &&
LtQ[p, -1] && IntQuadraticQla, 0, c, d, e, m, p, x]

Rule 823
Int[((d_.) + (e_)*x D))" (m )*x((f_.) + (g_)*xx))*x((a_) + (c_.)*x(x_)"2)"(p

), x_Symbol] :> -Simp[((d + exx)~(m + 1)*(f*axc*e - axgkckd + cx(cxd*f + a
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xexg)*x)*(a + c*x”2) " (p + 1))/ (2*axc*x(p + 1)*(cxd”2 + a*e”2)), x] + Dist[1/
(2%axcx(p + 1)*(cxd™2 + a*xe”2)), Int[(d + exx)"m*(a + c*x"2)"(p + 1)*Simp[f
x(c72%d72%(2%p + 3) + axcke”2%(m + 2%p + 3)) - akcxdkexgim + ckex(cxd*f + a
xexg)x(m + 2%p + 4)*x, x], x], x] /; FreeQl{a, ¢, d, e, f, g}, x] && NeQ[c*
d”2 + axe”2, 0] && LtQ[p, -1] && (IntegerQ[m] || IntegerQlp] || IntegersQ[2
*m, 2%p])

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*xx)"gx(a + c*xx"2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, g}, x]

Rule 3670

Int [((d_.)*tan[(e_.) + (£_)*x(x_)1)"(m_.)*x((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_I)*xx 01" ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fxx],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) m*(a + b*x(ff*x)"n)"p)/(c”2 + £
£f~2xx~2), x], x, (cxTan[e + f*xx])/ff]l, x]] /; FreeQ[{a, b, c, d, e, f, m, n
, Py, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps

f ( cot(x) . dx = — Subst [ f X 5 dx, x, cot(x)]

a+ bc0t4(x))5 (1 + xz) (a + bx4)
1 1
= —| = Subst f dx, x, cot?(x)
] 572
1+ x) (a + bxz)
—3a-2b-2bx
Subst| [ ——="""_ dx, x, cot?(x
B a+ bcot?(x) ( (1+x)(a+bx2)3/2 ( )J
6a(a + b) (a +b co’c‘i'f(x))g/2 6a(a + D)
Subst ([ —1— dx,
_ a + b cot?(x) ~ 3a% + b(5a + 2b) cot?(x) _ WOSH Va2 X
6a(a + b) (a +b C0t4(X))3/2 6a%(a + by\a + b cot*(x) 6a%b(a + b)?
1 g
- 4+ bcot(x) 3+ bGa+2b) o) OUPSt (f oo B
6a(a+b)(a+b co’c‘l(x))a/2 6a%(a + b)?Va + b cot*(x) 2(a +by?

Subst ( f th—_xz dx, x, ﬁ

a + b cot?(x) 3a% + b(5a + 2b) cot?(x)
) _611(11 +b) (a + bco’cél(x))y2 _ 6a2(a + b)>\a + b coth(x) 2(a +by?
o |
Va+b \/cTot‘*(x) a + b cot?(x) 3a% + b(5a + 2b) cot?(x)

2(a+b)> 6a(a+b)(a+b cot4(X))3/2 * 6a2(a + b + beoti(x)
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Mathematica [A] time = 0.75, size = 114, normalized size = 0.97

2
ta nh_l a—b cot“(x) )
(\/ﬁ bJatbeot(x) ) 3a%b cot*(x) + a®(4a + b) + b%(5a + 2b) cot6(x) + 3ab(2a + b) cot?(x)
2(a + b)>2 6a2(a + b)? (a + b cot4(x))

Antiderivative was successfully verified.

[In] Integrate[Cot[x]/(a + b*Cot[x]~4)~(5/2),x]

[Out] ArcTanh[(a - b*Cot[x]~2)/(Sqrt[a + b]*Sqrtl[a + bxCot[x]~4])]/(2*(a + b)~(5/
2)) - (a"2x(4*a + b) + 3xaxbx(2%a + b)*Cot[x]"2 + 3*a~2xb*xCot[x]"4 + b~ 2x(5
*a + 2xb)*Cot[x]~6)/(6%xa~2*x(a + b) " 2x(a + bxCot[x]~4)~(3/2))

fricas [B] time = 0.74, size = 1365, normalized size = 11.67

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot(x)~4)~(5/2),x, algorithm="fricas")

[Out] [1/12*x(3*((a”4 + 2*a~3*b + a”"2*b"2)*cos(2*x)"4 + a~4 + 2*a”3*b + a~2*xb"2 -
4x(a~4 - a"2*b"2)*cos(2*x)”"3 + 2*(3*%a"4 - 2*a”3%b + 3*a"2*b"2)*cos(2*x)"2 -
4x(a”4 - a”2xb~2)*cos(2*x))*sqrt(a + b)*log(l/2*x(a”2 + 2%axb + b~2)*cos (2%
X)72 + 1/2%a”2 + 1/2+%b72 + 1/2x((a + b)*cos(2*x) 72 - 2*a*cos(2*x) + a - b)*
sqrt(a + b)*sqrt(((a + b)*cos(2*x)"2 - 2x(a - b)*cos(2*x) + a + b)/(cos(2xx
)72 - 2%cos(2%x) + 1)) - (a”2 - b™2)*cos(2*x)) - 4x((2*%a"4 + a~3xb - bxa 2%
b"2 - B*xaxb”3 - b"4)*cos(2*x)"4 + 2*xa~4 + T*a"3*b + 9*a"2*xb"2 + 5xaxb”3 + b
4 - 2%(4*a”4 + 2*xa~3xb - a”2%b"2 + 2*a*b”3 + b74)*cos(2*x)"3 + 12%(a”4 + a
“3*b)*xcos(2*x) "2 - 2*%(4*xa”4 + 8%a~3*b + 3*a"2*%b”2 - 2*a*b~3 - b~4)*cos(2*x)
)*sqrt (((a + b)*cos(2*x)72 - 2x(a - b)*cos(2*x) + a + b)/(cos(2*x)"2 - 2xco
s(2%x) + 1)))/(a"7 + 5*xa"6*b + 10*a”5*b”"2 + 10*a~4*b~3 + 5*%a”3*b"4 + a~2xb”
5 + (a”7 + b*xa"6xb + 10*a~5*%b"2 + 10*a~4*b”~3 + 5*%a~3*%b"4 + a”~2*b~5)*cos(2*x
)74 - 4x(a”7 + 3*a"6*xb + 2*xa~5xb"2 - 2%a”4*b”3 - 3*a~3*b"4 - a~2%b~5)*cos(2
*x) "3 + 2%(3*%a”7 + 7*a~6%b + 6%¥a"b*b"2 + 6%a”4%b”~3 + 7*a"3*b”4 + 3*xa~2*b"5)
*cos (2*x) 72 - 4*x(a”7 + 3%a"6%b + 2*%a”"5*b"2 - 2*xa~4%b~3 - 3*a”"3*b"4 - a"2*b”
5)*cos(2*x)), -1/6%x(3*x((a~4 + 2xa"3*b + a~2*xb"2)*cos(2*x)~4 + a~4 + 2*xa~3*b
+ a”"2%b"2 - 4x(a”4 - a"2*%b"2)*cos(2*x)”"3 + 2x(3*%a”4 - 2*a”3*b + 3*a"2*xb~"2)
xcos(2xx) "2 - 4x(a”4 - a”2xb72)*cos(2xx))*sqrt(-a - b)*arctan(((a + b)*cos(
2*x) 72 - 2xaxcos(2*x) + a - b)xsqrt(-a - b)*sqrt(((a + b)*cos(2*x)~2 - 2*(a
- b)xcos(2*x) + a + b)/(cos(2*x)"2 - 2*cos(2*x) + 1))/((a"2 + 2xa*xb + b~2)
*cos(2%x)72 + a2 + 2*%axb + b"2 - 2x(a”2 - b"2)*cos(2*x))) + 2x((2*a~4 + a~
3*%b - 5*a”2*b"2 - Bxaxb”3 - b"4)*cos(2*x)"4 + 2%¥a~4 + T*a"3*b + 9*xa"2xb"2 +
5%axb~3 + b4 - 2x(4*a"4 + 2*a~3*b - a"2*b"2 + 2*a*xb”3 + b~4)*cos(2*x)"3 +
12%x(a”4 + a~3%*b)*cos(2*x) 72 - 2x(4*a~4 + 8xa~3*b + 3*a~2*b”2 - 2*a*xb”3 - Db
~4)x*cos(2*x))*sqrt(((a + b)*cos(2*x)"2 - 2*(a - b)*cos(2*x) + a + b)/(cos(2
*x)72 - 2*%cos(2*x) + 1)))/(a”7 + 5*a"6*xb + 10*a~5xb~2 + 10*a"4*b”3 + b5*xa~ 3%
b~4 + a~2%b"5 + (a7 + 5*%a"6x%b + 10*%a"5%b~2 + 10*a"4*xb~3 + b*xa"3*xb~4 + a~2x
b"5)*cos(2*x)"4 - 4%(a”7 + 3*a"6xb + 2*xa~5%b"2 - 2*%a"4*xb"3 - 3*a"3*b"4 - a”
2%b~5)*cos(2*x) "3 + 2x(3%a”7 + T*a"6*b + 6xa~5xb~2 + 6*xa”4%b”3 + T*a"3*xb"4
+ 3*%a”"2*b75)*cos(2*x) "2 - 4*(a”7 + 3*a"6xb + 2xa~5%b"2 - 2*a”4*b”3 - 3*%a”~ 3%
b~4 - a~2%b"5)*cos(2*x))]

giac [B] time = 0.48, size = 276, normalized size = 2.36

@a%—%#—4m&¢ﬂsmuﬁ_+ 3 (3ab®+b%) sin(x)? 3 (a?b?-5ab>-2b*) Sin(0? + 54342 bt
a*b+2 a3b2+a2h3 a*b+2 a3b2+a2p3 a*b+2 a3b2+a2p3 atb+2a302+a263  log (l—(\/ﬁ

3
6 (asin(x)* + bsin(x)* - 2bsin(x)2 + b)>
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~4)~(5/2),x, algorithm="giac")

[Out] -1/6%x((2*x((2*¥a"3*b - a"2%b~2 - 4*a*xb~3 - b~4)*sin(x)~2/(a"4*b + 2*a~3*%b"2 +
a"2xb~3) + 3*%(3*axb”3 + b~4)/(a"4*b + 2*%a"3*%b"2 + a"2*b~3))*sin(x) "2 + 3x*(
a~2%b"2 - B*xaxb”3 - 2*xb~4)/(a"4*b + 2*%a”"3*b"2 + a"2*b"3))*sin(x) "2 + (5E*xaxb

~3 + 2%b74)/(a”4%b + 2*a”"3%b"2 + a"2%b"3))/(a*sin(x)"4 + b*sin(x)"4 - 2*bxs
in(x)"2 + b)~(3/2) - 1/2*log(abs(-(sqrt(a + b)*sin(x)~2 - sqrt(a*sin(x)”4 +
b*sin(x) "4 - 2%b*sin(x)”2 + b))*sqrt(a + b) + b))/((a”2 + 2*%axb + b~2)*sqr

t(a + b))

maple [B] time = 0.33, size = 602, normalized size = 5.15

\/(cotz(x) - @)2 b+ 2v-ab (cotz(x) - @) \/(cotz(x) - \/? )2 b+ 2v-ab (cotz(x) - @) (co
24 (V=ab +b) av=ab (cotz(x) - @)2 24 (V-ab +b) a2 (cotz(X) - @) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(atb*xcot(x)~4)~(5/2),x)

[Out] -1/24/((-a*b)~(1/2)+b)/a/(-a*xb)~(1/2)/(cot(x) "2-(-axb)~(1/2)/b) 2% ((cot(x)~
2-(-axb)~(1/2) /b) "2%b+2* (—a*xb) ~(1/2) *(cot (x) "2-(-a*b)~(1/2) /b))~ (1/2)-1/24/
((-axb)~(1/2)+b) /a~2/(cot (x) "2-(-axb) " (1/2) /b) *((cot (x) "2-(-axb)~(1/2)/b) "2
*xb+2% (—a*xb) " (1/2) *(cot (x) "2-(-a*xb) ~(1/2) /b))~ (1/2)-1/24/((-axb)~(1/2)-b)/a/
(-axb)~(1/2)/(cot (x) "2+ (-axb) ~(1/2) /b) ~2*x((cot (x) "2+ (-ax*b) ~(1/2) /b) ~2%b-2x(
—axb) " (1/2)*(cot (x) "2+(-a*b) ~(1/2) /b))~ (1/2)+1/24/((-a*xb)~(1/2)-b) /a~2/(cot
(x) "2+ (-ax*b)~(1/2) /) *((cot (x) "2+ (-axb) " (1/2) /b) “2xb-2* (—a*b) ~(1/2) * (cot (x)
~2+(-axb)~(1/2) /b))~ (1/2)-1/8%(2x(~axb) ~(1/2)+b) / ((-a*b) ~(1/2)+b) ~2/a"2/(co
t(x) "2-(-a*xb) " (1/2) /b)*((cot (x) "2-(-axb) ~(1/2) /b) "2*b+2* (—a*xb) "~ (1/2) * (cot (x
)"2-(-a*b)~(1/2) /b))~ (1/2)+1/2%b"2/ ((-a*b) ~(1/2)+b) ~2/((-a*b) ~(1/2)-b) "2/ (a
+b) " (1/2) *1n ((2*a+2¥b-2* (1+cot (x) "2) *b+2* (a+b) ~ (1/2) * ((1+cot (x) ~2) "2xb-2* (1
+cot (x)~2) *b+a+b) ~(1/2))/(1+cot(x)~2))+1/8% (2x (—axb) ~(1/2)-b)/((-axb)~(1/2)
-b)~2/a"2/(cot (x) "2+ (-axb) " (1/2) /b) *((cot (x) "2+ (-a*b) ~(1/2) /b) ~2xb-2* (-a*b)
~(1/2)*(cot (x)~2+(-a*b)~(1/2) /b))~ (1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

cot(x) i

19}

(b cot(x)* + a) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(a+b*cot(x)~4)~(5/2),x, algorithm="maxima"
[Out] integrate(cot(x)/(b*cot(x)"4 + a)~(5/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

t(x)
f( cot(x o

b c:ot(x)4 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(x)/(a + b*cot(x)~4)~(5/2),x)
[Out] int(cot(x)/(a + bxcot(x)~"4)"(5/2), x)
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sympy [F] time = 0.00, size = 0, normalized size = 0.00

cot (x) i

o

(a + beot? (x))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(x)/(atb*cot (x)**4)**(5/2),x)

[Out] Integral(cot(x)/(a + bxcot(x)**4)*x(5/2), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(x antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
IIAII ,
llBll] s
"c"1,
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||c|| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(*1 = rational functionx)

(¥2 = algebraic functionx)
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(¥3 = elementary functionx)

(x4 = special functionx)

(*5 = hyperpergeometric function*)
(¥6 = appell functionx)

(x7 = rootsum functionx)

(¥8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]11,
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]1]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunction(Q[Head [expnl],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expnl],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]l===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LoglIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

},funcl]

HypergeometricFunctionQ[func_] :=

Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]

283

4.0.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser
#Nasser

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns
# "F" if the result fails to integrate an expression that
# is integrable
# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal
# antiderivative
# "A" if result can be considered optimal
#This check below actually is not needed, since I only
#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";

end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;




if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
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# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' *~') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:
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AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum”™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]
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def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type (expn)=",type (expn))

if is_atom(expn) :
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' "~ ')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' % ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(1l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum) :
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType
,Apply[List,expnl],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9
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#main function
def grade_antiderivative(result,optimal):

leaf _count_result = leaf_count(result)
leaf_count_optimal

leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
e
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
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else:
return False
else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False
except AttributeError as error:

return False

def expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational) :
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType (expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.argsl[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType(

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType(expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):
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ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,m1)  #max(6,ml)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

tree_size(result) #leaf_count(result)
tree_size(optimal) #leaf_count(optimal)

leaf count_result
leaf_count_optimal

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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